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SUMMARY

The influence of random observation errors on the machine coordinates of model points
can be represented by a covariance matrix. In this investigation the covariance matrix of a
limited number of model points has been determined in two different ways:

1. by executing repeated measurements of points in photogrammetric models; in some
cases these repeated measurements are combined with repeated relative orientations or
with repeated relative and inner orientations; from the series of these measurements
the estimated covariance matrices (6%) have been determined.

2. by writing the machine coordinates as functions of the initial observations, e.g. x- and
y-parallaxes; by means of the standard deviations of these initial observations, and
applying the law of propagation of errors, the covariance matrices (¢2) have been com-
puted.

1. Eight experiments have been executed to determine the (62). The following observations

were repeated 20 times:

for 2 models: the measuring of the coordinates of 8 model points (after the inner and

relative orientation was done once).

for 3 models: the relative orientation and the measuring of the coordinates of 8 model

points (after inner orientation was done once).

for 3 models: the inner orientation, the relative orientation and the measuring of the co-

ordinates of 8 model points.

The estimated covariance matrix (82) is computed from the 20 repeated observations per
experiment. This makes 8 full-matrices of 24 x 24 elements for the 8 x 3 coordinates of the
8 model points.

2. The 8 covariance matrices (62) were computed from the standard deviations by applying

the law of propagation of errors. The observations are divided into three groups:

— the measuring of the coordinates of a model point

— the relative orientation

— the inner orientation

Sub-matrices of (82) and (6?) represent point standard ellipsoids and relative standard
ellipsoids. The shape and position of these ellipsoids are represented and compared in a
large number of diagrams showing the projections of the ellipsoids on three perpendicular
planes. These projections are standard ellipses and relative standard ellipses.

Interesting correlations are demonstrated, both between coordinates of a single point
and between coordinates of different points.

In order to be able to extrapolate these results further investigations will be necessary
for better information about the factors which influence the standard deviations of the
individual observations.

The structure of the covariance matrix of the coordinates of model points is essential for
studies of precision and accuracy in all procedures which use the photogrammetric model
as basic unit.



I INTRODUCTION

Photogrammetric models, reconstructions of terrain models by means of stereophotographs,
are often used as basic units for measurements. Data taken from a photogrammetric model
are used in different procedures e.g.:

— strip- and block-triangulation

— determination of profiles

- digital terrain models

etc.

The object of this investigation is to study and analyse the influence of random observa-
tion errors on the coordinates of model points. The publication of R. ROELOFS, “Theory of
errors of photogrammetric mapping, The Ohio State University, Columbus” [2] has been
a stimulus and guide for the design and execution of this investigation.

The observations are partly stereoscopical and partly monocular. Needless to say that
these errors are only part of the total group of errors which influence the accuracy of
photogrammetric models. No attempt will be made to sum up all these errors.

The observation errors can be divided into three groups; errors due to:

1. the measuring of a model point

2. the relative orientation

2. the inner orientation

They can briefly be described as follows.

The first group: for measuring a model point, the measuring mark is set at the proper
elevation and in the proper planimetric position.

The second group: for the relative orientation, the observer has to eliminate y-parallaxes
in order to get an intersection of corresponding rays of the two bundles.

The third group: the inner orientation, is the positioning of the photo in the plate holder
of the instrument and the setting of the proper principal distance to reconstruct the bundle
of rays.

It is known that the observation errors depend on various characteristics: the instrument,
the photographs, the observer, size and shape of model points, etc. Therefore this analysis
will be restricted to:

— stereophotogrammetry with analogue instruments which have the possibility to produce
data in the form of machine coordinates.

only pricked points and signalized points are concerned in the investigation.

the experiments are only made with a Wild A7 and a Wild A8.

aerial photographs of “normal’’ quality and taken from nearly flat or hilly terrain are
used.

the measurements are done by two trained operators.

Special attention is paid to pricked points and signalized points because these points are
often connection points in triangulations. In addition these points are symmetrical as
distinct from many terrain points, such as corners of houses, intersections of roads, etc. The
symmetry of points makes the observation data more or less homogeneous which simplifies
the statistical description.

I
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The precision of model points will be represented by the covariance matrix of the co-
ordinates of model points. So the correlation between the coordinates of different points
will also be implicated in the study. For the present only points of one model will be
considered.

The covariance matrix of a limited number of points will be determined in two different
ways:

1. from series of repeated measurements which can be considered as a probabilility distribu-
tion of the same quantity: the coordinates of model points. The covariance matrix
determined in this way will be called an estimate of the covariance matrix or the estim-
ated covariance matrix (2).

2. by writing the machine coordinates as functions of the observations, the three groups
of observations as described before, and applying the law of propagation of errors. This
covariance matrix has no special adjective and will be indicated as (¢2).

In this investigation these two covariance matrices will be studied and compared in order
to come to a more general description of the precision of model points.



I ERRORS DUE TO THE MEASURING OF A MODEL POINT

1 General description

For measuring the machine coordinates of a point in a model, the floating mark is set in
the proper elevation and in the proper planimetric position. The error in elevation influences
the error in planimetric position and reverse.

In appendix 1 the differential formula is derived which gives the relation between the
differentials of the machine coordinates of a point, Ax, Ay and A/ and the differentials of
the observations, which are:

the horizontal parallax: Ap,

the x-setting: Ax’
the y-setting: Ay’
r N N
Axyg - ;—)‘ 1 0
Axpyr —zib(2x+b) 1 0 Ap,
Axyr | =] - 2ib 2x=b) 1 O||AX | ... . ... ... (2.1)
Ayy - % o 1]||ay
Ah +2 0 0
o z
S )

x and y are the coordinates of the model point; the origin of the coordinates is chosen in the
middle, O, of the instrumental base b of the instrument which coincides with the x-axes;
see figure 2.1.

In this figure two systems of coordinates are introduced:

x y z: the origin of the coordinates is chosen in O;
x y h: the system of machine coordinates with — in principle — any position of the origin.

We distinguish three cases for the x-coordinate in formula (2.1):

Ax,,: signalized points.
Axy,, and Axyg: pricked points on left and right photograph respectively.

The differentials for the y- and h-coordinate are the same for signalized and pricked
points. The index M is introduced here for the differentials referring to measuring of a
model point.
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0 0 Op

Fig. 2.1. Systems of coordinates in a photogrammetric model.

In (2.1) we replace:

- ~N oy N
1

Mo | =) |~z 1 0|=(d |A¥ =M@
Ay - % 0 1 Ay’
Ahy, + %‘ 0 0

. J . J

then:
(Axi) = (A)AM) . o o o e (2.3)

The covariance matrix of the machine coordinates can be computed by application of the
law of propagation of errors to (2.3).

(axi o ) = (Ao DT« o (2.4)

M M

(63, is the covariance matrix of the observations.
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Oap.» Ox and o, are the standard deviations of these observations respectively:
— the horizontal parallax: Ap,
— the x-setting: Ax’
— the y-setting: Ay’

The observations are assumed to be free of correlation and for that the covariance matrix
(6%) is a diagonal matrix. The elements of the diagonal are made up by the square of
the standard deviations.

The three standard deviations, expressed in microns in photo scale, are:

‘ Cap. ' Oy ‘ o, ‘
signalized points 49 4.7 6.0 2.5)
pricked points 6.5 4.2 6.5

These values are determined from a large number of redundant observations obtained by
repeated measurements in an orientated model.
The following two remarks have to be made here:
— In both cases the error in y-setting is larger than the error in x-setting, 6,.>0,.; this may
have a physiological cause.
— For the pricked points we see furthermore:
Opp, >0y \/ 2
This may be caused by the fact that the points are only pricked on one plate, which partly
disturbs the stereoscopy.
Introduction of (2.5) into (2.4) makes it possible to compute the covariance matrix of
the machine coordinates of all points concerned.

2 The experiments

In order to evaluate the covariance matrix (ax,- o ), as described in the previous section,
MM,

two experiments I and II have been executed.

Experiment 1

Stereopair: 1888-1887

Photo scale: 1:15000

Camera: Wild RC 5, ¢ = 152.47 mm

Size: 23 x23 cm

Distance model — projection centres: z~250 mm
Instrumental base: b = 148 mm

After an empirical relative orientation of this pair in a Wild A8, the machine coordinates
of 8 pricked points were measured 20 times.

Figure 2.2 gives the position of the 8 pricked points on the two photographs. Points 2,
4, 6 and 8 are pricked on the left photo 1888 and points 1, 3, 5 and 7 on photo 1887.
The position of the points in the model is given in figure 2.3.
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5 8 5
2 1
4 7 3
1888 | 1887
Fig. 2.2. The position of the 8 pricked points on Fig. 2.3.

the photographs.

The position of the points

in the model.

The observations were made in a random sequence and automatically registered to the
nearest 0.01 mm. The 20 observations of each point can be considered as a sample from

the probability distribution of the coordinate-variates.
The observations are:

X,y and hg
n: 1 to 8, number of points

k: 1 to 20, number of repetitions.

The mean values are:

n n 1 n n 1 n
X = [xk]’; y = E[.Vk]’; n = E[hk]’; .

Pl i

(2.6)

Q@.7)

From the differences with respect to the mean values, x"—x}, y"— y; and A" — A, an estimate

for the covariance matrix can be computed:

(6x§wx{l), i = 1, erey 24 (2.8)
The elements of this matrix are (page 11):
Table 2.1. The elements of the estimated covariance matrix (5' ioxd ) of experiment 1.
MXM
é é é é é
XMXp YMYu mhy XMYM Xuhy Yahiy
1 54 98 487 + 1 — 48 — 50
2 22 66 158 - 5 0 0
3 66 283 226 + 56 — 4 —221
4 51 188 174 - 33 + 18 —171
5 131 150 620 —106 —232 +259
6 62 73 352 + 18 + 9 + 95
7 33 105 203 + 10 — 6 — 84
8 31 136 213 - 22 — 38 + 93
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R _ [ —x)’1
XpXn k—1
s - LO"—yh
YuVm k—1
s Lom—my
Ml k—1
... (29a)
RN (I
XpYm k—1
PO 1€ kL Uit A
Xpehne k—1
R _ L=y (" —mpTS
Vaehe k—1
From (2.4) should follow that:
ax"x"'=0’ ox,,y,,,=0 I 1))

and therefore the elements of (6 i ), referring to different model points, are assumed to
be zero. m*m

Table 2.1 gives the elements of (6 P ) of experiment I in square microns for the points
1 to 8 as far as they are not zero.' MM

On the other hand the covariance matrix (a i
XMXM
(2.4) introducing the predeterminated standard deviations of (2.5). The elements of this
covariance matrix are given in table 2.2, leaving out the zero-elements.
The covariance matrix (6’ P ) is an estimate of (0' P )
xMxM XMXM
Sub-matrices of (6’2 P ) and (02 i ) represent point standard ellipsoids. The shape and
XMXM XMXM

position of these ellipsoids can be presented and easily compared in diagrams showing
their projections on planes parallel to:

) can be computed according to formula

Table 2.2. The elements of the covariance matrix (0' i oxd ) of the points used in experiment I.

M M

Cxre | Ty | Tmaiy | Cxi | Oxiii | Ty
1 52 114 327 + 1 + 41 + 6
2 47 115 325 0 — 2 + 19
3 49 256 323 —18 + 27 —214
4 47 232 324 + 6 — 11 —196
5 47 215 328 + 1 + 1 +181
6 47 263 327 — 2 - 2 +220
7 70 252 325 —56 + 85 —211
8 78 249 327 —65 —101 +210
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These projections are ellipses. The three elements of these ellipses, the semi major axis a,
the semi minor axis b and the direction y of the former, are given in table 2.3 respectively
in table 2.4; a and b are expressed in microns and ¥ in grades.

These ellipses are drawn in figures 2.4, 2.5 and 2.6 respectively. The thin lines refer to
(6 . ) of table 2.3 and the thick lines refer to (axi ; ) of table 2.4,

XX MXM

Table 2.3. The elements of the ellipses computed from (3 ox

i ) pertaining to experiment I.
MXM

z=0 y=0 x=0
a b Y a b y a b Y
1 10 7 1 22 7 193 22 10 192
2 8 5 193 13 5 0 13 8 0
3 17 7 15 15 7 184 22 6 146
4 14 7 186 13 7 9 19 3 149
5 16 6 153 27 6 176 27 6 27
6 9 7 41 19 8 2 20 7 19
7 10 6 9 14 6 198 16 8 167
8 12 5 187 15 5 187 17 9 37

Table 2.4. The elements of the ellipses computed from (0' i xd ) pertaining to the points used in experi-
MXM,

ment 1.
z=20 y=0 x=0

a b L7 a ‘ b L7 a y
1 11 7 199 17 6 188 17 11 1
2 11 8 5 18 6 20 17 11 7
3 16 6 12 17 6 185 21 9 153
4 15 7 184 18 6 18 21 9 156
5 15 7 182 18 6 189 20 9 42
6 16 7 17 18 6 20 21 9 47
7 16 6 2 17 6 198 21 9 154
8 15 6 199 17 6 199 21 9 46




THE PRECISION OF PHOTOGRAMMETRIC MODELS 13

s 8 g

2 X 1
Y

4 7 3

SCALE OF ELLIPSES
s} 1S 30 45 60 MICRON

Fig. 2.4. Standard ellipses in the xy-plane of experiment I.
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SCALE OF ELLIPSES
0 15 30 45 &40 MICRON

Fig. 2.5. Standard ellipses in the xz-plane of experiment I.
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SCALE OF ELLIPSES
0 1S 30 45 &0 MICRON

Fig. 2.6. Standard ellipses in the yz-plane of experiment I.

15
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Experiment I1

Stereopair: 147-149

Photo scale: 1:5000

Camera: Wild RC 5, ¢ = 152.15 mm

Size: 23 x23 cm

Distance model - projection centres: z~250 mm
Instrumental base: b = 172 mm

This experiment is just the same as the previous one. After an empirical relative orientation
of this pair in a Wild A8 the machine coordinates, x, y and 4, of 8 pricked points are measured
20 times in a random sequence. Figure 2.7 gives the position of the 8 pricked points on
two photographs and figure 2.8 shows the position in the model.

6 8 5

6 8 S

‘ 2 1
2 1
4 7 3 4 7 3

149 \ 147

Fig. 2.7. The position of the 8 pricked points on Fig. 2.8. The position of the points in
the photographs. the model.

Points 1, 3, 5 and 7 are pricked on the right photo 147 and points 2, 4, 6 and 8 on photo
149,

The elements of the estimated covariance matrix (ax,- xj) are computed from the 20
MM

observations of each point according to formula (2.9). Table 2.5 gives these elements in
square microns.

Analogous to experiment I the covariance matrix (o-x,- o ) can be computed according to
MM,

formula (2.4) introducing the standard deviations of (2.5).
The elements of this covariance matrix are given in table 2.6.

Sub-matrices of (8 ; ;), the estimated covariance matrix, and (¢ ; _; ), the covariance
XX XpMXM

matrix, represent point standard ellipsoids. As in the preceding part the form of the ellip-
soids can easily be presented in diagrams by projections, which are ellipses, on planes
parallel to:

z=0 y=0 x=0

The elements of these ellipses a, b and Y are given in tables 2.7 and 2.8 respectively for

é,; ;)and (¢ ; ;).

( xfou) ( xMx)Jw)

The ellipses of (6 i ) in table 2.7 and the ellipses of (a : ) in table 2.8 are drawn in
XpeX XX

i
MM MMM
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three diagrams, figures 2.9, 2.10 and 2.11 respectively for:

The thin lines refer to the estimated covariance matrix (&2 i ) and the thick lines refer
M

J
to the covariance matrix (¢?_; ;). M
XMXM

Table 2.5. The elements of the estimated covariance matrix (3 ",

i ) of experiment II.

MYM

e | o | O | Caon | G | Conm
1 27 59 66 + 9 — 8 — 33
2 68 179 79 +11 +42 + 16
3 25 88 85 + 4 — 8 — 50
4 51 127 163 +34 — 9 —112
5 36 48 119 +18 + 6 + 29
6 11 108 109 + 5 0 + 83
7 88 136 79 -5 +29 — 54
8 69 173 99 — 9 —35 + 76

Table 2.6. The elements of the covariance matrix (0' xboxd

) of the points used in experiment II.

MXM
G G g G g g
XpXp YuYnm hyhy XpYu Xphy Yauhy

1 48 114 241 0 +10 - 17

2 48 114 241 0 + 2 0

3 58 215 241 —32 +49 —157

4 48 224 241 + 6 -9 —163

5 48 186 241 + 2 + 4 +132

6 48 207 241 -3 — 5 +150

7 77 218 241 —55 +83 —159

8 77 215 241 —54 —83 +155

Table 2.7. The elements of the ellipses computed from (6xi ) ) pertaining to experiment II.
MXM
z=0 y=0 X =

a b Y a ‘ b l Y a ‘ b 1 Y

1 8 s 17 8 5 187 10 5 153
2 13 8 6 11 6 46 13 9 90
3 9 s 4 9 5 191 12 6 149
4 12 6 23 13 7 195 16 6 155
5 8 s 39 11 6 s 11 6 22
6 10 3 3 10 3 0 14 5 50
7 12 9 194 10 7 50 13 7 135
8 13 8 194 11 7 163 15 7 65
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Table 2.8. The elements of the ellipses computed from (0' xboxd ) pertaining to the points used in experi-
M

ment IL M
z=0 y=0 x=0

a b Y a ‘ b Y a Y
1 11 7 2 15 6 178 15 11 195
2 11 8 0 16 6 25 15 11 0
3 15 6 7 15 6 190 19 9 150
4 15 7 184 15 6 22 19 8 149
5 14 7 183 15 6 177 18 9 46
6 15 7 17 15 6 23 18 9 49
7 15 6 0 15 6 0 19 9 150
8 14 6 0 15 6 0 19 9 50
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é 8

2 X
Y

4 7

SCALE OF ELLIPSES
0 15 30 45 &0 MICRON

Fig. 2.9. Standard ellipses in the xy-plane of experiment II.

19
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SCALE OF ELLIPSES
0O 15 30 45 &0 MICRON

Fig. 2.10. Standard ellipses in the xz-plane of experiment IL.
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SCALE OF ELLIPSES
0 15 30 45 &0 MICRON

Fig. 2.11. Standard ellipses in the yz-plane of experiment II.

21



22

IIT ERRORS DUE TO RELATIVE ORIENTATION

1 General description

In order to perform a relative orientation with two perspective bundles of rays y-parallaxes
have to be measured or eliminated. The influence of the observation errors in y-parallaxes
on the orientation elements is a known problem of which the mathematical description is
given in several photogrammetric text-books. In addition the relation between the orienta-
tion elements and the machine coordinates of model points can be found in some of these
text-books.

The combination of these formulae gives the influence of the error in y-parallax observa-
tions on the machine coordinates.

In appendix 2 a general description of these formulae is given. In that description pricked
points and signalized points are distinghuished and the signs in the formulae are chosen
in such a way that they can be applied to measurements made with the autograph A7 and
A8.

The formulae referring to the A7 can be summarized as follows. Starting from the well-
known parallax formula:

2, .2 _
y -Zi-z sz_(zx b)yAq02+

2x—b
2z 2

Ap, = + Ax, — gAbzz—Abyz (3.1)

the matrix of weight-coefficients of the orientation elements (AO), (AO)T can be determined,
see appendix 2:

(A0), AO) = (Aw, Y, (Aa, Y

Ag, Ag,
Ax, Awey |00 oo . (3.2
Abz, Abz,
Aby, Aby,

If we write for the square of the standard deviation of the y-parallax observations:

the covariance matrix of the orientation elements is:

(6o0) = 05,(AO),(AOYT . . . . (3.4)

The differential formula which gives the relation between the machine coordinates and the
orientation elements is derived in appendix 2 and reads as follows:
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Ax, Aw,

Ayo ) Ag,

Ayor =) Axy | - . o o o o (3.5)
Ayor Abz,

Ahg \Ab,Vz

The elements of matrix (45) are made up by, see appendix 2:
x, y and z: the coordinates of the point P concerned, the origin of the axis being in the
middle of the base, see figure 2.1.
b: the instrumental base.

We distinguish 3 cases for the y-coordinate in formula (3.5):
Ay, : signalized points
Ayoy: pricked points on left photograph
Ayor: pricked points on right photograph

The differentials of the x- and h-coordinates are the same for signalized and pricked
points.

With the following denotations:

Ax, Aw,

Ayo ) Ap,

Ayor | = (Axp Ax, |=(@A0) . . . ... ... (3.6)
Ayor Abz,

Ahg Aby,

(3.5) becomes:

(Axh) = (A5Y(AO0) . . . . . (3.7)

The covariance matrix of the machine coordinates can be computed by application of the
law of propagation of errors to (3.7):

(ax,. o ) = (A) (Goo) (ADT o . . . . (3.8)

[eade]
in which according to (3.4):
(G00) = 0,,(A0),(A0)"

The standard deviation of the y-parallax observations, p,, is influenced by:
~ the quality of the photo’s
— the instrument
— the observer
ete.

From the experiments, described in the next part, the following values, given in photo
scale, were derived:
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..... N < X)|

Wild A7: ¢, = 9 micron }

Wild A8: ¢, = 11 micron

Probably these differences are not caused by the type of instrument but mainly by the
method of orientation, for numerical relative orientation is applied to the Wild A7 measure-
ments and empirical relative orientation to the Wild A8 measurements.

In order to gain a better insight into the relation between the standard deviation of y-
parallax and the photographs, the instruments, the observer, etc., a more extensive investiga-
tion would be necessary.

The covariance of the machine coordinates can be computed with (3.8). This covariance
matrix describes the influence of the errors in the y-parallax observations for relative
orientation.

In appendix 2 formulae for both A7 and A8 measurements are derived.

In the next part three experiments will be described to evaluate these formulae by practical
examples.

2 The experiments

In order to evaluate the covariance matrix (a’xi . j), as described in the previous section,
0Xo
three experiments were executed, experiment I1I, IV and V.

Experiment 11T

Stereopair: 147-149

Photo scale: 1:5000

Camera: Wild RC5, ¢ = 152.15 mm

Size: 23 x23 ¢cm

Distance model — projection centres: z~430 mm
Instrumental base: b = 290 mm

The relative orientation of this stereopair in a Wild A7 was made numerically by measur-
ing the y-parallaxes in the well-known six points and the orientation was repeated 20 times.
After each orientation the machine coordinates of 8 pricked points are measured in forward
and backward sequence. Figure 3.1 gives the position of the 8 pricked points on the two
photographs, Points 1, 3, 5 and 7 are pricked on the left photo 147 and 2, 4, 6 and § on
photo 149. The position of the points in the model is given in figure 3.2.

The mean of forward and backward is called an observation. The 20 observations of
each point can be considered as a sample from the probability distribution of the coordinate-
variates. These variates are the three coordinates of each model point. The observations are:

Xp Ve and Ry .. oL L L L L e e e e e (3.10)
n=1to 8, number of points

k =1 to 20, number of repetitions.
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5 6 8
1 2
1 2
7 3 4 5 ) 6
147 149
Fig. 3.1. The position of the 8 pricked points Fig. 3.2. The position of the points
on the photographs. in the model.
The means are:
Lo | " |
x"=E[x:]1 y"=E[yZ]1 h"=%|:h2]1 B B B D)

From the differences with respect to the means an estimate for the covariance matrix of the
8 points can be computed:

(&xi)+MX{)+M) i,j=1,...,24

The index O+ M is introduced here because this covariance matrix is caused by observation
errors in both relative orientation and measuring of a model point.
The elements of this matrix are:

_ [6"=xp "= x)]
X0+ MX0+M k—1
_LO"=y oyl
Vo+MYo+M k—1
4 _ L= h) (F"—h0 1
0+mho+m k-1
_ [x"—xp "=y PR 3 1))
Xo+MY0+M k—1
s _ [(x"—xp) (" =KD}
Xo+mho+um k—1
R _ [0"=y ™ =0T,
Yo+mho+m k—1

These elements, computed for # = m and ns#m, are given in table 3.1 in square microns.
This matrix, an estimate for the covariance matrix, contains 24 x24 elements. As it is
symmetrical, only the diagonal elements and the elements below the diagonal are given for
simplicity’s sake.
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The covariance matrix can be computed by addition of the covariance matrix of the
relative orientation, (3.8), and the covariance matrix of a model point, (2.4), the observa-
tions referring to these two covariance matrices being correlation free.

g ; . =(c; \+i(a, ; ... (313)
( xo+fo)+M) ( xoxf)) z( xfou)
Introduction of (3.8) and (2.4) in (3.13) gives:
(‘7 i j ) = (A(i))(o'oo)(A(j))T+%(A)iu)(Uil)(Af;l)T N C A L))
X0+MX0+M

The factor 4 in (3.13) refers to the fact that an observation is the mean of measurements
in forward and backward sequence.
The elements of (o' ; ; ) are given in table 3.2.
Xo+MX0+M

Sub-matrices of

& ; i and (o ; ;

( x2)+fo)+M) ( x:)+fo)+M)

represent point standard ellipsoids and relative ellipsoids of which shape and position can
easily be represented and compared by their projections on planes parallel to:

The three elements of these projections, the ellipses, are given in tables 3.3 and 3.4;
a, the semi major axis, and b, the semi minor axis, in microns and ¢ the direction of a in
grades. The standard ellipses of the points 1 to 8 are given in the upper part of the tables and
in the lower part the 28 relative standard ellipses are mentioned.

The standard ellipses and some relative standard ellipses are drawn in figures 3.3, 3.4
and 3.5 referring to:

respectively.
The thin lines are the ellipses of the estimated covariance, table 3.3, and the thick lines
are the ellipses of the covariance matrix, table 3.4.



Table 3.1. The elemsnts of the estimated covariance matrix (6' i ) of experiment 111,

0+MX0+M
X1 Y1 hy Xy Ya hy X3 Ya hy X3 Ya
X 103
»w — 1 51
h;, —835 210 12897
Xy 394 —106 — 6745 3876
ys — 87 2 299 72 784
hy, —665 173 10471  --5633 201 8801
X3 152 — 29 — 1991 1024 —120 — 1647 371
ys —304 129 5979 —3294 — 63 4946 — 889 3083
hy, —592 187 10248 5523 188 8467 —1635 5051 8735
Xq 398 —103 — 6527 3593 76 — 5271 982 —3139 — 5290 3619
ys —587 142 8518  —4433 244 6750 —1291 3891 6706  —4482 6317
hy —653 214 10375 —5716 —~ 79 8394 —1620 5042 8683 —5707 7498
X5 39 1 — 145 82 — 38 — 129 46 - 19 - 79 64 — 56 —
s 546 —112 — 7600 3863 -309 — 6200 1170 —3384 — 5801 3651 —4842 —
hy,  —926 215 13498  —6950 391 11068  —2030 6117 10325 —6672 8585
Xg 428 — 77 — 6962 3881 — 90 — 5779 1054 —3270 — 5476 3617 —4459 —
Ve 367 13 — 6628 3869 173 — 5689 1043 —3236 — 5514 3525 —4284 —
hy —651 52 9441  —4960 446 7910 —1519 4206 7414  —4543 5929
X7 254 — 58 — 3610 1911 —153 — 2965 599 —1699 — 2991 1858 —2408 —
¥y, —328 121 5955  —3287 —105 4922  — 900 3009 5055 —3174 3887
h, —588 210 10347  —5629 — 22 8532 —1604 5103 8721 —5388 6758
Xg 256 — 60 — 3947 2183 — 70 — 3215 594 —1851 — 3057 2074 —2541 —
Vs 413 4 — 6782 3821 124 — 5782 1063 —3198 — 5490 3455 —4155 —
hg —802 124 11097  --5660 429 9139 — 1760 4825 8338 —5312 —6987
Table 3.2. The elements of the covariance matrix (0' i j ) of the points used in experiment IT1.
0+MXo+M
Xy M hy Xg Ya hy X3 Vs hs X3 Ya
X1 73.3
»y — 33 172.4
h, —186.0 187.3 10458.6
X2 96.4 — 97.0 —5417.9 3073.8
Yo 32 — 32 — 180.4 100.2 578.7
h, —1479 148.9 8317.0 —4604.9 —161.1 7457.5
X3 299 — 30.1 —1682.8 901.5 25.6 —1383.8 404.9
ys  —100.7 101.4 5661.7 —3033.0 — 86.1 4655.9 —1126.7 3959.8
hy —162.2 163.2 9117.0 —4884.0 —138.6 7497.3 —1814.3 6104.3 9829.7
X4 90.6 — 91.2 —5094.7 2798.1 255.5 —4295.3 9493 —-3193.8 —5143.0 3030.9
vy —107.8 108.5 6061.4 —3463.0 —179.3 53160 —1054.2 3546.8 57114 —3403.0 4688.8
h, —148.8 149.8 8367.2 —45953 —419.6 7054.3 —1559.0 5245.3 8446.5 —4839.6 5854.0
x; — 2.2 2.2 1241 — 670 — 4.0 1028 — 17.8 59.8 9%.3 — 56.7 72.9
Vs 101.1 —101.7 —5681.9 3068.1 182.1 —4709.8 814.0 —2738.8 —4410.2 25951 —3339.0 —
hy; —181.2 182.4 10188.2 —5501.4 —326.5 84452 —1459.7 4910.9 7908.0 —4653.4 5987.3
Xg 89.5 — 90.1 —5030.3 2801.0 — 56.8 —4299.8 742.8 —2498.9 —4024.1 22843 —3039.2 —
Ve 103.9 —104.6 —5841.6 3356.5 98.7 —5152.6 9459 —3182.4 —5124.7 2965.0 —3783.1 —
hy —144.0 145.0 8096.0 —4508.0 9.5 6920.2 —11954 4021.9 6476.5 —3676.5 4891.3
X7 48.5 — 488 —2728.2 1470.8 69.6  —2257.8 520.7 —1751.9 —2821.1 15577 —17442 —
y; — 95.0 95.6 5340.9 —2879.3 —136.3 4420.0 -—10194 3429.8 55229 —3049.6 3414.6
h, —152.1 153.1 8550.9 —4609.8 —218.2 7076.5 —1632.1 5491.1 8842.3 —48824 5466.8
Xg 458 — 46.1 —2575.2 1409.3 334 —21634 361.0 —12144 —1955.6 1140.7 -—15156 —
Ve 907 — 913 —5096.7 2906.7 9.1 —4462.1 729.0 —2452.8 —3949.8 23287 -—3119.6 —
hyg —147.5 148.4 82904 —4536.9 —107.6 6964.6 —1162.0 3909.6 6295.7 —3672.2 4879.3




h, X5 s hs Xg Ye hg X7 Y7 by X Ys hg
9868
— 107 41
— 5753 137 4961
10259 —222 —8694 15570
— 5491 104 4205 — 7596 4159
— 5553 43 3792 — 6792 3950 4474
7001 —121 —5825 10220 —~5327 —5386 7904
— 3062 58 2096 — 3695 1928 1873 —2616 1090
5209 — 43 —3350 6023 —3183 —3215 4167 —1748 3131
8850 — 81 —5879 10482 —5537 —5521 7330 —3017 5232 8940
— 3115 76 2439 — 4441 2368 2091 —2916 1083 —1757 —3065 1432
— 5331 104 4099 — 7281 4015 4241 —5392 1903 —3206 —5577 2158 4377
8277 —206 —7114 12490 —6163 —5719 8698 —3067 4844 8626 —3485 —6213 10606
hy X5 Ys hy Xg Y hg X7 Y2 h; Xg Vs hg
8366.2
93.1 71.8
—4262.1 — 81.9 3921.9
7642.3 146.9 —6729.3 12066.4
—3751.6 — 68.0 31159 —5587.2 2983.3
—4869.4 — 73.8 33794 —6059.6 3253.1 4379.7
6037.9 109.5 —5014.9 8992.2 —4667.8 —5488.4 7916.6
—2558.3 — 29.1 1332.1 —2388.7 1202.3 1544.3 —1935.0 953.4
5008.4 56.9 —2607.9 4676.3 —2353.7 —3023.2 3788.1 —1729.5 3554.8
8018.6 91.2 —4175.3 7486.8 —3768.3 —4840.2 6064.9 —2768.9 5420.7 8678.6
—1873.4 — 364 1667.1 —2989.3 1476.5 1600.4 —2376.3 588.2 —1151.5 —1843.6 896.7
—38245 — 710 3249.8 —5827.2 3052.5 3571.8 —4912.8 1191.1 —2331.8 —3733.3 1460.6 3695.9
6031.0 117.2 —5366.9 96234 —4753.3 —5152.1 7650.1 —1893.6 3707.1 5935.2 —2365.9 —5225.7 8416.9




Table 3.3. The elements of the ellipses computed from (6
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i i ) pertaining to experiment 111,
0+MX0+M
z=0 y=0 x=0

a Y a b Y a b Y

1 10 7 102 114 7 196 114 7 1

2 62 28 99 112 14 163 94 28 2

3 58 10 182 95 8 188 108 11 34

4 98 17 159 115 15 166 126 20 43

5 70 6 2 125 6 199 143 9 167

6 91 19 49 108 20 161 109 23 160

7 64 9 167 100 8 179 110 7 34

8 74 17 31 109 16 179 120 23 165

1 2 57 28 93 59 21 79 29 27 133
1 3 55 8 188 34 13 7 57 27 126
1 4 93 20 163 57 41 70 80 42 115
1 5 73 6 195 38 8 1 74 34 117
1 6 87 16 45 66 32 65 72 36 74
1 7 60 7 172 36 22 31 57 30 122
1 8 72 16 26 40 27 40 67 34 87
2 3 76 19 39 47 24 104 63 24 98
2 4 81 18 199 44 15 187 83 41 87
2 5 94 35 161 67 39 68 88 30 129
2 6 70 16 3 31 14 180 70 30 99
2 7 70 18 28 34 26 108 65 24 90
2 8 74 21 179 36 28 162 71 32 111
3 4 53 29 143 47 32 126 47 25 57
3 5 123 9 192 61 17 5 127 49 120
3 6 127 19 24 49 43 97 119 42 95
3 7 17 13 128 18 14 143 18 9 45
3 8 119 17 10 48 24 189 118 47 103
4 5 155 21 176 73 56 28 148 63 115
4 6 139 23 1 64 16 182 140 60 93
4 7 45 25 165 36 28 157 47 24 61
4 8 140 18 189 64 27 185 138 63 102
5 6 63 43 105 76 36 57 63 29 162
5 7 125 10 184 60 30 13 126 50 118
5 8 39 31 139 47 18 52 41 26 152
6 7 122 22 16 47 37 186 119 45 94
6 8 29 19 100 36 26 36 37 11 171
7 8 118 19 1 49 17 188 118 48 101
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Table 3.4. The elements of the ellipses computed from (0' i

j ) pertaining to the points used in
experiment 111 0+MX0+M
z=0 y=0 x=0

a b Y a b y a b Y

1 13 9 198 102 8 199 102 13 1

2 55 24 97 102 13 164 86 24 199

3 65 9 182 101 8 188 117 11 36

4 86 19 158 106 13 166 113 20 40

S 63 8 199 110 8 1 126 11 167

6 84 19 43 104 13 165 109 20 160

7 66 9 171 98 8 180 110 11 36

8 66 17 26 95 15 182 109 18 164

1 2 55 27 95 57 31 76 36 27 7
1 3 65 12 184 45 20 194 64 44 85
1 4 84 22 158 55 45 85 68 46 104
1 5 66 12 197 46 12 1 69 42 125
1 6 85 21 41 55 45 76 69 46 91
1 7 65 13 172 45 30 196 60 45 95
1 8 68 18 23 48 29 8 64 48 103
2 3 75 26 29 48 1 185 73 40 72
2 4 75 23 199 44 17 176 76 39 88
2 5 82 25 154 63 44 61 73 37 138
2 6 69 21 1 41 17 177 70 38 111
2 7 69 27 20 47 29 173 69 40 77
2 8 68 25 176 45 33 181 66 41 121
3 4 43 36 151 39 36 88 49 20 54
3 5 117 14 190 78 22 197 116 71 110
3 6 125 30 17 73 38 177 122 67 89
3 7 26 17 185 29 17 185 35 15 45
3 8 112 23 4 77 19 187 113 74 92
4 5 134 25 175 72 57 196 126 67 115
4 6 129 38 200 73 18 169 129 65 98
4 7 40 27 172 33 28 162 45 20 58
4 8 123 33 187 74 30 174 121 69 103
5 6 57 39 95 61 38 68 54 25 156
5 7 116 16 184 76 33 196 115 73 115
5 8 36 29 156 42 22 45 44 20 152
6 7 120 33 11 73 27 172 119 66 94
6 8 31 29 49 33 30 34 40 18 152
7 8 109 26 198 75 17 182 109 72 98

l
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Fig. 3.3. Standard ellipses and relative standard ellipses in the xy-plane of experiment III.
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Fig. 3.4. Standard ellipses and relative standard ellipses in the xz-plane of experiment III.
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Fig. 3.5. Standard ellipses and relative standard ellipses in the yz-plane of experiment II1.
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Experiment IV

Stereopair: 1887-1888

Photo scale: 1:15000

Camera: Wild RCS5, ¢ = 152.47

Size: 23 x23 cm

Distance model - projection centres: z~307 mm
Instrumental base: b = 178 mm

This experiment is similar to the previous one, experiment III. The only difference is the
use of a different stereopair and a different instrument. The relative orientation of this pair
was repeated 20 times in a Wild A8 and after each orientation the machine coordinates of
8 pricked points were measured in forward and backward sequence. It is evident that with
this instrument the relative orientations had to be made empirically.

The position of the 8 pricked points on the photographs is given in figure 3.6; for the
position in the model see figure 3.7.

Points 2, 4, 6 and 8 are pricked on photo 1888 and 1, 3, 5, and 7 on photo 1887.

The elements of the estimated covariance matrix (6 ; j ) are computed from the
Xo+MX0+M

20 observations of the 8 points according to (3.12) and given in table 3.5 in square microns.

3 7 4
3 7 a
1 2
1 2
5 8 6 5 8 6
1887 1888
Fig. 3.6. The position of the 8 pricked points Fig. 3.7. The position of the points
on the photographs. in the model.
Just as in experiment III the covariance matrix (a i ; ) can be computed by means
X0+MX0+M

of (3.14) taking into account that these measurements were made with an A8 and not with
an A7. The elements of this matrix are given in table 3.6.

As in the preceding experiment the shape and position of the ellipsoids are represented
by their projections: ellipses. The elements of these ellipses are given in table 3.7 and table
3.8 for:

; ; and (o ; i
( xo+fo)+M) ( xo+fo>+M)
The graphical representation is in figures 3.8, 3.9 and 3.10; thin lines refer to (6‘ :

j

. . X X )
and thick lines refer to (a . ) OFMTO+M
Xo0+MX0+M



Table 3.5. The elements of the estimated covariance matrix (3 i ) of experiment IV.

0+MX0+M

X1 Y1 hy X2 Ya hy X3 Ya hg Xy Ya hy
Xy 2162
¥y, 408 530
hy 3853 1253 15194
X, 73 — 99 — 3315 1512
y, — 389 — 280 — 1702 267 658
h, 4521 1548 13758 —2176 —1512 14624
X3 1209 — 373 112 675 589 1331 2624
A 2605 1034 10150 —2163 —1029 9771 259 7851
hs 4248 1518 15451 —2970 —-2036 14929 283 11134 17001
x, — 531 — 890 — 5339 1582 1127 — 4343 1862 — 3690 — 5713 3550
Vs 2847 482 8073  —1362 — 292 8254 1962 5837 8392 —1428 6074
hy 5082 1409 15145 —2273 —1820 15251 1568 10660 16539  —4532 9169 17188
X5 2213 1169 4532 106 —1093 5903 — 120 3247 5639  —2080 2105 5866
ys —1967 — 586 — 7281 1557 759 — 7057 — 332 — 4625 — 7283 2287 —4034 — 7337
hs 3435 1240 13086  —2901 —1163 12801 473 8761 13042  —4213 7379 12990
X 353 595 — 1680 1294 — 593 — 516 — 703 — 1145 — 844 — 264 —1592 — 672
ys —2903 —1252 —10672 1990 1679 —10557 613 — 7241 —11506 4396 —4942 — 10983
he 4270 1652 14024  —2497 —1578 14577 523 9517 14641 —4710 7711 14702
Xq 716 — 563 — 1756 1042 862 — 573 2538 — 1042 — 1809 2610 987 — 442
Vq 2086 536 8076 —1791 — 619 7558 765 6099 8658 —2523 5029 8506
hqy 4098 1256 14303  —2632 —1890 13957 656 10121 15743  —5097 7858 15506
Xg 1421 962 1865 654 — 923 3113 — 512 1499 3004 —1439 442 3115
ys —2237 — 818 — 17878 1526 1076 — 7679 226 — 5102 — 8098 2953 —3920 — 7946
hg 3544 1393 12906  —2653 —1291 12705 107 8754 13119 —4459 6939 12870

Table 3.6. The elements of the covariance matrix (G i ) of the points used in experiment 1V.

0+MX0+M

X1 1 hy X e hy X3 Y3 hy Xg Ya hy
X, 1707.3
" 121.6 112.1
hy 2856.0 594.0 13682.4
x, — 58.6 —161.2 — 3780.7 1689.1
Ya 9.3 — 533 — 6507 — 575 1977.4
h, 3793.1 553.4 12752.0 —2815.5 — 603.0 13492.8
Xg 1632.0 23.2 1449.8 24.0 2738.3 2509.3 5718.8
Vs 1757.0 359.0 8240.5 —22399 — 659.4 7735.0 671.5 5853.1
hs 2676.0 547.3 12380.1 —3234.0 —1556.1 11711.8 200.1 8667.8 13219.7
X, 302.6 --186.8 — 35249 1271.4 26494 — 2400.8 4287.7 —26759 — 4702.3 5109.0
Vi 2488.9 291.5 7503.2 —1889.8 2042.5 7793.1 5288.1 4720.8 6361.6 1648.1 8297.6
h, 3635.3 532.5 12331.5 —2696.6 — 608.0 12611.9 2557.0 8289.8 124494 —2676.4 8250.8 13415.3
X5 1390.5 148.0 2686.0 259.2 —2377.8 3588.6 —2197.8 1778.5 3477.0 —2898.1 — 886.7 3202.6
ys —1563.2 —301.5 — 7056.9 20502 — 1346 — 6812.8 —14004 —3870.9 — 57225 1058.2 —4269.6 — 6012.0
hy 3013.9 573.9 13472.1 —-3915.0 378.1 13025.5 2884.9 7386.8 10882.2 —1843.2 8330.5 11511.5
x¢ — 300.5 —125.5 — 37273 1943.1 —2550.8 — 28955 —3816.9 —1642.9 — 1592.1 —2272.0 —4931.6 — 23933
ye —2226.6 —407.1 — 8509.9 1625.4 3064.2 — 8801.3 2584.0 —5046.0 — 8507.5 5060.7 —1303.7 — 7734.6
he 3874.6 571.0 13084.5 —2938.0 — 621.6 13724.5 2329.3 7165.8 109594 —2219.2 7363.0 11961.7
X7 11939 — 58.6 — 4387 515.9 2861.8 704.6 54450 — 6180 — 17324 4843.5 4138.0 609.1
V2 1760.0 307.4 7371.4 —2044.5 372.8 7023.6 2242.1 5040.7 72754 —1034.3 5626.9 7653.4
hy 2901.1 517.6 11809.9 —2890.6 —1163.8 11503.1 1040.1 8100.7 12288.5 —3807.5 6720.0 12218.5
Xg 624.1 20.8 — 3904 1152.5 —2747.3 548.1 —3347.2 156.7 1170.7 —2921.6 —3169.2 558.4
ys —1818.8 —315.9 — 6928.1 1551.5 13249 — 7121.7 426.6 —37884 — 6093.3 25331 —23874 — 6003.3

hy 3202.9 532.2 12379.3 —3230.2 211 12469.4  2591.1 6677.3 9990.1 —1698.2 7409.0 10814.4




! X5 Vs hy X Ye hg X7 Y7 hy Xs Vs hg
7188

5866 4384

7337  —2462 3964

2990 4419 —6975 12888

672 1979 833 — 1696 2725

1983 —4974 5523 — 9832 — 123 9341

4702 6255 —7553 13856 — 542 —11415 15844

42 — 830 584 — 1098 — 637 2017 — 1274 2781

8506 1878 3576 6683 —1490 — 5131 6940 — 306 5252

5506 5228 —6737 11885 — 774 —10510 13451 —1383 8204 15043

3115 3431 — 943 1694 2420 — 3012 3324 — 906 535 2763 3263

7946  —3305 4171 — 7467 214 6470 — 8367 1198 —3685 — 7370 —1804 4968

2870 4967 —6768 12571 —1091 —10120 13968  —1437 6456 11915 2402 —7548 12738
' X5 Vs hs Xg Ye he X7 Y2 hy Xg Vs hg
3415.3

202.6  4382.5

0120 — 997.5 4265.5

i511.5 1768.5 —8000.9 15324.9

1393.3 3228.7 2821.6 — 5549.6 5789.5

1734.6 —5703.4 42025 — 7849.1 —1698.2 10307.4

961.7 3954.7 -—-7529.5 14375.2 —3321.5 — 9984.9 15552.3

609.1 —2600.8 — 514.3 1191.4 —3430.3 3707.9 672.6 5567.3

'653.4 470.3 —3633.9 7003.2 —2786.3 — 3096.0 6355.9 1013.5 5228.1

218.5 32280 —5530.5 10545.1 —1758.1 — 7824.6 10750.1 — 906.2 7298.4 12033.6

5584 42325 889.9 — 1865.8 4901.3 — 42534 567.7 —3373.4 —1221.3 926.1 5101.8

003.3 —3162.6 3830.6 — 72444 516.3 6674.1 — 8162.5 1278.4 —2812.2 — 57423 —1645.2 5156.8

B814.4  2519.5 —7270.8 13911.4 —4385.7 — 8119.6  13948.7 1054.4 6182.7 9757.5 — 746.9 —7358.1 13415.0
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Table 3.7. The elements of the ellipses computed from (5' i

i pertaining to experiment IV,
X0+MX0+ M)
z=0 y=0 | x=0

a Y a b Y a { P

1 48 21 85 127 i3 17 124 21 5

2 40 24 82 122 34 190 122 22 193

3 89 51 3 130 51 1 156 20 38

4 82 54 173 136 47 181 150 30 33

5 82 41 147 122 50 26 129 12 168

6 97 52 199 126 52 197 156 27 159

7 73 52 192 123 51 193 140 24 33

8 78 46 164 115 52 15 132 19 165

1 2 64 34 71 61 46 79 48 42 188
1 3 83 43 179 49 35 113 80 35 91
1 4 96 56 144 83 45 106 77 43 85
1 5 78 41 180 48 41 61 75 43 95
1 6 115 59 18 67 51 72 112 53 108
1 7 75 51 163 59 40 96 69 40 97
1 8 84 51 198 57 38 59 85 46 98
2 3 105 47 16 53 41 115 105 37 87
2 4 86 42 190 44 36 110 87 33 88
2 5 86 38 136 76 42 112 56 43 113
2 6 83 37 185 43 34 66 82 35 109
2 7 85 45 11 49 40 132 86 40 88
2 8 75 36 150 59 44 109 59 44 104
3 4 54 42 56 50 33 105 55 17 64
3 5 151 75 180 88 57 122 147 58 90
3 6 178 82 2 82 60 99 178 59 96
3 7 31 16 22 24 18 14 36 12 60
3 8 154 79 188 83 59 108 153 55 91
4 5 155 79 161 112 61 113 136 61 91
4 6 162 76 186 83 60 94 159 60 97
4 7 37 31 162 39 28 155 47 15 51
4 8 150 79 169 99 64 109 139 61 89
5 6 66 33 59 58 29 118 53 21 132
5 7 138 78 170 95 63 114 128 63 93
5 8 28 24 106 29 20 74 29 16 144
6 7 158 82 197 82 63 97 158 63 99
6 8 46 20 46 37 21 131 40 20 129
7 8 138 81 179 89 63 105 133 61 93
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Table 3.8. The elements of the ellipses computed from (0 i ) pertaining to the points used in

J
experiment IV. 0+MX0+M
z=0 y=0 x=0

a b 7] a b 7] a b 7]

1 41 10 95 120 33 14 117 9 3

2 45 41 188 119 32 186 116 44 197

3 80 71 47 115 76 2 138 11 37

4 95 66 26 119 66 182 140 47 40

5 73 58 148 125 64 10 140 8 169

6 104 72 179 129 69 181 152 51 158

7 80 66 55 110 74 191 129 24 36

8 82 59 151 116 71 194 133 29 166

1 2 60 46 90 59 41 99 47 41 90
1 3 76 60 166 68 41 126 73 46 91
1 4 89 78 181 79 49 99 89 48 91
1 5 72 56 18 63 38 133 72 42 118
1 6 107 89 15 90 55 108 107 53 111
1 7 73 65 145 71 45 111 69 46 100
1 8 78 74 32 76 47 113 77 48 106
2 3 96 86 4 90 50 124 99 52 82
2 4 81 63 23 66 40 109 79 40 94
2 5 83 72 169 76 51 115 87 42 127
2 6 80 58 182 60 39 109 80 36 115
2 7 81 78 28 82 44 122 81 48 87
2 8 71 63 150 69 41 119 69 41 119
3 4 69 47 193 49 40 129 77 23 68
3 5 134 120 187 128 69 127 134 82 106
3 6 164 137 184 142 76 118 162 83 100
3 7 32 20 6 26 20 197 38 15 59
3 8 140 128 161 138 72 121 136 81 96
4 5 145 123 5 126 72 114 146 74 108
4 6 146 124 198 125 70 108 146 70 105
4 7 49 29 181 37 25 151 55 18 66
4 8 136 126 T 17 129 69 113 135 72 103
5 6 79 61 5 61 46 98 86 29 129
5 7 129 123 2 128 71 121 131 76 113
5 8 44 29 175 37 24 54 48 20 135
6 7 150 133 176 138 73 115 148 77 105
6 8 47 31 21 36 29 149 53 20 135
7 8 133 125 125 136 70 118 127 77 103
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Fig. 3.9. Standard ellipses and relative standard ellipses in the xz-plane of experiment IV.
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Fig. 3.10. Standard ellipses and relative standard ellipses in the yz-plane of experiment IV,
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Experiment V

Stereopair: 116-118

Photo scale: 1:12000

Camera: RCS5, ¢ = 210.38 mm

Size: 18 x 18 cm

Distance model — projection centres: z~325 mm
Instrumental base: b = 118 mm

The relative orientation of this stereopair of normal angle photographs was repeated 20
times in a Wild A8 and after each relative orientation the machine coordinates of 8 signalized
points were measured in forward and backward sequence. Thus the most important dif-
ferences in comparison with experiment IV are: firstly normal angle instead of wide angle
photo’s and secondly signalized points instead of pricked points.

Figure 3.11 gives schematically the position of the eight points on the photographs and
figure 3.12 the position of the points in the model.

3 7 4
3 7 4 3 7 4
1 2
1 2 1 2
5 8 6 5 8 6 5 8 6
116 18
Fig. 3.11. The position of the 8 signalized points Fig. 3.12. The position of the points
on the photographs. in the model.
The elements of the estimated covariance matrix (6 i ; ) are computed from the
Xo+MX*X0+M

20 observations of each point; as in the previous experiments an observation is the mean
of forward and backward. The result of the computation according to formula (3.12) is
given in table 3.9. The covariance matrix (a ; ; ) given in table 3.10 is determined
by means of formula (3.14). Yo+uXo+M

The shape and position of the ellipsoids, defined by the covariance matrices, are again
represented by ellipses, see figures 3.13, 3.14 and 3.15; thin lines refer to (6‘ : i ) and

thick lines refer to (0’ i ;i ) X0+ MX0+M
Xo+MX0+M
The elements of the ellipses are given in table 3.11 and table 3.12 respectively.



Table 3.9. The elements of the estimated covariance matrix (5' i

) of experiment V.

0+MX0+M
X1 N hy Xg Ye hy X3 Y3 hy Xy Y hy
X, 8396
» — 614 474
hy 17410 — 2029 97884
Xy 2201 83 —15231 6998
Vs 1436 606 801 1168 2791
h, 20402 2223 97204  —12250 1665 98514
X3 10837 — 325 22255 3011 4335 26329 16851
Vs 5571 — 468 39891 — 7643 243 38721 7257 17084
h, 15342 2106 102827 —18857 — 128 100581 19866 43204 112362
X, 4334 326 —12060 7999 3361 — 8085 7693 — 6760 —16690 11029
Ya 6799 73 29092 — 2976 3157 29977 11294 11807 29816 268 11927
h, 17568 —1819 87777 —11916 1754 88484 23430 35486 92590 — 8087 27594 80583
X5 7205 —1040 20726 — 20 —1049 22559 6867 7230 19358 98 5024 18975
y; — 6365 916 —30199 3730 — 226 —30617 — 7970 —11695 —30838 2535 — 8921 —27206
h; 15854 —1875 85801 —12680 991 85571 20134 34390 88226 — 9549 25520 76275
Xg 699 — 324 —11467 4236 —1410 — 9858 — 1196 — 5549 —13351 3142 — 4598 — 9775
ye — 5656 1516 —33211 5448 2535 —32717 — 4382 —13105 —34711 6423 — 6786 —28643
hq 20553 —2210 93396 —10814 1429 94981 25661 36595 94251 — 6830 28322 84039
X7 8018 33 4224 6219 4151 8605 12991 — 260 272 10301 5847 7112
Va 6551 — 129 35848 — 5392 2211 35813 10317 15042 38083 — 2894 12817 33086
h, 16866 —1917 96259  —15327 1244 95707 22616 39709 103540 —11941 29555 87882
X 3439 — 557 69 3077 —1058 1995 2343 — 1052 — 1831 2629 — 879 742
ys — 6105 1322 —31178 4417 1670 —31206 — 5635 —12089 —32010 4663 — 7206 —27345
hg 19288 —2216 91479  —11318 1073 92566 23876 35970 92506 — 7732 27236 81806
Table 3.10, The elements of the covariance matrix (0' i i ) of the points used in experiment V.
0+MX0+M
X P4 hy Xg Ya hy X3 Y3 hy X4 Ya hy
X, 7776
»n — 367 121
h, 21739  -—2418 139571
X2 — 9 382 — 24219 7623
y, — 112 — 418 2891 224 11121
h, 23923  —2329 135186 —21040 2669 133290
X 8156 — 913 28857 — 443 12957 30700 24175
Vs 8678 — 738 53385 — 9308 — 1815 52060 8126 21799
hs 22137  —=2152 142739 —25463 — 1761 138513 24266 57014 150655
X 285 — 98 — 17804 6967 10300 — 15065 11806 — 9675 —23492 15718
Vs 6311 — 982 40050 — 5807 10795 39164 20118 13001 37287 4893 20822
h, 20634 —1897 117077 —18323 2059 115306 26395 45822 121515 —13673 34135 101087
X5 8689 — 107 25815 — 1567 —10086 27890 — 2516 12831 30478 —10125 — 1683 24167
ys — 6757 909 — 43445 7250 — 3523 — 42135 —11981 —15599 — 42639 2758 —14676 — 35935
hy 19251  —2453 127837 —22354 6300 123529 29896 47252 127846 —12895 39558 105851
X 1304 768 — 20546 6254 —11757 — 17158 —13035 — 4465 — 16080 — 5173 —15512 — 14415
ys — 8431 486 — 45899 8028 9788 — 45101 1886 —20190 — 50970 15538 — 3419 — 38885
he 23467 —2457 133954 —20956 2799 131535 30134 50659 135332 —14608 38421 112729
X7 4171 — 516 4041 3789 12577 6514 18987 — 1622 — 1640 15086 12990 5191
Y7 7799 — 895 48564 — 7837 4773 47425 14806 18034 48950 — 2371 17650 41549
h, 21805  —2060 132440 —22307 264 129396 25944 52392 138671 —18834 36501 113447
Xg 4111 475 — 4330 3669 —11585 — 1262 — 9617 1704 367 — 7136 —11021 -~ 794
ys — 7815 627 - 44820 7726 5254 — 43850 — 2785 —18526 — 47872 11152 — 7185 — 37665
hg 22107  —2472 132473 —21543 4079 129379 30243 49687 133323 —14032 39035 110849




hy Xp Vs hg Xe Ye hg Xq i hq Xg Vs hg
80583
18975 8865
—27206 — 7281 9958
76275 18886  —27090 76600
— 9775 1223 2935 — 9889 4503
—28643 — 9358 10684 —29430 1795 14649
84039 23153 —29897 83453 — 8622 —32369 93509
7112 3562 — 2538 4637 1240 1508 9032 12602
33086 6000 —10629 30968 — 5565 — 9818 33568 3520 14907
87882 19156 —29267 82969 —11859 —31455 89949 4450 36346 97188
742 4106 — 747 413 3432 — 2033 3014 2738 - 1262 — 671 3873
—27345 — 8871 10161 —27833 1733 13069 —30901 — 122 — 9600 —29627 —1998 12048
81806 22342 —29241 81945 — 8756 —32018 91049 7615 32630 87840 2532 —30410 89117
hy Xs Vs hs Xg Ve hg Xq Vi hy Xg Vs hg
101087
24167 19015
- 35935 — 5716 14506
105851 19917 —41322 119906
- 14415 10824 9142 — 23328 18358
- 38885 —19611 11983 — 38911 — 4814 25950
112729 27436  —42422 123851 —17769  —45093 131882
5191 — 7317 — 4403 7468 — 9692 10106 6509 18356
41549 5703 —15751 45132 10474 —12162 46286 6044 18671
113447 27746  —40045 119088 —15632 —45667 126374 1949 46296 128812
- 794 14267 4043 -— 8378 16311 —10434 — 1815 — 9133 — 4936 — 316 16249
- 37665 —14816 12748 — 39494 — 90 21062 — 43901 5171 —13297 — 43509 — 5495 18222
110849 24890 —42244 123050 —19827 —43071 129606 6927 46109 124403 — 4169 —42643 128212
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Table 3.11. The elements of the ellipses computed from (6 i j ) pertaining to experiment V.
0+MX0+M

z=0 y=0 x=0
a b ¥ a b ¥ a Y
1 92 21 105 318 72 12 313 21 199
2 85 50 84 316 73 192 314 53 1
3 156 99 49 341 114 13 359 20 23
4 110 105 17 286 101 193 300 47 22
5 129 46 152 285 63 16 294 18 178
6 122 65 11 307 61 194 324 55 178
7 132 100 40 312 111 3 333 34 23
8 112 58 186 299 62 2 316 39 179
1 2 105 44 107 105 45 100 56 31 51
1 3 136 59 6 68 59 182 139 62 86
1 4 138 63 153 111 37 75 112 51 111
1 5 93 53 195 56 51 152 99 40 74
1 6 138 68 49 107 68 103 111 67 92
1 7 130 62 181 72 48 82 125 50 98
1 8 111 55 34 75 62 77 100 62 90
2 3 174 83 48 134 99 99 150 81 71
2 4 93 43 10 49 42 155 96 36 121
2 5 153 75 145 129 56 116 122 48 76
2 6 112 54 193 55 45 112 111 45 96
2 7 130 60 35 87 63 120 116 65 93
2 8 116 52 172 69 49 111 108 48 90
3 4 117 66 78 125 68 64 110 31 43
3 5 225 109 1 114 107 161 233 93 81
3 6 258 124 27 155 131 110 245 124 87
3 7 61 40 76 67 38 61 63 20 45
3 8 238 112 18 129 126 33 235 120 86
4 5 218 110 169 141 67 94 200 67 96
4 6 200 96 0 96 78 102 202 74 108
4 7 58 30 76 62 35 63 54 16 40
4 8 199 93 188 101 75 78 196 77 105
5 6 105 56 92 109 47 121 58 56 146
5 7 218 113 186 120 88 104 218 80 88
5 8 68 41 93 71 36 125 47 36 155
6 7 227 111 16 123 102 119 222 103 97
6 8 39 23 94 40 20 120 26 20 53
7 8 215 104 5 105 103 94 215 102 95
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Table 3.12. The elements of the ellipses computed from (0' i

j ) pertaining to the points used in
experiment V. 0+MX0+M
z=0 y=0 x=0

a b P a ‘ b L7 a ‘ b } y

1 88 10 103 378 65 10 374 9 ‘ 199

2 106 87 4 370 65 190 365 105 1

3 177 122 55 394 140 12 415 14 23

4 154 113 35 321 117 190 337 91 22

5 151 103 138 352 123 12 366 15 179

6 168 127 171 367 125 190 385 97 178

7 157 112 49 359 135 1 382 42 22

8 151 108 156 358 127 198 378 60 179

1 2 124 110 108 124 49 95 110 50 102
1 3 153 125 200 133 53 124 155 64 89
1 4 157 146 150 156 71 82 159 65 121
1 5 114 96 14 105 47 128 115 58 86
1 6 164 147 40 154 59 97 159 59 98
1 7 146 131 173 135 56 109 145 56 109
1 8 134 122 37 126 53 101 132 50 90
2 3 199 172 38 181 82 105 198 65 82
2 4 103 95 29 99 59 114 112 39 130
2 5 185 168 166 178 66 116 182 76 107
2 6 133 115 187 116 45 104 132 46 101
2 7 145 132 33 138 51 113 143 57 95
2 8 140 126 172 130 48 111 137 52 101
3 4 138 118 48 145 63 65 147 61 65
3 5 260 219 5 234 91 125 264 112 87
3 6 300 259 17 264 104 108 300 100 90
3 7 74 59 52 75 33 68 74 31 67
3 8 279 243 13 249 100 113 282 99 88
4 5 255 234 188 236 94 107 258 85 112
4 6 232 211 0 211 86 104 236 72 114
4 7 66 61 36 74 39 57 78 34 58
4 8 231 215 194 216 86 105 235 75 113
5 6 128 125 195 127 61 110 135 48 122
5 7 254 228 195 236 81 118 254 103 100
5 8 87 80 167 83 44 110 90 35 123
6 7 263 236 8 239 84 109 263 89 99
6 8 47 42 45 45 28 116 49 22 129
7 8 252 230 2 234 81 112 252 91 99
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Fig. 3.13. Standard ellipses and relative standard ellipses in the xy-plane of experiment V.
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Fig. 3.14. Standard ellipses and relative standard ellipses in the xz-plane of experiment V.
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Fig. 3.15, Standard ellipses and relative standard ellipses in the yz-plane of experiment V,



IV ERRORS DUE TO THE INNER ORIENTATION

1 General description

The third group of observation errors which influence the accuracy of the machine coordi-
nates are the errors in inner orientation. The problem of inner orientation has three variables
for each camera; the translations of the projection centre in three mutually perpendicular
directions, the elements of inner orientation:

left camera : Ax’, Ay’ and Ac¢’ }

right camera: Ax", Ay"” and Ac"”

In appendix 3 the differential formulae are derived which give the relation between the
differentials of the machine coordinates of a model point, Ax, Ay and Ah, and the elements
of inner orientation, as given in (4.1).

Pricked points and signalized points have been distinguished and the formulae are also
here fitting to measurements with a Wild A7 and A8, in order to be able to compare the
practical experiments with the mathematical description.

The formulae of appendix 3 can be summarized as follows:

Ax, Ax’
Ay, Ax"
Ay =4 Ay | o 0 o (4.2)
Ay Ay"”
Ahy Ac’
\Ac”

The elements of matrix (A4}) are functions of:
X, ¥, z: the coordinates of the concerning model point with the origin in the middle of
the base; see figure 3.1.
b: the instrumental base
zo: the mean z of the model
c¢: the principal distance
In formula (4.2) three cases are to be distinguished for the y-coordinate:
— signalized points
— pricked points on left photo
~ pricked points on right photo
The differentials of the x- and A-coordinate are the same for the different cases.
With simpler denotations:
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Ax; Ax'
Ay, Ax"

Ay | = (Ax) Ay |=@AL . ... e 4.3)
Ayr Ay”
\Ah; Ac’
Ac”’

(4.2) can be written:
(Axhy = (ADAD . . . o e e e e e e e e e (4.4)

Application of the law of the propagation of errors to (4.4) gives:

(ax}x }.) = (A AT « . e e e e e e e e (4.5)

(6%), the covariance matrix of the observations is under the assumption that there is no
correlation:

()% = ol e (4.6)

2
0 oo

From the investigation made by ZorN 1954-1955 [4] the following standard deviations of
the inner orientation were determined for fiducial marks of Wild camera’s and plate carriers
of Wild instruments:

Gy = Oy = 0, = 6, = 0,020 mm

y

o, = o, = 0.003 mm

The covariance matrix of the machine coordinates (4.5) can be computed with (4.7).

2 The experiments

Three experiments were executed, experiments VI, VII and VIII, in order to evaluate the
covariance matrix (axix j) of (4.5).

Experiment VI

Stereopair: 1887-1888

Photo scale: 1:15000

Camera: Wild RC5, ¢ = 152.47 mm

Size: 23 x23 cm

Distance model - projection centres: z=~430 mm
Instrumental base: b = 250 mm
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7 3 , a ) 5 8 6
1887 1888

Fig. 4.1. The position of the 8 pricked points Fig. 4.2. The position of the points
on the photographs. in the model.

Both the inner orientation and the relative orientation of this stereopair in the Wild A7
were repeated 20 times. The relative orientation is done numerically by measuring the
parallaxes in six points. After each orientation the machine coordinates of 8 pricked points
are measured in forward and backward sequence. Figure 4.1 gives the position of the 8
pricked points on the two photographs and figure 4.2 gives the position in the model.
Points 1, 3, 5and 7 are pricked on the left photo 1887 and points 2, 4, 6 and 8 on photo 1888.

Similar to the previous experiments an estimate for the covariance matrix (&xix j) is

computed according to formulae (3.10) to (3.12). The elements of this matrix are given in
table 4.1 in square microns.

The covariance matrix of these machine coordinates can be computed by addition of the
inner orientation (4.5), the relative orientation (3.8), and the measuring of a model point
(2.4). The latter has to be multiplied by 4 because of the measurements being made in
forward and backward sequence. Simple addition can be applied indeed as the three groups
of observations referring to the inner orientation, the relative orientation and the measuring
of a point are mutually correlation free.

(axixj) = (axix}') + (axi,xé) +4 (ax;lx}{l) ............. (4.8)
It follows from (4.5), (3.8) and (2.4) that:

() = (AD (@1) (4D +(A40) (G00) (40)" +3(Ah) (53 (43)" - - - . . (49)
This covariance matrix (Ux,.x J-) is given in table 4.2 in square microns.

Sub-matrices of

(6xix j) and (axix J-)

represent point standard ellipsoids and relative ellipsoids. As in the preceding chapters, the
shape and position of the ellipsoids are represented by projections, ellipses. The elements
of these ellipses are given in tables 4.3 and 4.4. The graphical presentation is in figures 4.3,
4.4 and 4.5; thin lines refer to (&xix j) and thick lines refer to (axix j).



Table 4.1. The elements of the estimated covariance matrix (6xix j) of experiment VI,

X1 Y1 hy X2 Yo b X3 V3 hs X4 Y4 hy
Xy 3205
»n — 551 2484
hy 6000 16 44341
X, 783 — 642 —12196 6073
y. — 394 2840 673 — 669 4156
he 6029 63 43716  —12103 831 43767
X3 4055 207 10250 87 1236 10036 6962
Vs 3727 3019 29142 — 8061 4354 28737 8135 24530
hs 6050 1040 41336  —10737 2401 40718 11066 30184 40990
X4 1274 — 407 — 8914 5215 — IS — 8801 1752 — 5698 — 7641 5609
Ya 3111 3383 26366 — 7675 5357 26243 7711 22363 27055 — 5184 22191
hy 5695 1011 40102 —10607 2245 39490 10490 28619 38943 — 7597 26228 37574
X5 3869 — 873 10398 — 508 —1317 10550 4032 5902 9647 — 447 4577 9229
ys —3301 2570 —23800 6707 2873  —23752 — 4401 —11642 —20183 4922 —10177  —19856
hs 5157 — 385 45364 —13970 — 398 45393 8321 27919 40499  —10327 25308 39690
Xs 374 — 780 —15854 7125 —1209 —15756 — 1408 —10612 —14135 5251  —10357 —13953
v —4414 2896 —28025 7479 4268 —28010 — 4612 —13812 —23750 6175  —10857  —23040
he 6073 — 261 47581 —14039 — 352 47787 9376 29649 42822  —10450 26717 41793
Xq 3010 - 2 3608 1784 841 3463 5110 3254 4515 3101 3230 4154
Yz 3690 3421 27211 — 7335 5074 26657 8463 23682 28619 — 4879 22067 27198
hz 5699 1079 38820 —10110 2625 38118 10672 28385 38490 — 7206 25906 36756
Xg 2205 — 836 — 2292 3215 —1217 — 2178 1510 — 1947 — 1684 2323 — 2538 — 1893
ys  —3950 3039 —26624 7346 4327 —26526 — 4262 —12565  —22136 5887 — 9875 21674
hs 5512 — 474 45420 —13692 — 578 45553 8446 27920 40601  —10411 25163 39745
Table 4.2. The elements of the covariance matrix (0 ix j) of the points used in expzriment VL.

X1 Yt hy X2 Y2 hy X3 Y3 hy X4 Ya ha
Xy 2500.3
N 23.7 3330.6
hy 2144.7 374.5 33990.5
Xz 13442 — 133.9 —12129.6 6551.6
Yo — 2935 31649 — 4532 1640  3765.9
hy 2351.9 351.8 31939.0 —114353 — 4380 31218.7
X3 2516.1 47.6 4312.4 527.0 — 60.9 4371.6  2814.6
Vs 1403.2 33373 22800.8 — 8309.7  2849.5 21636.2  2788.7 20201.4
hy 2013.6 361.2 32789.8 —11924.8 — 354.9 311184 4001.8 244242 351194
X4 14378 — 1134 —10267.7 5748.7 2874 — 9625.1 7653 — 7644.2 —10969.8 5600.7
W 1403.4 3400.5 20880.0 — 7683.8  2810.7 20161.4  2709.8 177425 21016.5 — 67985  17419.7
hy 2280.0 339.3 30802.5 —10989.1 — 708.4 29554.5  4176.9 22047.4  31707.6 — 9982.2  20384.5  30464.1
X5 2684.5 62.3 5644.5 121.8 — 76.7 56470  2993.4 3750.3 5381.9 4104 3558.0 5451.7
ys —1119.6 3001.2 —18385.8 6751.1 35059 —17515.6 —2320.1 — 8657.3 —16915.4 5353.0 — 7976.5 —16155.9
hs 2157.3 3911 35499.8 —13008.7 — 558.8 33822.8 44704 22714.8  32666.5 —10314.8 21565.8  31201.9
Xg 13146 — 145.1 —13142.8 6907.5 — 134 —12457.0 406.8 — 8405.2 —12061.9 5691.1 — 7969.1 —11122.3
ys —1371.4 29342 —21351.4 7936.4 34049 —20646.1 —2740.5 —11135.1 —20424.1 6441.7 —10241.0 —19344.6
he 2434.5 365.3 33158.4 —11930.9 — 108.5 31959.5  4576.2 21410.5 703957 — 9280.8  20301.3  29264.2
X; 21233 — 145 — 13163 2549.0 311 — 10004 20065 — 1310.2 — 1880.4 2625.1 — 9359 — 1302.0
Y2 1511.0 3335.8 21658.5 — 77727 27715 20656.4  2837.6 18851.5 227121 — 71463 17118.3  21061.4
i 2185.2 345.8 31393.3 —11241.2 — 486.5 29943.8  4103.7 22889.8  32917.0 —10335.3 20261.6  30528.5
Xg 2036.8 — 379 - 34305 3392.8 16.5 — 3060.0 17547 — 2050.8 — 2942.9 29574 — 1970.7 — 2519.3
ys —l1446.1 2955.6  —19409.7 7024.8  3437.8 —18786.0 —2708.0 — 9328.6 —17831.4 5446.0 — 8740.9 —17164.0
hyg 2401.3 366.8 332984 —11949.2 — 3382 31957.0  4564.6 21241.1  30552.1 — 9298.0 202428  29260.1




hy X5 Vs hy X Ye hq X7 Y7 hy Xs Y8 hg

37574
9229 5924
—19856 — 6163 16433
39690 10252 —26488 49879
—13953 — 630 8775 —17963 9215
-23040 — 8858 19075 —31204 9186 24473
41793 11652  —27277 51537 —17994 —32949 54037
4154 2327 — 1237 1973 738 — 886 2552 4437
27198 5271 —10007 25288 — 9850 —11393 26931 3747 23518
36756 8868 — 18753 37629 —13354 —21592 39781 4380 27292 36567
— 1893 2736 1130 — 3573 4129 — 95 — 2787 1637 — 1885 — 1689 3449
-21674 — 7966 18551 —29850 9113 23200 —31255 — 741 —10422  —20292 368 22427
39745 10901 —26414 49529 —17416 —31640 51619 1946 25288 37840 —2910 —30245 49680
hy Xs Vs hy Xg Ve hg X7 B4 hy Xa Vs hy
30464.1

5451.7 33703
—16155.9 —3022.5 14159.6
312019  5824.1 —20696.4  39952.1
—11122.3 — 15.0 7679.0 —14796.0 7889.6
—19344.6 —3577.5 15133.1 —22963.9 8896.3  17961.1
29264.2  5860.5 —18840.1 36376.4 —13773.6 —22288.0 35176.3
— 1302.0  2020.4 600.8 — 1157.8 2444.8 7771 — 72715 23734
21061.4  3743.5 — 8092.2 21647.1 — 7840.0 —10425.4  20403.6 —1131.4 18438.6
30528.5 54139 —16246.3  31376.8 —11338.5 —19573.1  29579.5 —1636.5 22033.5  31935.0
~ 2519.3 1712.7 2199.4 — 42379 3753.9 2372.1 — 3570.8 22231 — 1799.2 — 26019  2838.6
~17164.0 —3457.0 14339.8 —21434.8 8116.6  16276.0 —20385.0 386.4 — 8787.8 —17204.3 2018.1 15710.9
29260.1 58432 —19111.0  36897.7 —13769.0 —21786.8 346124 — 713.7 20296.9  29424.5 —-3507.1 —20689.8 35390.8




THE PRECISION OF PHOTOGRAMMETRIC MODELS

Table 4.3 The elements of the ellipses computed from (5' xix j) pertaining to experiment VI.

47

z=90 y=20 x=0

a b 1 a P a p

1 59 47 132 213 48 9 211 50 0

2 79 63 119 218 50 182 209 64 1

3 166 61 24 210 61 18 253 38 42

4 154 64 182 198 62 186 239 50 41

5 139 55 172 228 60 14 254 43 168

6 170 70 28 246 54 178 275 56 163

7 156 61 12 193 62 8 241 45 43

8 150 59 1 223 57 196 263 54 163

1 2 88 31 102 88 26 99 32 25 79
1 3 147 37 12 56 39 38 145 52 100
1 4 149 43 169 82 35 80 134 40 104
1 5 119 30 188 61 34 19 119 55 113
1 6 176 42 39 111 52 115 149 46 115
1 7 138 40 198 62 33 29 139 57 104
1 8 142 32 16 57 47 191 139 51 112
2 3 176 41 42 113 58 102 141 58 100
2 4 126 32 8 49 34 185 126 47 107
2 5 162 41 152 115 51 90 123 52 108
2 6 143 28 7 48 31 185 144 38 113
2 7 152 36 34 85 61 121 133 63 105
2 8 143 26 177 60 42 63 135 45 109
3 4 96 43 92 95 25 95 48 19 73
3 5 253 69 1 107 56 29 254 98 105
3 6 302 66 27 139 94 113 279 91 108
3 7 35 25 81 36 22 77 33 12 54
3 8 274 65 14 101 82 30 269 94 106
4 5 259 67 177 121 77 67 244 86 107
4 6 263 57 8 92 63 182 265 79 111
4 7 62 39 94 62 25 103 42 22 77
4 8 256 58 192 92 60 26 256 82 108
5 6 131 46 86 129 27 106 56 21 125
5 7 246 70 193 115 61 30 246 103 107
5 8 66 37 75 62 22 100 44 19 120
6 7 281 62 22 120 93 144 270 95 111
6 8 67 21 91 67 19 111 28 14 149
7 8 260 62 7 104 66 12 261 97 109
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Table 4.4. The elements of the ellipses computed from (axix j) pertaining to the points used in experi-

ment VI,
z=0 y=0 x=0 J
a b Y a b L7 a 7
1 58 50 2 185 49 4 184 58 1
2 81 61 96 189 45 176 177 61 199
3 144 49 10 189 48 8 231 46 41
4 143 50 173 184 46 178 213 50 40
5 122 51 184 202 50 10 227 52 168
6 152 52 34 202 46 175 225 52 162
7 136 48 196 179 48 196 220 46 41
8 127 50 10 189 50 193 220 51 164
1 2 80 27 96 80 36 94 37 28 4
1 3 130 13 5 59 17 196 131 58 92
1 4 137 20 166 72 53 96 118 53 103
1 5 109 13 189 54 22 4 110 48 116
1 6 151 22 39 89 52 111 124 53 105
1 7 125 13 189 56 24 191 123 56 98
1 8 119 17 17 53 35 187 115 51 108
2 3 160 30 37 91 64 98 137 60 88
2 4 125 25 3 54 19 178 125 51 98
2 5 141 27 152 101 55 84 110 49 122
2 6 123 23 5 53 18 177 123 47 110
2 7 140 30 26 67 52 140 130 56 93
2 8 121 25 175 52 51 31 114 48 112
3 4 84 44 88 84 45 89 62 20 50
3 5 227 12 198 99 14 200 228 98 103
3 6 263 33 23 108 83 142 246 93 99
3 7 35 30 74 37 32 45 44 15 | 45
3 8 237 21 11 98 44 190 234 97 100
4 5 235 26 176 94 86 53 220 85 109
4 6 237 43 4 94 21 170 237 83 104
4 7 52 40 91 52 37 99 51 19 54
4 8 228 34 189 89 45 181 226 84 105
5 6 108 39 89 107 | 48 93 58 30 157
5 7 224 15 189 96 41 199 222 93 106
5 8 53 34 90 56 35 73 47 23 157
6 7 247 38 17 101 55 162 239 89 101
6 8 57 32 88 57 37 98 45 20 154
7 ‘ 8 228 26 3 94 l 19 186 228 92 103 |
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Fig. 4.3. Standard ellipses and relative standard ellipses in the xy-plane of experiment VL.
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Fig. 4.4. Standard ellipses and relative standard ellipses in the xz-plane of experiment VI.
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Fig. 4.5. Standard ellipses and relative standard ellipses in the yz-plane of experiment VI.
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Experiment VII

Stereopair: 147-149

Photo scale: 1:5000

Camera: Wild RC 5, ¢ = 152.15 mm

Size: 23 x23 cm

Distance model — projection centres: z~290 mm
Instrumental base: b = 200 mm

This experiment is similar to the previous one, with two differences, firstly a different stereo-
pair and secondly the Wild A8 is used instead of the Wild A7. After each inner orientation
and empirical relative orientation, the coordinates of 8 pricked points are measured in
forward and backward sequence. The position of the 8 points is given in figures 4.6 and 4.7.

3 7 4 —‘

3 7 4
1 2

1 2

5 8 6 5 8 6

147 | 149 | l
Fig. 4.6. The position of the 8 pricked points Fig. 4.7. The position of the points
on the photograph. in the model.

The elements of the estimated covariance matrix (8xixj) are computed from the 20

observations of each model point according to (3.12) and given in table 4.5.
The covariance matrix (axix j), computed according to (4.9), is given in table 4.6.

The form of the ellipsoids, given by the covariance matrices, are again presented by
ellipses, see figure 4.8, 4.9 and 4.10; thin lines refer to (6 ; j) and thick lines refer to (cr ; j).
x'x x'x

The elements of the ellipses are given in tables 4.7 and 4.8 respectively.



Table 4.5. The elements of the estimated covariance matrix (3 xix j) of experiment VII.

X1 Y1 hy X2 Ve hy X3 Ya hy Xa Ya hy
X, 8675
» 3376 8087
hy 7049 2809 30672
Xy 2999 1847  —10967 8568
¥ 1170 162 36 1353 3691
h, 12259 4193 29593 — 6761 — 719 34783
X3 5797 — 4266 990 3820 4713 4904 14451
¥s 6039 7495 17303  — 4088 194 17064 — 2651 15396
hy 6314 2645 26509 — 9578 —1292 25682 — 352 16374 25125
Xy 2634 — 57719 — 8925 6868 5384 — 5302 14459 — 9387 —10070 18510
Ya 8335 3109 13701  — 3405 3197 20989 6550 12155 16136 149 16563
h, 9936 3488 26281 — 6905 — 574 29578 3223 16516 24748 — 6771 18922 27604
X5 10604 10333 9794 3311  —1986 16351 — 2333 12266 9641 — 7296 8154 13352
ys — 1234 7084 —15513 8120 — 371 —13877 — 6284 — 1892 —12436¢ — 2281 — 8290 —11787
hy 8205 2818 33733  —11708 415 33397 2004 17788 27823 — 8204 20514 28138
X 4493 8947 — 9646 9116 —2663 — 4275 — 5570 2351 — 6282 — 4586 — 4643 — 3683
ye — 6022 — 1987 —20316 6936 3718 —23117 1933 —10307 —17985 9009 —10160 —19317
hy 12879 4321 33179 — 8083 608 38760 5700 17691 27156 — 4756 23081 31455
X7 5155 — 4439 — 1378 4701 5047 2603 14551  — 4268 — 2902 15625 5138 708
Yz 5753 5946 16694 — 4121 830 16435 — 843 13930 15575 — 7201 12317 15958
h, 7092 2579 25870 — 8808 —1382 26217 374 15882 24543 — 9291 16321 25086
X3 8210 10478 0 6720 —2628 6693 — 4347 7865 1811 — 6504 1860 5356
Ys — 5102 2107 —19492 7278 1421 —21147 — 3357 — 6838 —16180 2559 —10663 —17219
hq 11229 3646 33340 — 9321 662 36282 4678 17860 27469 — 5662 22020 29927
Table 4.6. The elements of the covariance matrix (O' Yix j) of the points used in experiment VIL

X1 N1 hy Xy Ya h, X3 Ya hy X4 Ya hy
Xy 2478.3
» 38.2 1412.3
h, 3186.7 328.8 13289.1
X 288.1 — 987 — 43851  2689.9
Vs 113.9 187.7 — 1197 — 10.8 3307.4
hy 4012.9 316.4 12700.8 —3601.7 — 8l.4 13420.2
X3 2151.1 —1036.3 1160.2 899.4 3645.6 2081.9  7366.5
¥s 1999.4 1229.2 7921.6 —2606.4 517.9 7704.8 470.1 6132.2
hy 3296.2 274.5 12752.4 —4095.1 — 891.6 12524.9 392.0 8134.6 13462.4
A 689.2 —1219.2 — 38844 24526 37140 — 3009.2 6686.0 —2792.9 — 47634  8210.2
Ya 2779.7 536.0 8378.0 —2474.1 3686.3 8743.0  5641.2 6065.3 7603.1 21125 10681.3
hy 3961.6 323.1 12756.4 —3661.1 — 162.3 13212.1  1997.7 8145.1 13152.7 —3346.8 91309  13939.8
X5 2321.7 1011.0 3527.5 2237 —3039.3 4293.7 —2690.4 2403.2 4305.0 —4268.0 — 790.3 4163.2
ys —1836.0 11479 — 7212.3 24325 — 441.2 — 6993.7 —2594.7 —31856 — 6511.7 12.5 — 50059 — 67153 -
hs 3179.8 379.6 13024.3 —4401.5 895.2 12609.7  2358.2 7601.7 11735.1 —2442.7 9323.1 121129
X 208.4 9527 -— 3918.0 2577.5 —34158 — 3182.8 —4238.1 —18652 — 2567.9 —3004.4 — 6011.0 — 29744
ys —2276.3 947 — 7863.3 22159 37664 — 8141.7 3050.1 —3864.7 — 84462 6062.8 — 7162 — 78724 -
he 3897.6 303.1 124242 —3557.1 — 29.2 12961.2  1998.4 7170.3 11728.7 —2753.7 8240.8  12375.1
X7 1726.0 —1087.3 — 407.7 1399.9 3734.1 530.8 72409 — 521.5 — 12105 7254.7 4654.2 361.11
V1 2061.7 1000.8 7724.2 —2530.9 1411.9 75770 18718 5851.5 7644.6 —1370.4 7073.8 8039.4
h, 3446.6 283.6 12519.6 —3892.6 — 667.1 12503.6 885.5 7931.6 13032.7 —4272.6 7886.2 131140
Xg 1277.2 1073.2 — 283.1 1482.6 —3750.7 532.6 —4170.3 231.1 962.2 —4324.9 — 4060.3 575.2
ys —2189.8 624.6 — 74747 2241.1 17246 — 7646.2 163.1 —3413.6 — 73469 2946.7 — 2720.5 — 7206.7 -
hyg 3398.1 330.9 12124.5 —3808.5 519.7 12187.8  2218.2 7014.5 11078.3 —2329.9 8466.5 11595.0




h, X5 Vs hs X Ye he X7 Y7 h X ¥s hg
27604
13352 21714
—~11787 4973 17543
28138 11001 —18014 38341
— 3683 14601 15807 —11322 21061
—19317 —11638 10221 —23186 2149 19914
31455 16876 —16439 38524 — 6938 —26080 44808
708 — 3341 — 5178 — 299 — 5243 3670 3511 14991
15958 10053 — 3333 17290 224 — 9358 17161 — 2390 12993
25086 10497  —12280 27360 — 5404 —18374 27729 — 2184 15250 24420
5356 19801 11324 — 243 19411 — 5356 5553 — 4744 5513 2798 21430
—17219 — 5005 14618 —22723 8932 16691 —24515 — 1876 — 7062 —16398 1969 17425
29927 14441 —17177 38286 — 8768 —24452 41709 2384 17363 27503 3184 —23800 40388
h, X5 Vs hs X Ye hg Xq Y7 h, X Vs hg
I
I 13939.8
4163.2 6480.7
I — 6715.3 — 351.0 5788.0
C 121129 2553.6 —7787.9 14091.4
©— 2974.4 4630.5 4140.7 — 5276,7 7473.1
— 78724 —6191.6 3885.3 — 6770.8 —1880.5 9746.7
12375.1 42727 —7113.4 12821.9 —3355.7 —8313.7 13322.2
361.11 —32244 —1802.1 903.1 —-3914.2 4057.7 551.3 7409.6
i 8039.4 1289.8 —3511.6 7700.1 —3027.7 —2703.5 7015.2 860.4 6199.3
l 13114.0 4203.3 —6444.3 11616.5 —2630.1 —8129.8 11701.6 — 781.1 7745.4 13006.0
' 575.2 6204.5 21848 — 16659 6818.9 —4658.7 428.5 —4282.6 —1088.6 847.4 7404.7
¢ — 72067 —3489.6 4790.5 — 7269.3 1052.5 6978.5 — 7890.7 1055.3 —2991.3 — 71824 —1447.4 6289.3
. 11595.0 3185.5 —7124.1 12869.5 —4280.3 —7050.8 12463.2 839.1 7027.4 11027.0 — 671.0 —7369.0 123679
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Table 4.7. The elements of the ellipses computed from (5 i ) pertaining to experiment VII.

53

x'x!
z=0 y=z x=0

a Y a v a y

1 108 71 53 181 81 18 176 88 8

2 94 58 84 191 83 185 187 61 200

3 133 111 156 159 120 198 193 56 41

4 136 129 95 177 122 169 204 49 41

5 158 119 63 209 127 29 221 85 167

6 151 135 58 216 138 183 248 59 164

7 129 107 137 158 120 186 187 49 39

8 149 129 75 202 145 10 235 50 164

1 2 114 98 48 107 78 112 109 77 117
1 3 109 90 119 108 52 104 93 52 108
1 4 149 135 84 148 75 103 136 75 102
1 5 108 95 181 96 39 100 110 31 115
1 6 180 142 14 147 91 116 185 84 118
1 7 116 96 105 116 57 105 97 56 113
1 8 146 117 200 117 65 107 151 54 117
2 3 140 120 173 127 88 120 137 92 97
2 4 119 114 166 116 55 108 119 55 109
2 5 154 148 93 154 80 101 152 71 117
2 6 128 106 190 108 43 109 131 34 115
2 7 129 112 157 123 77 120 123 82 99
2 8 138 126 168 129 50 104 138 44 113
3 4 88 63 6 64 56 119 94 45 72
3 5 207 186 164 202 88 102 196 79 114
3 6 241 211 174 219 119 113 241 116 114
3 7 23 18 20 21 18 196 26 18 57
3 8 225 201 156 212 101 107 221 92 115
4 5 234 225 111 234 98 101 228 91 112
4 6 239 220 185 222 94 108 243 84 114
4 7 70 47 196 50 40 134 76 31 72
4 8 238 227 165 231 89 105 239 79 112
5 6 137 109 33 118 76 112 136 67 122
5 7 210 191 120 208 89 102 198 78 116
5 8 77 58 16 60 46 101 81 36 126
6 7 232 210 168 219 111 113 232 107 115
6 8 66 57 42 62 40 116 65 38 122
7 8 222 203 ‘ 145 215 97 107 217 86 116
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Table 4.8. The elements of the ellipses computed from (Gxix j) pertaining to the points used in experi-

ment VII.
\ z=0 y=20 x=0

a P a Yy a L4

1 50 38 98 119 40 17 115 37 2

2 58 52 199 120 40 181 116 58 199

3 87 77 79 116 86 4 137 30 37

4 109 84 33 124 82 173 147 55 44

5 81 75 125 122 76 19 137 33 166

6 104 80 167 122 77 173 142 55 157

7 89 76 70 115 85 191 134 34 37

8 92 73 138 112 86 192 132 37 162

1 2 68 66 97 68 36 101 66 36 99
1 3 76 69 135 76 33 112 71 35 96
1 4 106 96 19 97 41 102 105 41 95
1 5 72 63 33 68 32 118 71 35 111
1 6 106 97 180 98 42 101 105 42 103
1 7 80 75 106 81 34 108 75 35 99
1 8 86 80 119 86 37 106 80 37 99
2 3 94 88 154 92 40 111 93 40 89
2 4 85 73 39 78 30 103 82 30 95
2 5 100 93 12 94 46 109 102 44 114
2 6 77 67 161 71 28 103 74 28 103
2 7 86 81 127 86 35 111 82 36 91
2 8 84 78 97 85 35 111 79 37 104
3 4 69 47 193 47 33 110 72 23 78
3 5 139 135 81 142 57 115 135 64 103
3 6 161 144 152 154 55 107 154 57 97
3 7 25 17 196 21 16 172 29 14 61
3 8 153 137 120 154 55 111 139 60 96
4 5 167 148 32 153 59 108 163 61 104
4 6 148 147 36 147 50 103 148 50 99
4 7 53 32 188 35 25 127 56 18 76
4 8 159 146 65 157 54 107 150 56 98
5 6 88 68 196 69 42 96 92 32 120
5 7 145 136 68 145 57 112 138 61 105
5 8 52 36 176 40 24 76 53 21 123
6 7 156 141 140 151 52 107 146 54 98
6 8 47 34 19 36 27 120 49 21 127
7 8 153 136 107 | 154 53 110 136 57 l 98
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Fig. 4.9. Standard ellipses and relative standard ellipses in the xz-plane of experiment VII.
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Fig. 4.10. Standard ellipses and relative standard ellipses in the yz-plane of experiment VII.
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Experiment VIII

Stereopair: 116-118

Photo scale: 1:12000

Camera: Wild RCS5, ¢ = 210.38 mm

Size: 18 x 18 cm

Distance model — projection centres: z~460 mm
Instrumental base: b = 170 mm

This experiment differs from the previous ones by the following items:
— normal angle photographs
— signalized points
— numerical relative orientation with the Wild A7.

Both inner and relative orientation are repeated 20 times and after each orientation the
coordinates of the 8 signalized points are measured in forward and backward sequence.
Figures 4.11 and 4.12 give schematically the position of the points.

3 7 4

6 8 5 6 8 5
1 2

2 1 2 1

4 7 3 4 7 3 5 8 6

118 16
Fig. 4.11. The position of the 8 signalized points Fig. 4.12. The position of the points
on the photographs. in the model.

The estimated covariance matrix and the covariance matrix,

(axix j) and (axix ,-)

computed according to (3.12) and (4.9) are given in table 4.9 respectively in table 4.10.

As in the preceding experiments the shape and position of the ellipsoids are represented
by ellipses, see figures 4.13, 4.14 and 4.15; thin lines refer to (axix j) thick lines refer to
(axixj)'

The elements of the ellipses are given in tables 4.11 and 4.12 respectively.



Table 4.9. The elements of the estimated covariance matrix (6' xix j) of experiment VIII.

X1 »1 hy X2 Ve hy Xg s hy Xy Ya hy
X 843
¥ 463 1638
h, —6009 —7684 141259
X 2660 2782 —48976 17625
Vo 589 1106 — 1624 1120 1480
h, —5450 —6901 126467 —44112 —1693 114138
X3 930 96 — 2857 1820 858 — 2676 1602
y; —1869 —1119 43376 —15159 379 39096 —1131 14933
h, —6136 —7480 133041 —46810 —2118 1197296  —3079 41592 128709
Xa 2331 1893 —34312 12860 1305 —31051 2183 —10908 —33372 9985
y, —1181 — 693 34124 —11618 887 30628 — 256 11788 32424 — 7944 9768
h, —4819 —5597 105588 —37171 —1371 95268 —2372 33342 101985 —26481 26111 81207
X5 112 46 1517 — 354 — 70 1334 — 132 564 1168 — 350 259 897
Vs 2595 4613 —60751 20979 1656 —54203 997 —17016  --56557 14427 —13276  —44558
hy —5845 —7945 141305  —48651 —1754 126135  —2806 42462 130884  —33806 33352 103932
Xe 2282 3052 —52956 18309 455 —47219 804 —15896  —49422 12552 —12760 —39159
Y 2791 4128 —57082 20105 1951 —51014 1831 —16494  —53627 14457 —12430 —42165
hye —5221 —7149 132976  —45591 —-1216 118831 —2305 40556 123592 —31609 31995 98085
X3 1775 1069 —19277 7672 1209 — 17473 2069 — 6290 —19120 6434 — 4190 —15047
y. —1600 — 868 40807 —14111 717 36654 — 779 14139 38898 — 9971 11406 31345
h, —5728 —6471 122494  —43162 1659 110219  —-2972 38720 118437 —30844 30221 94048
Xg 1640 2134 —34603 12109 387 —30782 585 —10270  —32100 8310 — 8276 —25665
Vs 2632 4168 —56595 19789 1768 —50515 1438 —16147  —53023 13976  —12386 —41705
hy —5321 —7453 134975  —46201 —1283 120435 —2174 40731 125149  —31326 32300 99237
Table 4.10. The elements of the covariance matrix (G Yix ,-) of the points used in experiment VIII.

X1 p41 hy X3 Y2 hy X3 Vs hy X4 Ya hy
Xy 1934
»y — 36 2139
hy 2310 —3203 208082
X3 1040 951 -~ 61737 20090
Ya 33 1912 2954 — 881 2271
hy 2401 —2937 190786 —56650 2729 176286
X3 1937 — 83 5421 137 77 5256 2093
¥s 836 861 75700 —-22549 3104 69632 1966 30326
hy 2357 —3285 213392 —63550 3168 196291 5542 79449 223959
X3 1139 678 — 44024 14662 — 580 — 40353 501 —~16302 — 45945 10986
Ya 727 1020 60906 —18196 2867 56329 1638 24477 63403 —13057 20349
hy 2119 —2559 166244 —49351 2208 153272 4605 61420 173146 —35523 49563 135354
Xg 1904 — 219 14224 — 2597 193 13307 2137 5110 14401 — 1451 4176 11530
ys -— 176 3066 — 76156 22662 851 — 69806 —1915 —25271 — 76621 15948 —20138 — 60058
hs 1961 —2964 192531 —57281 2525 176483 4840 68715 193707 —40311 55576 151480
Xg 1062 917 — 59534 19354 — 959 — 54560 191 —21451 — 60456 13996 —17371 — 46923
ye — 887 3158 — 77992 23313 702 — 72043 —2054 —26388 — 79952 16499 —21124 — 62355
hg 2391 —2920 189678 —56256 3027 174651 5231 68371 192738 —39547 55493 150458
X7 1588 304 — 19724 7568 — 278 — 17907 1314 — 7361 — 20745 5857 — 5842 — 15822
¥Yq 874 876 71691 —21301 2949 66022 1946 28600 74958 —15380 23258 58227
h; 2381 —3007 195317 —58019 2762 179874 5300 72444 204216 —41893 58081 158640
X3 1391 529 — 34360 11880 — 519 — 31331 898 —12320 — 34722 8738 — 9949 — 26891
ys — 937 3116 — 75226 22378 767 — 69407 2063 —25185 — 76561 15742  —20153 — 59817
hg 2414 —2958 192129 —56909 2878 176675 5291 68994 194493 —39977 55945 152103




hy X5 Vs hy Xg Ye he Xz Y1 hy Xg Vs hg
81207
897 468

—44558 — 578 27908

103932 1826 —61841 143474
-39159 — 236 23125  —53232 20351
—42165 — 834 25650 —57717 21294 24656

98085 1804 —57435 134117  —49929  —54105 126645
—15047 — 272 8008  —18940 6898 8547 —17521 4609

31345 467 —15855 39992 —15039 —15237 38290 — 5525 13641

94048 1114 —51667 120648 —45470 —49132 113877 —17739 36349 109391
—25665 62 15227 —34675 13417 13995  —32487 4588 — 9747 — 29771 9056
—41705 — 674 25632 —57315 21332 24195  —53579 8042  —14999 — 48557 14042 23980

99237 1655 —58772 136572 —50972 —54843 128361 —17559 38449 115307 —33211 —54581 130722
-
| hy X5 Vs hs Xe Yo he X7 Y1 hy Xg Y he
-
. 135354
P 11530 2678
i— 60058 — 5233 30535
. 151480 13227  —72438 183134
— 46923 — 2484 22153 — 55993 19027
— 62355 — 5359 30459 — 72311 22642 31945

150458 13335 —70268 177650 —54974 —72274 176230
‘— 15822 369 7131 — 18025 7252 7372 — 17498 3747

58227 4923  —23922 65196 —20245  —24938 64781 — 6906 27277

i 158640 13408 —70258 177625 —55143 —73198 176496 —18810 68731 187254
— 26891 — 711 12896 — 32596 11672 13012 — 31610 4926 —11603 — 31603 7559
|— 59817 — 5272 29662 — 70297 21846 30698 — 69792 6971 —23815 — 70137 12522 29886
I 152103 13540 —71518 180810 —55637 —72742 177889 —17662 65418 178229 —31996 —70701 180793
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Table 4.11. The elements of the ellipses computed from (5' xix j) pertaining to experiment VIII.

z=0 y=90 ‘ x=0

a ‘ b ‘ Y a b ‘ Y a b ‘ Y

1 43 25 27 376 24 197 376 35 197

2 133 37 96 362 22 176 338 38 199

3 123 39 195 359 39 198 377 37 20

4 133 44 150 300 35 180 300 35 20

5 167 21 199 379 21 1 413 32 174

6 210 33 47 383 24 176 387 36 174

7 128 45 172 335 41 190 349 37 21

8 180 25 34 373 24 184 392 32 175

1 2 116 25 109 121 31 78 53 23 174
1 3 137 23 4 62 24 198 138 60 108
1 4 135 25 162 126 40 38 149 44 148
1 5 144 26 191 46 33 9 143 46 103
1 6 182 37 49 130 40 91 136 40 91
1 7 135 25 183 78 39 19 139 58 125
1 8 152 29 34 82 44 91 132 43 93
2 3 173 36 50 127 55 89 128 52 86
2 4 104 23 24 78 24 168 112 42 136
2 5 208 42 156 143 61 80 169 54 120
2 6 150 35 6 61 27 170 151 50 111
2 7 139 34 38 85 52 118 117 55 102
2 8 152 35 185 64 49 187 152 54 115
3 4 89 22 81 113 19 53 81 21 22
3 5 278 47 197 102 48 3 278 99 106
3 6 299 58 29 143 90 107 269 90 99
3 7 47 14 86 55 18 60 36 14 19
3 8 279 51 20 105 87 147 267 96 101
4 5 270 49 177 151 73 39 273 80 126
4 6 248 53 13 122 44 167 255 76 120
4 7 45 16 72 62 20 43 53 16 24
4 8 242 49 0 118 45 188 256 80 122
5 6 146 34 105 148 36 89 49 27 162
5 7 276 51 187 110 71 18 276 93 113
5 8 98 22 108 99 27 88 35 21 168
6 7 276 60 21 121 69 140 264 87 107
6 8 51 16 100 51 24 90 28 11 170
7 8 263 54 10 107 51 169 262 92 109




60 PUBLICATIONS ON GEODESY, NEW SERIES, VOL. 4, NO. 3

Table 4.12. The clements of the ellipses computed from (axix j) pertaining to the points used in experi-

ment VIII.
‘ z=0 y=0 x=0

a b Yy a b ‘ Y a b y

1 46 44 189 456 44 1 456 46 199

2 142 47 103 441 41 180 420 47 1

3 175 44 4 473 44 2 502 44 22

4 172 42 161 381 39 183 392 44 23

5 177 42 189 429 41 5 460 40 176

6 221 44 41 440 41 181 454 44 175

7 171 43 183 435 43 194 461 42 23

8 188 44 27 432 43 189 457 44 176

1 2 142 20 106 146 38 83 54 22 187
1 3 175 10 2 73 12 1 177 69 91
1 4 176 16 160 140 46 49 169 53 138
1 5 165 11 190 79 27 192 165 75 90
1 6 215 17 44 142 60 82 170 61 86
1 7 173 11 182 71 47 21 168 65 109
1 8 180 15 30 90 56 64 163 62 88
2 3 219 22 47 158 68 75 174 61 75
2 4 135 18 18 80 21 169 140 49 126
2 5 242 23 152 167 80 98 177 79 106
2 6 181 20 199 59 14 183 181 57 101
2 7 179 22 34 94 61 94 155 59 92
2 8 185 21 179 65 58 144 175 60 103
3 4 115 25 81 155 34 49 120 18 20
3 5 334 11 196 140 22 198 337 132 90
3 6 368 23 25 156 106 65 344 106 89
3 7 57 18 90 72 28 53 55 13 18
3 8 344 17 16 129 83 21 337 114 89
4 5 328 18 175 149 96 54 309 103 114
4 6 309 29 7 111 21 176 312 88 112
4 7 60 22 71 88 24 -40 78 18 24
4 8 302 25 196 109 32 196 307 91 113
5 6 163 39 98 163 63 97 73 18 167
5 7 333 12 186 123 75 194 325 123 99
5 8 108 33 102 108 48 98 56 16 164
6 7 342 27 16 105 88 175 331 101 97
6 8 57 20 93 57 35 91 38 16 174
7 8 325 21 6 | 109 35 191 324 107 98
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Fig. 4.13. Standard ellipses and relative standard ellipses in the xy-plane of experiment VIIL.
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Fig. 4.14. Standard ellipses and relative standard ellipses in the xz-plane of experiment VIII.



THE PRECISION OF PHOTOGRAMMETRIC MODELS 63

3 3-7 7 74 4
IS >
Q 3-1 1-7 7-2 é 4-2

[
@1—5 Y @ 2-5 2-6
=) 5-8 8 - 6
/ prg / 806

SCALE OF ELLIPSES
—
0 180 360 540 720 MICRON

Fig. 4.15. Standard ellipses and relative standard ellipses in the yz-plane of experiment VIII,
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V RECAPITULATION AND CONCLUSIONS

The influence of the random observation errors on the coordinates of model points has been
represented by the covariance matrix of the coordinates determined in two different ways:

1. by executing repeated measurements of points in photogrammetric models; in some
cases these repeated measurements are combined with repeated relative orientations or
with repeated relative and inner orientations; from the series of these measurements
the estimated covariance matrices (6%) have been determined.

2. by writing the machine coordinates as functions of the initial observations, e.g. x- and
y-parallaxes; by means of the standard deviations of the initial observations and apply-
ing the law of propagation of errors the covariance matrices (¢%) have been computed.

The eight experiments, I to VIII, executed to compare (6%) and (6%) can be divided into
three groups, group a, b and c. Per group a single type or a combination of different types
of observation errors is studied:

group a: the measuring of the coordinates of a model point; experiment I and II.

group b: the measuring of the coordinates of a model point together with the relative
orientation; experiment III, IV and V.

group c: the measuring of the coordinates of a model point, the relative orientation and
the inner orientation; experiment VI, VII and VIIL.

In each group the experiments can be distinguished by:

— pricked points or signalized points

wide angle (W.A.) or normal angle (N.A.)-photographs
numerical or empirical relative orientation

the autograph Wild A7 or Wild A8

In table 5.1 the experiments are conveniently arranged.

The estimated covariance matrix () is computed from the 20 repeated measurements of
the coordinates of model points per experiment. This makes 8 full-matrices of 24 x 24
elements for the 8 x 3 coordinates of the 8 model points.

The eight covariance matrices (62) are computed from the standard observation of the
individual observations such as x- and y-parallaxes by applying the law of propagation of
errors. A recapitulation of the standard deviations of the individual observations can be
given as follows:

The standard deviations of the observations for measuring a model point, given in photo
scale, are according (2.5):

oo | e | o |
signalized points 4.9 4.7 6.0
pricked points 6.5 4.2 6.5
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Table 5.1. A survey of the experiments.

. =
observations 8 5
. ) ]
errors studied ) g 3
21 €| 2| | & 8
= g o 3 2 2 2 8 5
8 | &8 8 8 & 2 e S - :
= e = =] = o - ~ ]
E E3 | o8 = ] N a = & 1 < <
e | 5 |22 28 |4E| £ |5 | < | < | & | =
3| & |§s S8 | 83| T g | S < g g | 2 =
Gy = ;
& 3 ES | 838 | 8 & B 2 r4 & 3 = 2
a 1 X ‘ X X X
1I X
b 111 X X X X X X
v X X X X X X
A\'% X X X X X X
c VI X X X X X X X
VII X X X X X X X
VIII X X X X X X X

The standard deviation of the observation for relative orientation, the y-parallax, given in
photo scale, is, see (3.9):

Wild A7: 6, = 9 micron
Wild A8: ¢, = 11 micron

The standard deviations of the observations for the elements of inner orientation of both
camera’s are, see (4.7):

w = g, = g, = 20 micron

6, = 0, = 3 micron

These standard deviations are introduced for the computation of covariance matrix (¢2)
of the 8 experiments. In all experiments the same values are used. More practical experience
will however be necessary in order to gain a better insight into the variance of the observa-
tions, the factors influencing these values, etc.

The standard ellipsoids and relative standard ellipsoids, represented by sub-matrices of
#%) and (¢?), are given in a large number of diagrams showing the projections of the ellip-
soids. The projections are standard ellipses and relative standard ellipses. Some general
remarks and conclusions will be made now on the basis of the drawn ellipses.

The observation errors in group &, the measuring of a model point, are relatively small
and for that the ellipses of experiment I and II are drawn on a larger scale than those of the
following experiments. The observations are assumed to be correlation free and therefore
the relative standard ellipses are left out of consideration.

The coordinates z and x and the coordinates x and y of a model point are undoubtedly
correlated. This correlation determined from the repeated measurements, the (%), agrees
with the correlation computed from the initial observations, the (¢?). Compare the thin
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line ellipses of (6%) with the thick line ellipses of (¢%) in figures 2.4, 2.5 and 2.6 and in figures
2.9, 2.10 and 2.11.

The experiments III, IV and V in group b refer to the observation errors: measuring a
model point, and relative orientation. For these three experiments the following remarks
hold good; see figures 3.3, 3.4 and 3.5 of experiment III, figures 3.8, 3.9 and 3.10 of experi-
ment IV and figures 3.13, 3.14 and 3.15 of experiment V.

~ the coordinates of a single point are strongly correlated.

— the coordinates of different points are strongly correlated, especially for those at shorter
distances.

— the ellipses of experiment V are larger than those of III and IV because normal angle
photographs are used in this experiment; in experiments III and IV wide angle photo-
graphs have been used.

- it can be proved that the scale of the ellipses is mainly determined by the standard devia-
tion of the y-parallax, o, ; here only two groups are distinguished: Wild A7 and Wild A8,
or probably better said: numerical relative orientation and empirical relative orientation;
more detailed study will be necessary to study how far this standard deviation is in-
fluenced by observer, instrument, photographs, etc.

The experiments VI, VII and VIII of group c refer to the observation errors: measuring
a model point, relative orientation and inner orientation. The results are given in respect-
ively figures 4.3, 4.4 and 4.5, figures 4.8, 4.9 and 4.10 and figures 4.13, 4.14 and 4.15.

For these three experiments broadly the same remarks can be made as for the experiments
of group b. The ellipses in group ¢ are in general slightly larger in consequence of the in-
fluence of the inner orientation.

It can be noticed for both groups b and c that the ellipses of the covariance matrix (6%)
of an experiment are sometimes smaller and sometimes larger than those of (¢%). This could
not be explained by this small number of experiments; possibly different observation errors
must be applied for these experiments or it is mainly due to the small number of observa-
tions, only 20 repeated measurements per experiment. Furthermore it is matter of course
that these scale differences of the ellipses are greater for the Wild A8 measuremeants, due
to the method of relative orientation, the empirical method; see experiment VII. But the
important property of correlation between the coordinates of one point and the coordinates
of different points corresponds very well between the two matrices (62) and (a?).

This investigation shows that the covariance matrix (6%) gives a good description of the
influence of random observation errors on the coordinates of model points. This holds
only when the measurements and observations are carried out as has been described here.
More detailed studies will be needed to verify how far generalization or differentiation is
necessary if more models are jointed to a strip or a block.

The structure of the covariance matrix (¢2) is essential for studies of precision and
accuracy where photogrammetric models are used as a basic unit.
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APPENDIX 1

The machine coordinates of a model point, x, ¥ and A, are influenced by observation errors.
In this appendix a formula will be derived which gives the relation between the machine
coordinates of a point and the quantities which are observed when setting the floating mark
onto a model point.

The observations are the setting of the mark in the proper elevation and in the proper
planimetric position. These observations can further be defined as:
the horizontal parallax: Ap,
the x-setting T AX
the y-setting Ay

The error in elevation setting influences the planimetric position. This relation is de-
monstrated in figure 1. Point P is a model point, an intersection point of corresponding
rays, whose coordinates are to be measured. Point O, the middle of the base 0,0 = b,
is the origin of the xyz-system.

We assume that, in the presence of an error in elevation, the floating mark is set in (see
figure 1):
M, : if point P is marked on the left photo
Mg if point P is marked on the right photo
M :if Pis a natural point or a signalized point

0, 0 Og

\
S

Fig. 1. The influence of the error in elevation on the planimetric position.
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The following principle underlies this assumption. If point P is a marked point, the float-
ing mark is set in such a way that its projection on the photograph coincides with that
marked point. That is to say if P is marked on the left respectively on the right photo, the
mark will be set on the line PO; respectively POg. In case P is a natural or signalized point
the mark is assumed to be set in x- and y-direction in such a way that its projections on the
photographs are symmetrical with respect to the images of point P. In this case the mark
is actually set on the line PO, which connects point P and the middle of the base O.
The following coordinate differences are introduced:

Afpyp =xM—x . oL N Y
Afpg = XM =x . . A O
Ay =xM—x . . ..o e e e e e (3)
Afpyy = yMr—y =yMe_y =My PR
Ay =z—2M = z—zMR =z 2™ o, (5)

where:
x ,y ,z are the coordinates of P,
xMr, yME ML are the coordinates of M,
xMR yMr MR are the coordinates of My and
xM , yM zM are the coordinates of M.

Ap, = xM=—xM- L e e e e e e e .. (6)

_ +1b
AxML=—"Z2 Ahy .. U R )
1
Afym = =" Any, (8)
A2M=—§AhM............ ............. 9)
AJy = —2Ah 10
yM——E IM + ¢ o« o« e e e e e e e e e e D e e e e e ()
z
Al = 2ABe (11)

These formulae give only the relation between the differentials of the machine coordinates
and the differential of height, or the differential of the horizontal parallax.

Adding the differentials Ax’ and Ay’ of the proper x- and y-setting of the floating mark
we have:
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AxML = AEML+AX' ........................

AXMR = AEMR+AX’ ........................
Axy =AXy +AX . . L L o e e e e e
AyM = A?M +Ay' ........................

Introducing (7), (8), (9) and (10) in respectively (12), (13), (14) and (15) and applying (11)

makes in matrix-notation:

r N r 1 N
AxML - 2—b(2x+ b) 1 0
1 ' N
AxMR —_— 2—b(2x—'b) 1 0 Apx
Axy | = —)—; 1 0 A" | ..o
y
A 4 0o 1]]ay
Ym b Yy
\. J
Ahy, t % 0 0
. J J

This formula gives the relation between the differentials of the machine coordinates of the

model point P and the differentials of the observed quantities:
the horizontal parallax: Ap,
the x-setting : Ax'
the y-setting T Ay
For the differentials in the x-coordinate we have distinghuished 3 cases:
index ML : point P pricked on left photo
index MR: point P pricked on right photo
index M : natural or signalized point
The differentials of the y- and A-coordinate are the same for the 3 cases.
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APPENDIX 2

In order to perform a relative orientation with two perspective bundles of rays y-parallaxes
have to be measured or eliminated. The influence of the observation errors in y-parallaxes
on the orientation elements is a known problem.

Starting from the well-known parallax formula (the signs applying to a Wild A7):

2 2
y+z _ (2x=Db)y 2x—b
sz 2z A(Pz + 2

Ap, = + sz—%)Abzz—Abyz Q)

¥y

the matrix of weight coefficients of the orientation elements can be found by the formulae
of least square adjustment; standard problem II. Assuming numerical relative orientation
and parallax measurements in the 6 points 1 to 6, see figure 1, the result is:

(A0),(A0)T = (Aw, \.( Ao, Y

Ap, Ap,
Ax, Ax, |
Abz, Abz,

\Abh/ \Ab)’2/

r 2 2 2 N
3i4 0 0 0 + z(2a —|; 3z%)
4 4a
ZZ ZZ
0 0 0
Zp? 2a%b
2 1
3b 3b
Z2 22
0 + — — 0
2a°b 2a?
2 2 1 4 2.2 4
+ z(2a —|;3z ) 0 _ 1 0 + 8a”+12a f +9z
\_ 4a 3b 12a p
In figure 1 the quantities a and b are indicated.
The covariance matrix of the orientation elements is:
(600) = 65, (AO),(ADYT . . . . . (3)

0, is the standard deviation of the y-parallax observation.

P,
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In order to find the matrix of weight coeflicients of machine coordinates in relation to
the y-parallax observations, first the differential formula of machine coordinates and orienta-
tion elements must be known.

5 6
Fig. 1. A photogrammetric model with the quantities a and b.
Figures 2 and 3 show the differential change in position of the model point, i.e. the inter-
section of two corresponding rays, P to P’ in consequence of a small variation in the orienta-
tion of the two bundles.
Figure 2 gives the projection in the xz-plane and in figure 3 the projection in the yz-plane.

The small variations of the orientation of the bundles bring about small displacements
of the intersection of the ray with the horizontal plane through P or P’; see figures 2 and 3.

for the left bundle:

Ax, and Ay, . . . . . . . . ... oo e (4)
for the right bundle:

Ax, and Ap, . . . . . . . .. e e e e e oL (4D

Besides that figure 3 shows a height difference Az, corresponding with a difference in y-
coordinate:

AF e 4o
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Fig. 2. The differential change P to P’ in the xz-plane.

In case corresponding rays intersect only approximately we define the model point accord-

ing to the usual principal of symmetry in the theory of stereoscopic vision: the model point
is the middle of the line connecting the two corresponding rays in y-direction, P’ in figures 2
and 3; in figure 3 is P/ P’ = P'P'g; in case of assymmetrical points, for example points
pricked on one photograph, the model point is the end of the horizontal connection line in
y-direction, P’ for points pricked on the left photograph and P’y for points pricked on the

right photograph; see figure 3.
The small variations of the coordinates of model point P are:
Axg, Ayg, Ayor, Ayor and Az, e e e (5)
Three cases are distinguished for the y-coordinate:

Ay, : natural or signalized points
Ayoy: point P is pricked on left photo
Ayogr: point P is pricked on right photo
The differentials of the x-and z-coordinate are the same for the three cases. The index O
is introduced here as these variations are caused by variations in the orientation elements.
The differentials of the machine coordinates of model point P in (5) can easily be expressed

in:
AxlsA-st AylsAyZ and Af

as defined in (4).
The coordinates of P are: x, y and z; the origin of the axes is chosen in the middle of

the base, O; see figure 3.
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Fig. 3. The differential change of P to P’y, P’ and P’'g in the yz-plane.

The auxiliary line RPP’ and PP in figure 2 shows:

Az, z
Ax, 1b+x—O.R

—Ax;  O.R
Ax,  b—-O.R
and
Az, _z
Ax,—Ax, b

From figure 3 we read:

,‘,

b b
Q[
[»]

NI

Ayo = Ay+4(Ay,+Ay,)

73

(6)

)

. (10
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AyOL = A)_)+Ay1 ......................... (11)
Ayor = AV+HAy;, o o o o o e e e e e e e e (12)

It follows from (6), (7) and (8) that:

Axp = 2"2’;b (Axy—AX) FAXL o o o e e (13)
Z
Bzg = Z(AX=AX) o o (14)

and from (8), (9), (10), (11) and (12) it follows that:

Ay, = %(AxZ-Ax1)+%(Ay1+Ay2) ................. (15)
Ayor = %(AxZ—Axl)+Ay1 .................... (16)
Ayor = %(AxZ—Ax1)+AyZ .................... 17)

The differential formulae of Ax,, Ax,, Ay, and Ay, as defined in (4) and the orientation
elements of the left and the right camera and suitable for A7 and A8 measurements, are
the well-known formulae:

_ @x+b)y ,  (2x+b)*+42* _ 2x+b

Axl = + 7z Awl 4z A¢l_yAxl 2z Abzl (18)
2x—b (2x—b)? +42* 2x—b

Ax, = +( 2z )y Aw; — 42 Apy—yhs, — 2z Abz, (19)
2 2

Ay, = + X% Ao, —MA% 4 2xtb Ay — L Abz,—Aby, (20)

z 2z 2 z

2 2 _ —_

Ay2 - y -:Z sz _ (2x22b)y Aq)z + 2x2 b sz _ %;AbZZ—Abyz (21)

Further it is evident that:

For the relative orientation with an A7 the following orientation elements are supposed to
be used:
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Aw,, Ay, Ay, Abz, and Aby, . . . . . . ... oL oL (23)

then:
Aw; =Ap, =Ax; =Abz; =Aby, =0 . . . . . . ... ... ... (24)

We obtain by substitution of (18), (19) and (24) in (13):

_ (2x+b)(2x—Db)y 2x+b .(2x—b)+4zz
AxO = 4 4bz A(l)z —_ b 4z A(p2+

2x+b)y

(2x+b) 2x—b)

ih Abzy o o (25)

Substitution of (18), (19), (20), (21) and (24) in (15) gives:

2 2 _ 2 _ 2
+2xy +bz ACL)2__(2x b)xy+2yz" | 2_{_(Zx b —'v—>Ax2+

Ayo = 2bz 2bz

X
- Bf Abzy—3AbY; . o (26)

Similarly (18), (19), (20) and (24) in (16):

(2x—b)y?
2bz

_(2x- b)?y+4z%y
4bz

- Q{%Abzz 27)

Aw,

)2
Ayor = + Ag,; — _17_sz

and (18), (19), (21) and (24) in (17):

_ (2x+b)y+2b2? (2x+b) (2x—b)y +4yz*
Ayor = + T Aw, — 4hz Ap,+

2
+ (2" b _ —y—) Ay B Ap Aby, (28)

2 b 2bz
and finally (18), (19), (22) and (24) in (14):

(2x—b)y
2b

(2x—b)* + 427
4b

yz 2x—b

Aho = - ACDZ + Aqoz + b A%Z + TAsz

(29)
In general matrix notation (25) to (29) is:

Ax, Aw,
Ayo | e
Ayor |=o)| Ay |- o o v v o v o s (30a)
Ayor Abz,
Ah, Aby,
with:
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f+ 2x+b)(2x—b)y _ 2x+b (2x—b)*+42° _ (2x+b)y _ (2x+b)(2x—b)
4bz b 4z 2b 4bz
2xy*+bz? _ (2x—b)xy+2yz* N 2x—b _y* Xy
2bz 2bz 4 b bz
iy =| + (2x—b)y* _ (2x=b)’y+42%y »* _ (2x—b)y
o= 2bz 4bz b 2bz
(2x+b)y*+2bz>  (2x+b)(2x—b)y+4yz’ N 2x=b _y*\ _ (2x+b)y
2bz 4bz 2 b 2bz
_(2x—b)y 4 (2x —b)? +4z2> +E 2x—b
L 2b 4b b 2b
(30b)

In the same way formulae suited to A8 measurements can be derived. The parallax formula

is:

2x—b
2

_ 2x+b

_ (2x—b)
2

y (2x+b)
37 A, + TyA(pl + A, Ak, (31)

Ap

y

Aw,

y+z
z

and from this formula the weight coefficients of the orientation elements can be derived:

(A0),(AO)T = (Aw, ), [Aw, )T =
A, | | Ao,
Ag, Ag,
A%Z sz
Ax, Ax,
4 3_zj 0 0 4 z(32% 1—2a2) + z(3z% 1—2“72) h
4q 4a*b 4a*p
22
0 +— 0 0 0
2a%b?
Zz
2(3z% 4+ 24%) 0 8a*+12a%22+9z* 4a*+124°2%497°
4a*b 12a*b? 12a*p?
z(32% 4 24%) 0 4a* +12a%2% 4 92* 8a*+124%2%+9z*
q 4a*b 12a*b? 12a*p? J

The relative orientation with a Wild A8 is mostly done empirically. We assume here for
the empirical method of relative orientation the same propagation of errors as for the
numerical method. Although this is an approximation, experiments showed that this ap-
proximation satisfied very well.

0

~N
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The covariance matrix of the orientation elements is:

(600) = 03,(A0),(A0)"

o, is the standard deviation of the y-parallax observation.
The differential formulae which give the relation between the machine coordinates and
the orientation elements can be derived in the same way as those for a Wild A7 in the

previous part.

The orientation elements to be used are:

71

Aw,;, Ay, Ap,Axy, and Ax, . . . L L oL o (34)

and for that we get instead of (24):

Aw,; = Aby, = Aby, = Abz, = Abz; =0

From (13) to (22) and (35) we obtain by substitution:

{ Axq Aw,
Ayo ) Agp,
Ayor | = (40)| Ao,
Ayor Ax,
Ah, Ax,

with:

(+ (2x+b)(2x—b)y

(2x+b) (2x—b)*+4z>

.

4bz 2b 4z
2xy 2+ bz? _ (2x—b)xy +2yz?
2bz 2bz
N (2x—b)y? (2x—b)2y+4yz?
2bz 4bz
(2x+ b)y*+2bz? (2x+b) (2x—b)y+4yz*
2bz 4bz
_ (2x=b)y (2x—b)* +4z*
2b 4b

N (2x—b) (2x+b)*+42?

2b 4z

N (2x+b)xy+2yz?
2bz

N (2x+b) (2x—b)y +4yz*

4bz

(2x+b)2y+4yz?
4bz

_ (2x+b)*+42°
4b

_(2x+b)y
2b

_ 2
+(2x b _y_)+ 2x+b

4 b

(36a)

) = (1))

(36b)
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APPENDIX 3

The problem of the inner orientation has three variables for each camera, the translations
of the projection centre in three mutually perpendicular directions, the elements of the
inner orientation:

left camera: Ax', Ay’ and Ac . . . . . ... .. ... ... .. n
right camera: Ax”, Ay’ and Ac” . . . . . . .. ... .. ..., 2

Small variations of the elements of inner orientation correspond with small displacements
of the intersection of a ray with a horizontal plane:

for the left bundle, see figure 1:

Ax, and Ap; . . . . . L e e e e e e 3)

From figure 1 follows the relation between (1) and (3):

z 2x+b
= ——Ax' — L 5
Ax, ch % Ac (5)
z 7 ’
Ay; = —ZAy —gAc ...................... (6)

In the same way we find for the right camera:

z 2x—b
= —ZAx" = A e e e, 7
Axa c X 2¢ D
z I y rn .
= —=~Ay' —==Ac" .. e e e e e e 8
Ay, cAy - Ac 8

The relations between the small displacements of the intersection of a ray, as defined in (3)
and (4), and the machine coordinates are already mentioned in appendix 2 formulae (13)
to (17):
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Fig. 1. The differential changes of the elements of inner orientation.

2x+b

Ax; = 5 (Ax,—Ax)+Ax; . . . . Lo 9)

Ay, = %(AxZ—Ax1)+%(Ay,+Ay2) ................. (10)

Ay = %(AxZ—Ax1)+Ay1 ..................... (11)

Ayp = %(AxZ—Ax1)+Ay2 ..................... (12)
Z

Az, = E(sz—AxD ....................... (13)

The index I, used here, indicates that these variations of the machine coordinates are caused
by variations of the inner orientation. Substitution of (5) to (8) in (9) to (13) gives:

z(2x—b) , , z(2x+b)
e M T e

(2x+b)(2x—b) Ac (2x+b) (2x —b)
4bc ©= 4bc

Ax;, = Ax" +

Ac”" ..o (14)
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Ay, = +¥Ax’—i—iAx"—zz—cAy'—;—cAy"+¥Ac’—gAc” N )
Ay, =+ gAx' — gAx” - gAy' + y(22xb: b) Ac’ — y(22xb:b) Ac” . . . (16)
Ayip = + gAx’ - gAx” — gAy” + y(zsztb) Ac' — y(22xb-l- b) Ac” . . . (17D
Az = + Z—zAx’ - Z—zAx" + z(zsztb) Ac' — z(zsz: Dacr ... (18)

The variations of the inner orientation elements generate a y-parallax, Ap,. In accordance
with (3) and (4) we can write:

Ap, = Ay, —Ay, . . . . oo (19)

whence by introducing (6) and (8):

z ’ Z 1 y ! y 17
Ap, = - = = —ZA ZAS s, 20
p cAy +cAy A ¢ +c ¢ (20)

¥y

Comparing (20) with formula (1) of appendix 2 which gives the relation between y-parallax
and orientation elements of an A7:

Ap, = —fAbzz—Abyz ...................... 1)

¥y

it is evident that the y-parallax caused by variations of the inner orientation can be elimin-
ated in one horizontal plane, for example mean level z = z,, by changing by, and bz,.

From (20) and (21) follows:

Aby, = Z2Ay —Z0Ay" 22)
C 44
Z ’ Z rr

Abz, = 7°Ac - 7°Ac ...................... (23)

As a consequence of these corrections of the orientation elements the coordinates of model
points change, see (25) to (29) of appendix 2:

2x+b)(2x—b
Ax; = —%Abz2 .................. (24)
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Ay, = —gAbzz—%Abyz .................... (25)
Ay, = —(_2"2—;:’)_}’Abz2 ..................... (26)
Ayig = —%Ab a=AbYs 27)
Az = —%Abzz ...................... (28)

introducing (22) and (23):

Ax, = — (2x+bil(i’;’b)z° Ac' + (2x+bil(;i: D206 L, (29)
Ay, = — %Ay’ + g—sz" - ’ZyZ°Ac' n ’;ycz% Y (30)
Ay = — (2x2_blc’)zy 2o A + (2)‘2_1)2” A 31)
Ayjp = — (2";;2”0 Ac’ + (zx;lc’iy 2o Ae” - %Ay' + ECQAy” ..... (32)
Az, = — Q)Cz—b—l;)zoAc' + %Ac” .............. (33)

The remaining errors of the machine coordinates are found by adding the expressions (14)
to (18) and (29) to (33):
(14) and (29):

+ (2x—b)z , , _ (2x+b)z

Axy = 2be Ax e Ax' +
(z=2z) 2x+b)(2x=b) , , (z—2z0) 2x+b)(2x=b) , .,
+ hez Ac 4bez Ac” . .. . (34)
(15) and (30):
_ Y_Z I_XE H_ZO+Z ’ Z9—2Z "
Ay, = + bch bch P Ay + e Ay +
+XVE=20) gy XVEZZ p (35)

bez bez
(16) and (31):
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_ yz I_yz r/_z ’ y<z_ZO)(2x_b) ’ y(Z_ZO)(zx_b) 12
Ay = +EAx EAx EAy + 2be 2 Ac’ — Sbez Ac (36)
(17) and (32):
- E ’r_ _}E "o _ZB ’ ZO— 2 1
Ayir = + bc Ax bc Ax c Ay + c Ay'+
Y(Z_Zo)(2x+b) ’ ,V(Z—Zo)(2x+b) "
+ 2bes Ac 2bez Ac”" . ... (37)
(18) and (33):
22, 22, z2x+b)—zo(2x—b), , (20—2)(2x—b), ,,
Az, = +EAx —EAx + 2be Ac’ + 2be Ac ... . (38)
Taking account of:
AZI = - Ah[ ........................... (39)
in general matrix notation (34) to (38) is:
Ax, (Ax’
Ay, Ax"”
Ay |=UADNAY | . o o o o s (40)
Ayrr Ay”
Ahy Ac’
' \Acll
with:
f+ (2x—b)z _ (2x+b)z 0 0 (z—20)(2x+b) 2x—b) __(z-—zo)(2x+b)(2x—b)\
2bc 2bc 4bcz 4bcz
yz _yz _Zo+zZ  Zp—2Z xy(z—2zy) _ xy(z—zp)
+ bc bc 2¢ + 2c + bez bez
% _yz Lz, WE—z)@x=b)  y—z0)(2x-b)
bc bc c 2bcz 2bcz
L _yz _Z [ Zemz  Nz—Zo)(2x+b) _ ¥(z—25)(2x+Db)
bc be c c 2bcz 2bcz
2 2 _ _ _ _
_z Lz 0 0 _ 2(2x+b)—zo(2x—b) 4 (z—z¢)(2x—b)
. be be 2bc 2bc J

Formulae suited to A8 measurements can be derived in the same way as to A7 measure-
ments, The differential formulae which give the relation between machine coordinates and
inner orientation elements are the same for both instruments, see (14) to (18).

= (4r)

(41)
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The parallax caused by errors in inner orientation elements can be eliminated by the
orientation elements ¢,, ¢;, k, and k,. The parallax is in accordance with (20):

¥y

_—E ! E ’/__X 4 —}_} e
Ap, = CAy +CAy CAc +cAC ............. .. {(42)

Comparing this formula with (31) of appendix 2 which gives the relation between y-parallax
and the orientation elements of an A8:

Ap, = — (2"2—Zb)y Ap, + (2";”” Ap, + 2x2_b Ax, — 2"2“’ Ax, . . .(43)
From (42) and (43) we obtain for the mean level z,:

Aw, = %%(Ay’ AVYY e (44)

Ax, = %%(Ay’—Ay”) ...................... (45)

Ap, = — g%(Ac’—Ac”) ...................... (46)

Ap, = —%(AC'—AC") ...................... 47

In consequence of these corrections of the orientation elements the coordinates of the model
points change, see (36) of appendix 2:

Ax, = — 2x2-¥l;b.(2x—l;)zz+4zz Ao, _Q_x%—bbl Aoyt
RESLY (2"”;);“22 VI e L (48)
xy(2x-|:2:)z+ 2yz° Ao, + (# + y{) Axy o o v (49)
Ay, = — (2x—b‘):byz+4yz2 Ao, ~y—bzAx2+

2 b

2 2x —b)y +4yz? 2 i
x40y A(,,1+<_x+_b+y )Axl ...... (50)
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_ (2x+b) 2x—b)y+4yz? 2x—b y?
AyIR = 4bz A(Dz + ) - *E Ax2+

(2x+b)?y+4yz?
4bz

(2x—b)*+ 4z
AZI = _—4)b—'A§D2 -

N (2x+b)*+ 422
4b

introducing (44) to (47):

(422 —4x* 4+ b?)
4bcz

_YZ0p L Y20 a0
be Ay + be Ay +
(422 —4x? + b?)

4bcz

ZoAe +

Ax; =

EgAy’ — ﬂAle —_—

Ayr =+bc bc

_ (2x+b)zo , , (2x+b)zo , .,
Ay = e AT gp AV

_ (2x=b)yzo , , , (2x=b)yzo , .
2bcz Ac’+ 2bcz Ac

2x—b , (2x=b)z "
AyIR — ( 2bc)ZO Ay _( 2bc) 0 Ay +

— <2x+b)y20 AC’ + (2x+b)yZOAcN

2bcz 2bcz

AZI = -

From (14) to (18) and (53) to (57) we obtain by adding and taking account of (39):

Ax, Ax’
Ay, Ax"
Ay l=UADlAY | . o o e
Ayig Ay"”
Ah, Ac'
VA"

with:

Ap, +—Ax; . . . . ..o

Ap, + %zAx, ..............

ZOACII

............

............
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6s) - ()=

29t

Ozxp—2(q—x7) |

zoq¢ _
@+x7)(%z—2)

z2qg _
(@—x0)(°z—2)

204
(°z—z)fx

zoqp
L 22+ (q—x0)(q+x7)(°z—-2)

29z _
Ozxp—2(q +x7)
29qg 29z

+ —_
@+x)(°z—2)4 zqg+(9 —x7)°2

299¢T 29¢

@—x0)(z—2)8 " @+ x0)z

z0q 9t
Oz —z)4x + zq+92x7
k14 29

9z —x0)(q+x0) (7—2) ozd b

29T

29
0 —+
.Z
L A 29 _
q—xq)°z 2
97T + 29
2q7—(q+x7)°z z{
2q¢ 29 _
zq—9zxg + z4
29 _ 9T _
02~ Zq+x)

+
NA.QlkNv J
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