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SUMMARY 

The influence of random observation errors on the machine coordinates of model points 
can be represented by a covariance matrix. In this investigation the covariance matrix of a 
limited number of model points has been determined in two different ways: 
1. by executing repeated measurements of points in photogrammetric models; in some 

cases these repeated measurements are combined with repeated relative orientations or 
with repeated relative and inner orientations; from the series of these measurements 
the estimated covariance matrices (S2) have been determined. 

2. by writing the machine coordinates as functions of the initial observations, e.g. X- and 
y-parallaxes; by means of the standard deviations of these initial observations, and 
applying the law of propagation of errors, the covariance matrices (a2) have been com- 
puted. 

1. Eight experiments have been executed to determine the (S2). The following observations 
were repeated 20 times: 
for 2 models: the measuring of the coordinates of 8 model points (after the inner and 

relative orientation was done once). 
for 3 models: the relative orientation and the measuring of the coordinates of 8 model 

points (after inner orientation was done once). 
for 3 models: the inner orientation, the relative orientation and the measuring of the co- 

ordinates of 8 model points. 
The estimated covariance matrix (S2) is computed from the 20 repeated observations per 

experiment. This makes 8 full-matrices of 24 X 24 elements for the 8 X 3 coordinates of the 
8 model points. 
2. The 8 covariance matrices (a2) were computed from the standard deviations by applying 
the law of propagation of errors. The observations are divided into three groups: 
- the measuring of the coordinates of a model point 
- the relative orientation 
- the inner orientation 

Sub-matrices of (S2) and (a2) represent point standard ellipsoids and relative standard 
ellipsoids. The shape and position of these ellipsoids are represented and compared in a 
large number of diagrams showing the projections of the ellipsoids on three perpendicular 
planes. These projections are standard ellipses and relative standard ellipses. 

Interesting correlations are demonstrated, both between coordinates of a single point 
and between coordinates of different points. 

In order to be able to extrapolate these results further investigations will be necessary 
for better information about the factors which influence the standard deviations of the 
individual observations. 

The structure of the covariance matrix of the coordinates of model points is essential for 
studies of precision and accuracy in all procedures which use the photogrammetric model 
as basic unit. 



I I N T R O D U C T I O N  

Photogrammetric models, reconstructions of terrain models by means of stereophotographs, 
are often used as basic units for measurements. Data taken from a photogrammetric model 
are used in different procedures e.g. : 
- strip- and block-triangulation 
- determination of profiles 
- digital terrain models 

etc. 
The object of this investigation is to study and analyse the influence of random observa- 

tion errors on the coordinates of model points. The publication of R. ROELOFS, "Theory of 
errors of photogrammetric mapping, The Ohio State University, Columbus" 121 has been 
a stimulus and guide for the design and execution of this investigation. 

The observations are partly stereoscopical and partly monocular. Needless to say that 
these errors are only part of the total group of errors which influence the accuracy of 
photogrammetric models. No attempt will be made to sum up all these errors. 

The observation errors can be divided into three groups; errors due to: 
1. the measuring of a model point 
2. the relative orientation 
2. the inner orientation 
They can briefly be described as follows. 

The first group: for measuring a model point, the measuring mark is set at the proper 
elevation and in the proper planimetric position. 

The second group: for the relative orientation, the observer has to eliminate y-parallaxes 
in order to get an intersection of corresponding rays of the two bundles. 

The third group: the inner orientation, is the positioning of the photo in the plate holder 
of the instrument and the setting of the proper principal distance to reconstruct the bundle 
of rays. 

It is known that the observation errors depend on various characteristics: the instrument, 
the photographs, the observer, size and shape of model points, etc. Therefore this analysis 
will be restricted to : 
- stereophotogrammetry with analogue instruments which have the possibility to produce 

data in the form of machine coordinates. 
- only pricked points and signalized points are concerned in the investigation. 
- the experiments are only made with a Wild A7 and a Wild A8. 
- aerial photographs of "normal" quality and taken from nearly flat or hilly terrain are 

used. 
- the measurements are done by two trained operators. 

Special attention is paid to pricked points and signalized points because these points are 
often connection points in triangulations. In addition these points are symmetrical as 
distinct from many terrain points, such as corners of houses, intersections of roads, etc. The 
symmetry of points makes the observation data more or less homogeneous which simplifies 
the statistical description. 
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The precision of model points will be represented by the covariance matrix of the co- 
ordinates of model points. So the correlation between the coordinates of different points 
will also be implicated in the study. For the present only points of one model will be 
considered. 

The covariance matrix of a limited number of points will be determined in two different 
ways : 
1. from series of repeated measurements which can be considered as a probablility distribu- 

tion of the same quantity: the coordinates of model points. The covariance matrix 
determined in this way will be called an estimate of the covariance matrix or the estim- 
ated covariance matrix (e2). 

2. by writing the machine coordinates as functions of the observations, the three groups 
of observations as described before, and applying the law of propagation of errors. This 
covariance matrix has no special adjective and will be indicated as (a2). 

In this investigation these two covariance matrices will be studied and compared in order 
to come to a more general description of the precision of model points. 



I1 E R R O R S  D U E  T O  T H E  M E A S U R I N G  O F  A M O D E L  P O I N T  

1 General description 

For measuring the machine coordinates of a point in a model, the floating mark is set in 
the proper elevation and in the proper planimetric position. The error in elevation influences 
the error in planimetric position and reverse. 

In appendix 1 the differential formula is derived which gives the relation between the 
differentials of the machine coordinates of a point, Ax, Ay and Ah and the differentials of 
the observations, which are: 

the horizontal parallax: Ap, 

the X-setting: Ax' 

the y-setting: AY' 

x and y are the coordinates of the model point; the origin of the coordinates is chosen in the 
middle, 0, of the instrumental base b of the instrument which coincides with the X-axes; 
see figure 2.1. 

In this figure two systems of coordinates are introduced: 

x y z :  the origin of the coordinates is chosen in 0; 

x y h: the system of machine coordinates with - in principle - any position of the origin. 

We distinguish three cases for the x-coordinate in formula (2.1): 

AxM: signalized points. 

AxML and AxMR: pricked points on left and right photograph respectively. 

The differentials for the y- and h-coordinate are the same for signalized and pricked 
points. The index M is introduced here for the differentials referring to measuring of a 
model point. 
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Fig. 2.1. Systems of coordinates in a photogrammetric model. 

In (2.1) we replace : 

then: 
(A&) = (AL) ( A M )  . . . . . . . . . . . . . . . . . . . . . . . (2.3) 

The covariance matrix of the machine coordinates can be computed by application of the 
law of propagation of errors to (2.3). 

(a;) is the covariance matrix of the observations. 
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aApx, a,, and a,, are the standard deviations of these observations respectively: 
- the horizontal parallax: Ap, 
- the X-setting : Ax' 
- the y-setting: Ay' 

The observations are assumed to be free of correlation and for that the covariance matrix 
(a;) is a diagonal matrix. The elements of the diagonal are made up by the square of 
the standard deviations. 

The three standard deviations, expressed in microns in photo scale, are: 

These values are determined from a large number of redundant observations obtained by 
repeated measurements in an orientated model. 

The following two remarks have to be made here: 
- In both cases the error in y-setting is larger than the error in X-setting, a,, > a,, ; this may 

have a physiological cause. 
- For the pricked points we see furthermore: 

aAPx> a,, t/2 
This may be caused by the fact that the points are only pricked on one plate, which partly 

disturbs the stereoscopy. 
Introduction of (2.5) into (2.4) makes it possible to compute the covariance matrix of 

the machine coordinates of all points concerned. 

1 P 1 1 
signalized points 4.9 4.7 6.0 
pricked points 1 6.5 1 4.2 1 6.5 

2 The experiments 

. . . . . . . . (2.5) 

In order to evaluate the covariance matrix a . , as described in the previous section, ( .;.L) 
two experiments I and I1 have been executed. 

Experiment I 
Stereopair : 1888-1 887 
Photo scale: 1 : 15000 
Camera: Wild RC 5, c = 152.47 mm 
Size : 23 X 23 cm 
Distance model - projection centres: z -  250 mm 
Instrumental base: b = 148 mm 

After an empirical relative orientation of this pair in a Wild A8, the machine coordinates 
of 8 pricked points were measured 20 times. 

Figure 2.2 gives the position of the 8 pricked points on the two photographs. Points 2, 
4, 6 and 8 are pricked on the left photo 1888 and points 1 ,  3, 5 and 7 on photo 1887. 
The position of the points in the model is given in figure 2.3. 
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4 
l RRR 

Fig. 2.2. The position of the 8 pricked points on Fig. 2.3. The position of the points 
the photographs. in the model. 

The observations were made in a random sequence and automatically registered to the 
nearest 0.01 mm. The 20 observations of each point can be considered as a sample from 
the probability distribution of the coordinate-variates. 

The observations are : 

X;, yj: and hi . . . . . . . . . . . . . . . . . . . . . . . . .  (2.6) 

n: 1 to 8, number of points 
k: 1 to 20, number of repetitions. 

The mean values are: 

From the differences with respect to the mean values, x" -X;, yn- y; and h" - h;, an estimate 
for the covariance matrix can be computed : 

The elements of this matrix are (page 11): 

Table 2.1. The elements of the estimated covariance matrix (6 j ) of experiment I. XLXM 
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n 2 k  

b - - [ ( x n - x k )  l 1  
k - l  

n 2 k  

b - - C ( y n - y k )  1 ,  
k - l  

- - [ ( X "  - X ; )  ( h n  - h i ) ] :  
k - l  

a - - [ (Y"  - y i )  ( h n  - h i ) ] :  
y a h a  k - l  

From (2.4) should follow that: 

a y X r n  = 0, 0 = 0 etc. . . . . . . . . . . . . . . . . . . (2.9b) 
xnym 

and therefore the elements of b . referring to different model points, are assumed to ( X L X t ) 9  
be zero. 

Table 2.1 gives the elements of a . of experiment I in square microns for the points 
1 to 8 as far as they are not zero. ( X L X t )  

On the other hand the covariance matrix a . can be computed according to formula ( x h x t )  
(2.4) introducing the predeterminated standard deviations of (2.5). The elements of this 
covariance matrix are given in table 2.2, leaving out the zero-elements. 
The covariance matrix b ( & X L )  

is an estimate of a . . ( .;.L) 
Sub-matrices of (6' ) and (a2 . ) represent point standa~d ellipsoids. The shape and 

X ~ X ~  X L X M  

position of these ellipsoids can be presented and easily compared in diagrams showing 
their projections on planes parallel to : 

Table 2.2. The elements of the covariance matrix a . of the points used in experiment I. ( XL.:) 
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These projections are ellipses. The three elements of these ellipses, the semi major axis a, 
the semi minor axis b and the direction II/ of the former, are given in table 2.3 respectively 
in table 2.4; a and b are expressed in microns and II/ in grades. 
These ellipses are drawn in figures 2.4, 2.5 and 2.6 respectively. The thin lines refer to 

(s:.:) of table 2.3 and the thick lines refer to U ( X;.:) 
of table 2.4. 

Table 2.3. The elements of the ellipses computed from a . pertaining to experiment I. ( .:.L) 

Table 2.4. The elements of the ellipses computed from U ( X:.:) 
pertaining to the points used in experi- 

ment I. 
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SCALE O F  ELLIPSES 

0 15 30 45 60 MICRON 

Fig. 2.4. Standard ellipses in the xy-plane of experiment I. 
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SCALE O F  ELLIPSES 

0 15 30 45 60 MICRON 

Fig. 2.5. Standard ellipses in the xz-plane of experiment I. 
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SCALE O F  ELLIPSES 
I 

0 15 30 45 60 MICRON 

Fig. 2.6. Standard ellipses in the yz-plane of experiment I. 
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Experiment I1 
Stereopair: 147-149 
Photo scale : 1 : 5000 
Camera: Wild RC 5, c = 152.15 mm 
Size : 23 X 23 cm 
Distance model - projection centres : z 250 mm 
Instrumental base: b = 172 mm 

This experiment is just the same as the previous one. After an empirical relative orientation 
of this pair in a Wild A8 the machine coordinates, X, y and h, of 8 pricked points are measured 
20 times in a random sequence. Figure 2.7 gives the position of the 8 pricked points on 
two photographs and figure 2.8 shows the position in the model. 

Fig. 2.7. The position of the 8 pricked points on Fig. 2.8. The position of the points in 
the photographs. the model. 

Points 1, 3, 5 and 7 are pricked on the right photo 147 and points 2, 4, 6 and 8 on photo 
149. 
The elements of the estimated covariance matrix a are computed from the 20 ( .:XL) 

observations of each point according to formula (2.9). Table 2.5 gives these elements in 
square microns. 
Analogous to experiment I the covariance matrix a can be computed according to ( XMXL) 

formula (2.4) introducing the standard deviations of (2.5). 
The elements of this covariance matrix are given in table 2.6. 

Sub-matrices of 8 , the estimated covariance matrix, and ( a xLx,xt), the covariance ( X:&) 

matrix, represent point standard ellipsoids. As in the preceding part the form of the ellip- 
soids can easily be presented in diagrams by projections, which are ellipses, on planes 
parallel to : 

The elements of these ellipses a, b and $ are given in tables 2.7 and 2.8 respectively for 
t3 . . and a ( .:XL) ( x:xt). 

The ellipses of t3 . in table 2.7 and the ellipses of a in table 2.8 are drawn in ( .;XL) ( X:.:) 
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three diagrams, figures 2.9, 2.10 and 2.1 1 respectively for : 

z = o  y = o  x = o  

The thin lines refer to the estimated covariance matrix bZ ( XL&) 
and the thick lines refer 

to the covariance matrix aZ ( XLXL) .  

Table 2.5. The elements of the estimated covariance matrix ( 6 xLxL) of experiment 11. 

Table 2.6. The elements of the covariance matrix a ( .:XL) 
of the points used in experiment 11. 

Table 2.7. The elements of the ellipses computed from pertaining to experiment 11. 
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Table 2.8. The elements of the ellipses computed from pertaining to the points used in experi. 
ment 11. 
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SCALE O F  ELLIPSES 

0 15 30 45 60 MICRON 

Fig. 2.9. Standard ellipses in the xy-plane of experiment 11. 
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SCALE O F  ELLIPSES - - I 

0 15 30 45 60 MICRON 

Fig. 2.10. Standard ellipses in the xz-plane of experiment 11. 
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SCALE O F  ELLIPSES 

0 15 30 45 60 MICRON 

Fig. 2.11. Standard ellipses in the yz-plane of experiment 11. 



I11 E R R O R S  D U E  T O  RELATIVE O R I E N T A T I O N  

1 General description 

In order to perform a relative orientation with two perspective bundles of rays y-parallaxes 
have to be measured or eliminated. The influence of the observation errors in y-parallaxes 
on the orientation elements is a known problem of which the mathematical description is 
given in several photogrammetric text-books. In addition the relation between the orienta- 
tion elements and the machine coordinates of mod.el points can be found in some of these 
text-books. 

The combination of these formulae gives the influence of the error in y-parallax observa- 
tions on the machine coordinates. 

In appendix 2 a general description of these formulae is given. In that description pricked 
points and signalized points are distinghuished and the signs in the formulae are chosen 
in such a way that they can be applied to measurements made with the autograph A7 and 
A8. 

The formulae referring to the A7 can be summarized as follows. Starting from the well- 
known parallax formula: 

the matrix of weight-coefficients of the orientation elements (AO), (AO)T can be determined, 
see appendix 2: 

(AO), (AO)T = 

If we write for the square of the standard deviation of the y-parallax observations: 

the covariance matrix of the orientation elements is: 

The differential formula which gives the relation between the machine coordinates and the 
orientation elements is derived in appendix 2 and reads as follows: 
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The elements of matrix (A;) are made up by, see appendix 2 :  
X, y and z :  the coordinates of the point P concerned, the origin of the axis being in the 

middle of the base, see figure 2.1. 
b: the instrumental base. 

We distinguish 3 cases for the y-coordinate in formula (3.5): 
Ay, : signalized points 
AyoL: pricked points on left photograph 
Ay,,: pricked points on right photograph 

The differentials of the X- and h-coordinates are the same for signalized and pricked 
points. 

With the following denotations : 

= (AO) . . 

(3.5) becomes : 

The covariance matrix of the machine coordinates can be computed by application of the 
law of propagation of errors to (3.7): 

in which according to (3.4): 

The standard deviation of the y-parallax observations, p,, is influenced by: 
- the quality of the photo's 
- the instrument 
- the observer 

etc. 

From the experiments, described in the next part, the following values, given in photo 
scale, were derived : 
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Wild A7: apy = 9 micron 
. . . . . . . . . . . . . . . . . .  

Wild A8 : apy = l l micron 

Probably these differences are not caused by the type of instrument but mainly by the 
method of orientation, for numerical relative orientation is applied to the Wild A7 measure- 
ments and empirical relative orientation to the Wild A8 measurements. 

In order to gain a better insight into the relation between the standard deviation of y- 
parallax and the photographs, the instruments, the observer, etc., a more extensive investiga- 
tion would be necessary. 

The covariance of the machine coordinates can be computed with (3.8). This covariance 
matrix describes the influence of the errors in the y-parallax observations for relative 
orientation. 

In appendix 2 formulae for both A7 and A8 measurements are derived. 
In the next part three experiments will be described to evaluate these formulae by practical 

examples. 

2 The experiments 

In order to evaluate the covariance matrix a ( .hi)' as described in the previous section, 

three experiments were executed, experiment 111, IV and V 

Experiment 111 
Stereopair: 147-149 
Photo scale : 1 : 5000 
Camera: Wild RC5, c = 152.15 mm 
Size : 23 X 23 cm 
Distance model - projection centres : z E 430 mm 
Instrumental base: b = 290 mm 

The relative orientation of this stereopair in a Wild A7 was made numerically by measur- 
ing the y-parallaxes in the well-known six points and the orientation was repeated 20 times. 
After each orientation the machine coordinates of 8 pricked points are measured in forward 
and backward sequence. Figure 3.1 gives the position of the 8 pricked points on the two 
photographs. Points 1, 3, 5 and 7 are pricked on the left photo 147 and 2, 4, 6 and 8 on 
photo 149. The position of the points in the model is given in figure 3.2. 

The mean of forward and backward is called an observation. The 20 observations of 
each point can be considered as a sample from the probability distribution of the coordinate- 
variates. These variates are the three coordinates of each model point. The observations are: 

x;,y; and h; . . . . . . . . . . . . . . . . . . . .  
n = l to 8, number of points 

k = l to 20, number of repetitions. 
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Fig. 3.1. The position of the 8 pricked points Fig. 3.2. The position. of the points 
on the photographs. in the model. 

The means are: 

From the differences with respect to the means an estimate for the covariance matrix of the 
8 points can be computed: 

The index 0 + M  is introduced here because this covariance matrix is caused by observation 
errors in both relative orientation and measuring of a model point. 

The elements of this matrix are: 

a n 
- [ ( X "  - x i )  (X"' - X:)]:  1 

X O + M X ; + M  k - l  I 
a - [ (Y"  - y i )  ( y m - y : ) l :  

Y ; ) + M Y ; + M  k - l  

- - [ ( h "  - h i )  ( h m  - h : ) ] :  
8 

~ ; ) + M G + M  k - l  

a - - [ ( X "  - X ; )  (Yrn - ~31: 
X",MY;;+M k - l  

- - [ ( X "  - X ; )  ( h m  - h : ) ] :  

+ Mh;;  + M k - l  

- - [(Y"-Y", ( h m -  h : ) ] :  
a Y : + M h g + M  k - l  I 

These elements, computed for n = m and n#m, are given in table 3.1 in square microns. 
This matrix, an estimate for the covariance matrix, contains 24 X 24 elements. As it is 
symmetrical, only the diagonal elements and the elements below the diagonal are given for 
simplicity's sake. 
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The covariance matrix can be computed by addition of the covariance matrix of the 
relative orientation, (3.8), and the covariance matrix of a model point, (2.4), the observa- 
tions referring to these two covariance matrices being correlation free. 

Introduction of (3.8) and (2.4) in (3.13) gives: 

The factor in (3.13) refers to the fact that an observation is the mean of measurements 
in forward and backward sequence. 

The elements of a . ) are given in table 3.2. ( x o + M x ~ + M  

represent point standard ellipsoids and relative ellipsoids of which shape and position can 
easily be represented and compared by their projections on planes parallel to: 

The three elements of these projections, the ellipses, are given in tables 3.3 and 3.4; 
a, the semi major axis, and b, the semi minor axis, in microns and $ the direction of a in 
grades. The standard ellipses of the points 1 to 8 are given in the upper part of the tables and 
in the lower part the 28 relative standard ellipses are mentioned. 

The standard ellipses and some relative standard ellipses are drawn in figures 3.3, 3.4 
and 3.5 referring to: 

respectively. 
The thin lines are the ellipses of the estimated covariance, table 3.3, and the thick lines 

are the ellipses of the covariance matrix, table 3.4. 



Table 3.1. The elemznts of the estimated covariance mztrix 8 i ) of experiment 111. ( x o + M x 6 + M  

Table 3.2. The elements of the covariance matrix of the points used in experiment 111. 
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Table 3.3. The elements of the ellipses computed from a i pertaining to experiment 111. ( X O + M X ~ + M )  
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Table 3.4. The elements of the ellipses computed from ) pertaining to the points used in 
experiment 111. 
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SCALE O F  ELLIPSES - - I 

0 60 120 180 240 MICRON 

Fig. 3.3. Standard ellipses and relative standard ellipses in the xy-plane of experiment 111. 
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SCALE O F  ELLIPSES - 
0 6 0  1 2 0  1 8 0  2 4 0  MICRON 

Fig. 3.4. Standard ellipses and relative standard ellipses in the xz-plane of experiment 111. 
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SCALE O F  ELLIPSES - I 

0 6 0  1 2 0  1 8 0  2 4 0  MICRON 

Fig. 3.5. Standard ellipses and relative standard ellipses in the yz-plane of experiment 111. 
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Experiment IV 
Stereopair: 1887-1 888 
Photo scale : 1 : 15 000 
Camera: Wild RC5, c = 152.47 
Size : 23 X 23 cm 
Distance model - projection centres: z -- 307 nim 
Instrumental base: b = 178 mm 

This experiment is similar to the previous one, experiment 111. The only difference is the 
use of a different stereopair and a different instrument. The relative orientation of this pair 
was repeated 20 times in a Wild A8 and after each orientation the machine coordinates of 
8 pricked points were measured in forward and backward sequence. It is evident that with 
this instrument the relative orientations had to be made empirically. 

The position of the 8 pricked points on the photographs is given in figure 3.6; for the 
position in the model see figure 3.7. 

Points 2, 4, 6 and 8 are pricked on photo 1888 and 1, 3, 5, and 7 on photo 1887. 
The elements of the estimated covariance matrix 6 . ) are computed from the ( ~ o + l r x b + M  

20 observations of the 8 points according to (3.12) and given in table 3.5 in square microns. 

Fig. 3.6. The position of the 8 pricked points Fig. 3.7. The position of the points 
on the photographs. in the model. 

Just as in experiment I11 the covariance matrix a ) can be computed by means ( X O + M X ~ + M  

of (3.14) taking into account that these measurements were made with an A8 and not with 
an A7. The elements of this matrix are given in table 3.6. 

As in the preceding experiment the shape and position of the ellipsoids are represented 
by their projections: ellipses. The elements of these ellipses are given in table 3.7 and table 
3.8 for: 

The graphical representation is in figures 3.8,3.9 and 3.10; thin lines refer to B 
and thick lines refer to cr 

. 1- ( x o + M x ~ + M  

( x o + M x b + M  
4 



Table 3.5. The elements of the estimated covariance matrix ) of experiment IV. 

Table 3.6. The elements of the covariance matrix 0 i ) of the points used in experiment 1V. i X,+,.$+, 
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Table 3.7. The elements of the ellipses computed from ) pertaining to experiment IV. 
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Table 3.8. The elements of the ellipses computed from ) prtaining to the points used in 
experiment IV. 
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SCALE O F  ELLIPSES - - I 

0 6 0  120 180 240 MICRON 

Fig. 3.8. Standard ellipses and relative standard ellipses in the xy-plane of experiment IV. 
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SCALE OF ELLIPSES 

0 60 120 180 240 MICRON 

Fig. 3.9. Standard ellipses and relative standard ellipses in the xz-plane of experiment IV. 
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SCALE O F  ELLIPSES 

0 60 120 180 240 MICRON 

Fig. 3.10. Standard ellipses and relative standard ellipses in the yz-plane of experiment IV. 
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Experiment V 
Stereopair: 116-1 18 
Photo scale: 1 : 12000 
Camera: RC5, c = 210.38 mm 
Size: 18 X 18 cm 
Distance model - projection centres: z E 325 mm 
Instrumental base : b = 1 18 mm 

The relative orientation of this stereopair of normal angle photographs was repeated 20 
times in a Wild A8 and after each relative orientation the machine coordinates of 8 signalized 
points were measured in forward and backward sequence. Thus the most important dif- 
ferences in comparison with experiment 1V are: firstly normal angle instead of wide angle 
photo's and secondly signalized points instead of pricked points. 

Figure 3.1 1 gives schematically the position of the eight points on the photographs and 
figure 3.12 the position of the points in the model. 

Fig. 3.11. The position of the 8 signalized points Fig. 3.12. The position of the points 
on the photographs. in the model. 

The elements of the estimated covariance matrix 6 . ) are computed from the ( * O + M X ~ + M  

20 observations of each point; as in the previous experiments an observation is the mean 
of forward and backward. The result of the computation according to formula (3.12) is 
given in table 3.9. The covariance matrix a . 1  given in table 3.10 is determined 
by means of formula (3.14). ( x o + M x l ~ + M  

The shape and position of the ellipsoids, defined by the covariance matrices, are again 
represented by ellipses, see figures 3.13, 3.14 and 3.1 5; thin lines refer to 6 
thick lines refer to a ( x o + M x i + M  

. 1. 1 and 
( x o + M x l ~ + M  

The elements of the ellipses are given in table 3.11 and table 3.12 respectively. 



Table 3.9. The elements of the estimated covariance matrix ) of experiment V. 

Table 3.10. The elements of the covariance matrix ) of the points used in experiment V. 
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rable 3.11. The elements of the ellipses computed from a i ) pertaining to experiment V. ( X O + H X ~ + H  
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ts used in Table 3.12. The elements of the ellipses computed from 0 i ) pertaining to the p o i ~  
experiment V. ( X O + M X ~ + M  

l 
1 
1 
1 
l 
l 
1 

2 
2 
2 
2 
2 
2 

3 
3 
3 
3 
3 

4 
4 
4 
4 

5 
5 
5 

6 
6 

7 

y = 0 X = 0 

a 

88 
1 0 6  

z = 0 

b 

10 
87 

122 
113 
103 
127 
112 
108 

110 
125 
146 
96 

147 
131 
122 

172 
95 

168 
115 
132 
126 

118 
219 
259 
59 

243 

234 
211 
6 1 

215 

125 
228 
80 

236 
42 

230 

10 
190 
12 

190 
12 

190 
l 

198 

95 
124 
82 

128 
97 

109 
101 

105 
114 
116 
104 
113 
111 

65 
125 
108 
68 

113 

107 
104 
57 

105 

110 
118 
110 

109 
116 

112 

374 
365 
415 
337 
366 
385 
382 
378 

110 
155 
159 
115 
159 
145 
132 

198 
112 
182 
132 
143 
137 

147 
264 
300 
74 

282 

258 
236 
78 

235 

135 
254 
90 

263 
49 

252 

a 

378 
370 
394 
321 
352 
367 
359 
358 

124 
133 
156 
105 
154 
135 
126 

181 
99 

178 
116 
138 
130 

145 
234 
264 
75 

249 

236 
211 
74 

216 

127 
236 
83 

239 
45 

234 

3 
4 
5 
6 
7 
8 

2 
3 
4 
5 
6 
7 
8 

3 
4 
5 
6 
7 
8 

4 
5 
6 
7 
8 

5 
6 
7 
8 

6 
7 
8 

7 
8 

W 

103 
4 

55 
35 

138 
171 
49 

156 

108 
200 
150 
14 
40 

173 
37 

38 
29 

166 
187 
33 

172 

48 
5 

17 
52 
13 

188 
0 

36 
194 

195 
195 
167 

8 
45 

2 

9 
105 
14 
91 
15 
97 
42 
60 

50 
64 
65 
58 
59 
56 
50 

65 
39 
76 
46 
57 
52 

61 
112 
100 
31 
99 

85 
72 
34 
75 

48 
103 
35 

89 
22 

91 

65 
65 

140 
117 
123 
125 
135 
127 

49 
53 
7 1 
47 
59 
56 
53 

82 
59 
66 
45 
51 
48 

63 
91 

104 
3 3 

100 

94 
86 
39 
86 

61 
81 
44 

84 
28 

81 

177 
154 
151 
168 
157 
151 

124 
153 
157 
114 
164 
146 
134 

199 
103 
185 
133 
145 
140 

138 
260 
300 
74 

279 

255 
232 
66 

231 

128 
254 

87 

263 
47 

252 
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SCALE O F  ELLIPSES 

0 180 360 540 720 MICRON 

Fig. 3.13. Standard ellipses and relative standard ellipses in the xy-plane of experiment V. 
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SCALE OF ELLIPSES 

0 180 360 540 720 MICRON 

Fig. 3.14. Standard ellipses and relative standard ellipses in the xz-plane of experiment V. 
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SCALE O F  ELLIPSES 

0 100 360 540 720 MICRON 

Fig. 3.15. Standard ellipses and relative standard ellipses in the yz-plane of experiment V. 



I V  E R R O R S  D U E  T O  T H E  I N N E R  O R I E N T A T I O N  

1 General description 

The third group of observation errors which influence the accuracy of the machine coordi- 
nates are the errors in inner orientation. The problem of inner orientation has three variables 
for each camera; the translations of the projection centre in three mutually perpendicular 
directions, the elements of inner orientation: 

left camera : Ax', Ay' and Ac' 
. . . . . . . . . . . . . . . .  

right camera: Ax", Ay" and Ac" 
(4.1) 

h appendix 3 the differential formulae are derived which give the relation between the 
differentials of the machine coordinates of a model point, Ax, Ay and Ah, and the elements 
of inner orientation, as given in (4.1). 

Pricked points and signalized points have been distinguished and the formulae are also 
here fitting to measurements with a Wild A7 and A8, in order to be able to compare the 
practical experiments with the mathematical description. 

The formulae of appendix 3 can be summarized as follows: 

Ax' 

. . . . . . . . . . . . . . . . . . . . .  (4.2) 

The elements of matrix (A:) are functions of: 
X, y, z: the coordinates of the concerning model point with the origin in the middle of 

the base; see figure 3.1. 
b :  the instrumental base 

2,: the mean z of the model 
c: the principal distance 

In formula (4.2) three cases are to be distinguished for the y-coordinate: 
- signalized points 
- pricked points on left photo 
- pricked points on right photo 

The differentials of the X- and h-coordinate are the same for the different cases. 
With simpler denotations: 
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. . . . . . . . . . . . . . . .  = (AI) (4.3) 

(4.2) can be written: 

( A )  = ( A )  ( A )  . . . . . . . . . . . . . . . . . . . . . . . .  (4.4) 

Application of the law of the propagation of errors to (4.4) gives: 

(a; ) ,  the covariance matrix of the observations is under the assumption that there is no 
correlation : 

0 
. . . . . . . . . . . . . .  (4.6) 

From the investigation made by ZORN 1954-1955 [4] the following standard deviations of 
the inner orientation were determined for fiducial marks of Wild camera's and plate carriers 
of Wild instruments : 

ox, = ox,, = ay, = ay,, = 0.020 mm 
. . . . . . . . . . . . . .  I (4.7) 

a,. = a,,. = 0.003 mm 

The covariance matrix of the machine coordinates (4.5) can be computed with (4.7). 

2 The experiments 

Three experiments were executed, experiments VI, V11 and VIII, in order to evaluate the 
covariance matrix axix j  ( ) (4.5)- 

Experiment VI 
Stereopair: 1887-1888 
Photo scale: 1 : 15 000 
Camera: Wild RC5, c = 152.47 mm 
Size : 23 X 23 cm 
Distance model - projection centres: 2-430 mm 
Instrumental base: b = 250 mm 
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Fig. 4.1. The position of the 8 pricked points Fig. 4.2. The position of the points 
on the photographs. in the model. 

Both the inner orientation and the relative orientation of this stereopair in the Wild A7 
were repeated 20 times. The relative orientation is done numerically by measuring the 
parallaxes in six points. After each orientation the machine coordinates of 8 pricked points 
are measured in forward and backward sequence. Figure 4.1 gives the position of the 8 
pricked points on the two photographs and figure 4.2 gives the position in the model. 
Points 1,3,5 and 7 are pricked on the left photo 1887 and points 2,4,6 and 8 on photo 1888. 

Similar to the previous experiments an estimate for the covariance matrix b . . is ( X ~ J )  

computed according to formulae (3.10) to (3.12). The elements of this matrix are given in 
table 4.1 in square microns. 

The covariance matrix of these machine coordinates can be computed by addition of the 
inner orientation (4.9, the relative orientation (3.8), and the measuring of a model point 
(2.4). The latter has to be multiplied by + because of the measurements being made in 
forward and backward sequence. Simple ad.dition can be applied indeed as the three groups 
of observations referring to the inner orientation, the relative orientation and the measuring 
of a point are mutually correlation free. 

It follows from (4.9, (3.8) and (2.4) that: 

This covariance matrix a . . is given in table 4.2 in square microns. ( X ~ J )  

represent point standard ellipsoids and relative ellipsoids. As in the preceding chapters, the 
shape and position of the ellipsoids are represented by projections, ellipses. The elements 
of these ellipses are given in tables 4.3 and 4.4. The graphical presentation is in figures 4.3, 
4.4 and 4.5; thin lines refer to b . . and thick lines refer to bxixj . ( X ~ J )  ( ) 



Table 4.1. The elements of the estimated covariance matrix a i j of experiment VI. 1 

Table 4.2. The elements of the covariance matrix a i j of the points used in experiment VI. ( 
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Table 4.3 The elements of the ellipses computed from pertaining to experiment VI. 
(*XiXj) 
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Table 4.4. The elements of the ellipses computed from 0 . . pertaining to the points used in experi- 
ment VI. ( X Z X J )  

1 
1 
1 
1 
1 
1 
1 

2 
2 
2 
2 
2 
2 

3 
3 
3 
3 
3 

4 
4 
4 
4 

5 
5 
5 

~: 

1 
2 
3 
4 
5 
6 
7 
8 

2 
3 
4 
5 
6 
7 
8 

3 
4 
5 
6 
7 
8 

4 
5 
6 
7 
8 

5 
6 
7 
8 

6 
7 
8 

a 

184 
177 
231 
213 
227 
225 
220 
220 

37 
131 
118 
110 
124 
123 
115 

137 
125 
110 
123 
130 
114 

62 
228 
246 

44 
234 

220 
237 

51 
226 

58 
222 

, :  ~2:; 228 

a 

x = O  

a b 

58 
8 1 

144 
143 
122 
152 
136 
127 

80 
130 
137 
109 
151 
125 
119 

160 
125 
141 
123 
140 
121 

84 
227 
263 

3 5 
237 

235 
237 

52 
228 

108 
224 

53 

z = o  

b Y 

17 
88 

3 

Y 

y = o  

b 

101 
57 

94 

55 89 
37 20 

92 

50 
61 
49 
50 
51 
52 
48 
50 

27 
13 
20 
13 
22 
13 
17 

30 
25 
27 
23 
30 
25 

44 
12 
33 
30 
21 

26 
43 
40 
34 

39 
15 
34 

Y 

101 
154 

103 

58 
61 
46 
50 
52 
52 
46 
51 

28 
58 
53 
48 
53 
56 
51 

60 
5 1 
49 
47 
56 
48 

20 
98 
93 
15 
97 

85 
83 
19 
84 

30 
93 
23 

1 
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40 
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4 1 
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10 

173 
184 
34 

196 
10 

96 
5 

166 
189 
39 
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10 
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193 
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4 
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31 
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SCALE OF ELLIPSES 
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Fig. 4.3. Standard ellipses and relative standard ellipses in the xy-plane of experiment VI. 
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SCALE O F  ELLIPSES - 1 

0 100 200 300 400 MICRON 

Fig. 4.4. Standard ellipses and relative standard ellipses in the xz-plane of experiment VI. 
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SCALE O F  ELLIPSES 
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Fig. 4.5. Standard ellipses and relative standard ellipses in the yz-plane of experiment VI. 
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Experiment VIZ 
Stereopair: 147-149 
Photo scale : 1 : 5000 
Camera: Wild RC 5, c = 152.15 mm 
Size: 23 X 23 cm 
Distance model - projection centres: z-290 mm 
Instrumental base: b = 200 mm 

This experiment is similar to the previous one, with two differences, firstly a different stereo- 
pair and secondly the Wild A8 is used instead of the Wild A7. After each inner orientation 
and empirical relative orientation, the coordinates of 8 pricked points are measured in 
forward and backward sequence. The position of the 8 points is given in figures 4.6 and 4.7. 

Fig. 4.6. The position of the 8 pricked points Fig. 4.7. The position of the points 
on the photograph. in the model. 

The elements of the estimated covariance matrix 13 are computed from the 20 ( xixi) 
observations of each model point according to (3.12) and given in table 4.5. 

The covariance matrix a . . computed according to (4.9), is given in table 4.6. ( X ~ J ) ,  

The form of the ellipsoids, given by the covariance matrices, are again presented by 
ellipses, see figure 4.8,4.9 and 4.10; thin lines refer to a and thick lines refer to a . . . 

(^XiXj) ( X ~ J )  

The elements of the ellipses are given in tables 4.7 and 4.8 respectively. 



Table 4.5. The elements of the estimated covariance matrix a of experiment VII. ( x ix i )  

Table 4.6. The elements of the covariance matrix a i of the points used in experiment VII. ( x x j j  
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Table 4.7. The elements of the ellipses computed from 8 i j pertaining to experiment VII. i x - 4  
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Table 4.8. The elements of the ellipses computed from pertaining to the points used in experi- 
ment VII. 
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SCALE O F  ELLIPSES 
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Fig. 4.8. Standard ellipses and relative standard ellipses in the xy-plane of experiment VII. 
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SCALE O F  ELLIPSES 
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Fig. 4.9. Standard ellipses and relative standard ellipses in the xz-plane of experiment VII. 
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SCALE O F  ELLIPSES 
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Fig. 4.10. Standard ellipses and relative standard ellipses in the yz-plane of experiment VII. 
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Experiment VIII 
Stereopair: 1 16-1 18 
Photo scale: 1 : 12000 
Camera: Wild RC5, c = 210.38 mm 
Size: 18 X 18 cm 
Distance model - projection centres: 2-460 mm 
Instrumental base: b = 170 mm 

This experiment differs from the previous ones by the following items: 
- normal angle photographs 
- signalized points 
- numerical relative orientation with the Wild A7. 

Both inner and relative orientation are repeated 20 times and after each orientation the 
coordinates of the 8 signalized points are measured in forward and backward sequence. 
Figures 4.11 and 4.12 give schematically the position of the points. 

Fig. 4.11. The position of the 8 signalized points Fig. 4.12. The position of the points 
on the photographs. in the model. 

The estimated covariance matrix and the covariance matrix, 

computed according to (3.12) and (4.9) are given in table 4.9 respectively in table 4.10. 
As in the preceding experiments the shape and position of the ellipsoids are represented 

by ellipses, see figures 4.13, 4.14 and 4.15; thin lines refer to 6 thick lines refer to ( i x j )  
p x i x j )  - 

The elements of the ellipses are given in tables 4.1 1 and 4.12 respectively. 



Table 4.9. The elements of the estimated covariance matrix of experiment VIII. 

X1 Y l  h 1  X2 Yz h2 X3 Y3 

Table 4.10. The elements of the covariance matrix 0 of the points used in experiment VIII. ( xixj)  
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Table 4.11. The elements of the ellipses computed from a i j pertaining to experiment VIII. 1 
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Table 4.12. The elements of the ellipses computed from a pertaining to the points used in experi- 
ment VIII. ( x ix j )  

a 

456 
420 
502 
392 
460 
454 
461 
457 

54 
177 
i69 
165 
170 
168 
163 

174 
140 
177 
181 
155 
175 

120 
337 
344 
55 

337 
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312 
78 

307 

73 
325 
56 

331 
38 

324 

44 
47 
44 
42 
42 
44 
43 
44 

20 
10 
16 
11 
17 
11 
15 

22 
18 
23 
20 
22 
21 

25 
11 
23 
18 
17 

18 
29 
22 
25 

39 
12 
33 

27 

1 
1 
1 
1 
1 
1 
1 

2 
2 
2 
2 
2 
2 

3 
3 
3 
3 
3 

4 
4 
4 
4 

5 
5 
5 

21 

.;.,I X = 0 

.;o 

44 
41 
44 
39 
41 
41 
43 
43 

38 
12 
46 
27 
60 
47 
56 
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21 
80 
14 
61 
58 

34 
22 
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28 
83 
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21 
24 
32 
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35 

35 

189 
103 

4 
161 
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41 
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44 
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Fig. 4.13. Standard ellipses and relative standard ellipses in the xy-plane of experiment VIII. 
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SCALE OF ELLIPSES 
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Fig. 4.14. Standard ellipses and relative standard ellipses in the xz-plane of experiment VIII. 
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SCALE O F  ELLIPSES 

0 100 360 540 720 MICRON 

Fig. 4.15. Standard ellipses and relative standard ellipses in the yz-plane of experiment VIII. 



V R E C A P I T U L A T I O N  A N D  C O N C L U S I O N S  

The influence of the random observation errors on the coordinates of model points has been 
represented by the covariance matrix of the coordinates determined in two different ways: 

1. by executing repeated measurements of points in photogrammetric models; in some 
cases these repeated measurements are combined with repeated relative orientations or 
with repeated relative and inner orientations; from the series of these measurements 
the estimated covariance matrices (a2) have been determined. 

2. by writing the machine coordinates as functions of the initial observations, e.g. X- and 
y-parallaxes; by means of the standard deviations of the initial observations and apply- 
ing the law of propagation of errors the covariance matrices (a2) have been computed. 

The eight experiments, I to VIII, executed to compare (a2) and (a2) can be divided into 
three groups, group a, b  and c. Per group a single type or a combination of different types 
of observation errors is studied: 

group a :  the measuring of the coordinates of a model point; experiment I and 11. 
group b :  the measuring of the coordinates of a model point together with the relative 

orientation; experiment 111, IV and V. 
group c :  the measuring of the coordinates of a model point, the relative orientation and 

the inner orientation; experiment VI, V11 and VIII. 

In each group the experiments can be distinguished by: 

- pricked points or signalized points 
- wide angle (W.A.) or normal angle (N.A.)-photographs 
- numerical or empirical relative orientation 
- the autograph Wild A7 or Wild A8 

In table 5.1 the experiments are conveniently arranged. 
The estimated covariance matrix (a2) is computed from the 20 repeated measurements of 
the coordinates of model points per experiment. This makes 8 full-matrices of 24 X 24 
elements for the 8 X 3 coordinates of the 8 model points. 

The eight covariance matrices (a2) are computed from the standard observation of the 
individual observations such as X- and y-parallaxes by applying the law of propagation of 
errors. A recapitulation of the standard deviations of the individual observations can be 
given as follows: 

The standard deviations of the observations for measuring a model point, given in photo 
scale, are according (2.5): 

1 I Oxt 1 Y I 
signalized points 4.9 4.7 6.0 
pricked points 1 6.5 1 4.2 1 6.5 1 
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Table 5.1. A survey of the experiments. 

The standard deviation of the observation for relative orientation, the y-parallax, given in 
photo scale, is, see (3.9): 

Wild A7: apy = 9 micron 
Wild AS: apy = 11 micron 

The standard deviations of the observations for the elements of inner orientation of both 
camera's are, see (4.7): 

a,, = ox,, = a,,. = a,,, = 20 micron 

act = cc,, = 3 micron 

These standard deviations are introduced for the computation of covariance matrix (a2) 
of the 8 experiments. In all experiments the same values are used. More practical experience 
will however be necessary in order to gain a better insight into the variance of the observa- 
tions, the factors influencing these values, etc. 

The standard ellipsoids and relative standard ellipsoids, represented by sub-matrices of 
(a2) and (a2), are given in a large number of diagrams showing the projections of the ellip- 
soids. The projections are standard ellipses and relative standard ellipses. Some general 
remarks and conclusions will be made now on the basis of the drawn ellipses. 

The observation errors in group a, the measuring of a model point, are relatively small 
and for that the ellipses of experiment I and I1 are drawn on a larger scale than those of the 
following experiments. The observations are assumed to be correlation free and therefore 
the relative standard ellipses are left out of consideration. 

The coordinates z and x and the coordinates x and y of a model point are undoubted.1~ 
correlated. This correlation determined from the repeated measurements, the (b2), agrees 
with the correlation computed from the initial observations, the (a2). Compare the thin 
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line ellipses of (6') with the thick line ellipses of (az) in figures 2.4, 2.5 and 2.6 and in figures 
2.9, 2.10 and 2.1 1. 

The experiments 111, IV and V in group b refer to the observation errors: measuring a 
model point, and relative orientation. For these three experiments the following remarks 
hold good; see figures 3.3, 3.4 and 3.5 of experiment 111, figures 3.8, 3.9 and 3.10 of experi- 
ment IV and figures 3.13, 3.14 and 3.15 of experiment V. 

- the coordinates of a single point are strongly correlated. 
- the coordinates of different points are strongly correlated, especially for those at shorter 

distances. 
- the ellipses of experiment V are larger than those of I11 and IV because normal angle 

photographs are used in this experiment; in experiments I11 and IV wide angle photo- 
graphs have been used. 

- it can be proved that the scale of the ellipses is mainly determined by the standard devia- 
tion of the y-parallax, spy; here only two groups are distinguished: Wild A7 and Wild A8, 
or probably better said: numerical relative orientation and empirical relative orientation; 
more detailed study will be necessary to study how far this standard deviation is in- 
fluenced by observer, instrument, photographs, etc. 

The experiments VI, V11 and V111 of group c refer to the observation errors: measuring 
a model point, relative orientation and inner orientation. The results are given in respect- 
ively figures 4.3, 4.4 and 4.5, figures 4.8, 4.9 and 4.10 and figures 4.13, 4.14 and 4.15. 

For these three experiments broadly the same remarks can be made as foi- the experiments 
of group b. The ellipses in group c are in general slightly larger in consequence of the in- 
fluence of the inner orientation. 

I t  can be noticed for both groups b and c that the ellipses of the covariance matrix (az) 
of an experiment are sometimes smaller and sometimes larger than those of (az). This could 
not be explained by this small number of experiments; possibly different observation errors 
must be applied for these experiments or it is msinly due to the small number of observa- 
tions, only 20 repeated measurements per experiment. Furthermore it is matter of course 
that these scale differences of the ellipses are greater for the Wild A8 measurements, due 
to the method of relative orientation, the empirical method; see experiment VII. But the 
important property of correlation between the coordinates of one point and the coordinates 
of different points corresponds very well between the two matrices (6') and (az). 

This investigation shows that the covariance matrix (aZ) gives a good description of the 
influence of random observation errors on the coordinates of model points. This holds 
only when the measurements and observations are carried out as has been described here. 
More detailed studies will be needed to verify how far generalization or differentiation is 
necessary if more models are jointed to a strip or a block. 

The structure of the covariance matrix (az) is essential for studies of precision and 
accuracy where photogrammetric models are used as a basic unit. 



APPENDIX 1 

The machine coordinates of a model point, X, y and h, are influenced by observation errors. 
In this appendix a formula will be derived which gives the relation between the machine 
coordinates of a point and the quantities which are observed when setting the floating mark 
onto a model point. 

The observations are the setting of the mark in the proper elevation and in the proper 
planimetric position. These observations can further be defined as: 
the horizontal parallax: Ap, 
the X-setting : Ax' 
the y-setting : Ay' 

The error in elevation setting influences the planimetric position. This relation is de- 
monstrated in figure l. Point P is a model point, an intersection point of corresponding 
rays, whose coordinates are to be measured. Point 0 ,  the middle of the base OLO, = b, 
is the origin of the xyz-system. 

We assume that, in the presence of an error in elevation, the floating mark is set in (see 
figure 1): 
ML : if point P is marked on the left photo 
M,: if point P is marked on the right photo 
M : if P is a natural point or a signalized point 

Fig. 1 .  The influence of the error in elevation on the planimetric position. 
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The following principle underlies this assumption. If point P is a marked point, the float- 
ing mark is set in such a way that its projection on the photograph coincides with that 
marked point. That is to say if P is marked on the left respectively on the right photo, the 
mark will be set on the line PO,  respectively PO,. In case P is a natural or signalized point 
the mark is assumed to be set in X- and y-direction in such a way that its projections on the 
photographs are symmetrical with respect to the images of point P.  In this case the mark 
is actually set on the line PO, which connects point P and the middle of the base 0. 

The following coordinate differences are introduced: 

AhM = z -  z M L  = Z -  Z M R  = z - Z M  . . . . . . . . . . . . . . . . .  ( 5 )  
where : 

X , y  , z are the coordinates of P ,  
xML, yML,  zML are the coordinates of M,, 
xMR,  yMR,  zMR are the coordinates of M R  and 
xM , y  M , z M  are the coordinates of M .  

We read from figure l : 

These formulae give only the relation between the differentials of the machine coordinates 
and the differential of height, or the differential of the horizontal parallax. 

Adding the differentials Ax' and Ay' of the proper X- and y-setting of the floating mark 
we have : 
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Introducing (7), (g), (9) and (10) in respectively (12), (13), (14) and (15) and applying (11) 
makes in matrix-notation: 

This formula gives the relation between the differentials of the machine coordinates of the 
model point P and the differentials of the observed quantities: 
the horizontal parallax: Ap, 
the X-setting : Axt 
the y-setting : Ayt 

For the differentials in the x-coordinate we have distinghuished 3 cases: 
index ML : point P pricked on left photo 
index MR: point P pricked on right photo 
index M : natural or signalized point 

The differentials of the y- and h-coordinate are the same for the 3 cases. 



A P P E N D I X  2 

In order to perform a relative orientation with two perspective bundles of rays y-parallaxes 
have to be measured or eliminated. The influence of the observation errors in y-parallaxes 
on the orientation elements is a known problem. 

Starting from the well-known parallax fo~mula (the signs applying to a Wild A7): 

the matrix of weight coefficients of the orientation elements can be found by the formulae 
of least square adjustment; standard problem 11. Assuming numerical relative orientation 
and parallax measurements in the 6 points l to 6, see figure 1, the result is: 

(AO), ( ~ 0 ) ~  = 

In figure 1 the quantities a and b are indicated. 
The covariance matrix of the orientation elements is 

opy is the standard deviation of the y-parallax observation. 
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In order to find the matrix of weight coefficients of machine coordinates in relation to 
the y-parallax observations, first the differential formula of machine coordinates and orienta- 
tion elements must be known. 

Fig. 1.  A photogrammetric model with the quantities a and b. 

Figures 2 and 3 show the differential change in position of the model point, i.e. the inter- 
section of two corresponding rays, P to P' in consequence of a small variation in the orienta- 
tion of the two bundles. 
Figure 2 gives the projection in the xz-plane and in figure 3 the projection in the yz-plane. 

The small variations of the orientation of the bundles bring about small displacements 
of the intersection of the ray with the horizontal plane through P or P'; see figures 2 and 3. 

for the left bundle: 

Ax, and A y , .  . . . . . . . . . . . . . . . . . . . . . . . .  . ( 4 4  

for the right bundle: 

Ax, and Ay , .  . . . . . . . . . . . . . . . . . . . . . . . .  . (4'3) 

Besides that figure 3 shows a height difference Az, corresponding with a difference in y- 
coordinate : 
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Fig. 2. The differential change P to P' in the xz-plane. 

In case corresponding rays intersect only approximately we define the model point accord- 
ing to the usual principal of symmetry in the theory of stereoscopic vision: the model point 
is the middle of the line connecting the two corresponding rays in y-direction, P' in figures 2 
and 3; in figure 3 is Pf,P' = P'P',; in case of assymmetrical points, for example points 
pricked on one photograph, the model point is the end of the horizontal connection line in 
y-direction, P', for points pricked on the left photograph and P', for points pricked on the 
right photograph; see figure 3. 

The small variations of the coordinates of model point P are: 

Ax,, Ay,, Ay,,, Ay,, and Az, . . . . . . . . . . . . . . . . . . (5) 

Three cases are distinguished for the y-coordinate: 
Ay, : natural or signalized points 
Ay,, : point P is pricked on left photo 
Ay,,: point P is pricked on right photo 

The differentials of the X-and z-coordinate are the same for the three cases. The index 0 
is introduced here as these variations are caused by variations in the orientation elements. 

The differentials of the machine coordinates of model point P in (5) can easily be expressed 
in : 

Ax1,Ax2,Ay1,Ay2 and AT 

as defined in (4). 
The coordinates of P are: X, y and z; the origin of the axes is chosen in the middle of 

the base, 0 ;  see figure 3. 
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Fig. 3. The differential change of P to P'L, P' and PR in the yz-plane. 

The auxiliary line RPP' and PP in figure 2 shows: 

and 

From figure 3 we read: 
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AyoL = AJ+Ayl . . . . . . . . . . . . . . . . . . . . . . . . .  (11) 

. . . . . . . . . . . . . . . . . . . . . . . .  AyoR = AJ+Ay, (12) 

It follows from (6), (7) and (8) that: 

and from (8), (9), (10), (11) and (12) it follows that: 

The differential formulae of Ax,, Ax,, Ay, and Ay, as defined in (4) and the orientation 
elements of the left and the right camera and suitable for A7 and A8 measurements, are 
the well-known formulae: 

(2x- b ) ~  - (2x - b), + 4z2 2x-b Ax, = + AV,-yAx2 - - Abz, 
22 42 22 (19) 

y2+z2  
Ay1 = +- Aml - Y "+ 

Ax, - -Abzl-Aby, 
z (20) 

y2+z2  2x- b 
Ay, = +- Am; - Y Ax, - - Abz2-Aby2 

z z (21) 

Further it is evident that: 

For the relative orientation with an A7 the following orientation elements are supposed to 
be used: 
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. . . . . . . . . . . . . . . . . .  Ao,, Aq,, Ax,, Abz, and Aby, (23) 
then : 

. . . . . . . . . . . . . . .  Ao, =AV,  = Axl = Abz, = Aby, = 0 (24) 

We obtain by substitution of (18), (19) and (24) in (13): 

- (2x + b ) ~  A%, - (2x+ b, (2x- b, Abz, . . . . . . . . . . . . .  (25) 
2b 4bz 

Substitution of (18), (19), (20), (21) and (24) in (15) gives: 

2xy2 + bz2 (2x- b)xy +2yz2 2x-b 
Ayo = + Am, - 

2bz 2bz A,, +(,-;)AX,+ 

Similarly (18), (19), (20) and (24) in (16): 

and (18), (19), (21) and (24) in (17): 

and finally (18), (19), (22) and (24) in (14): 

In general matrix notation (25) to (29) is: 
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In the same way formulae suited to A8 measurements can be derived. The parallax formula 
is : 

and from this formula the weight coefficients of the orientation elements can be derived: 

(AO), ( ~ 0 ) ~  = 

The relative orientation with a Wild A8 is mostly done empirically. We assume here for 
the empirical method of relative orientation the same propagation of errors as for the 
numerical method. Although this is an approximation, experiments showed that this ap- 
proximation satisfied very well. 
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The covariance matrix of the orientation elements is: 

a,,, is the standard deviation of the y-parallax observation. 
The differential formulae which give the relation between the machine coordinates and 

the orientation elements can be derived in the same way as those for a Wild A7 in the 
previous part. 

The orientation elements to be used are: 

. . . . . . . . . . . . . . . . . . .  Am2, AV,, AV,, Ax2 and Ax, (34) 

and for that we get instead of (24): 

Awl = Aby, = Aby, = Abz2 = Abz, = 0 . . . . . . . . . . . . . .  (35) 

From (13) to (22) and (35) we obtain by substitution: 

with: 



APPENDIX 3 

The problem of the inner orientation has three variables for each camera, the translations 
of the projection centre in three mutually perpendicular directions, the elements of the 
inner orientation: 

. . . . . . . . . . . . . . . . . .  left camera: Ax', Ay' and Ac' (1) 

. . . . . . . . . . . . . . . . .  right camera: Ax", Ay" and Ac" (2) 

Small variations of the elements of inner orientation correspond with small displacements 
of the intersection of a ray with a horizontal plane: 

for the left bundle, see figure 1 : 

Ax, and A y , .  . . . . . . . . . . . . . . . . . . . . . . . . .  (3) 

likewise for the right bundle: 

Ax, and Ay,.  . . . . . . . . . . . . . . . . . . .  

From figure 1 follows the relation between (1) and (3): 

z Y ,  
Ay, = --Ayf--Ac . . . . . . . . . . . . . . . . . . . . . .  

C C 
(6) 

In the same way we find for the right camera: 

The relations between the small displacements of the intersection of a ray, as defined in (3) 
and (4), and the machine coordinates are already mentioned in appendix 2 formulae (13) 
to (17): 
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Fig. 1 .  The differential changes of the elements of inner orientation. 

2 x + b  
Ax, = - 

2 b  
( A x 2 - A x , ) + A x ,  . . 

Y  Ay,,  = - ( A x 2 - A x , )  + A y 2  . . . . . . . . . . . . . . . . . . . . .  (12)  
b  

The index I, used here, indicates that these variations of the machine coordinates are caused 
by variations of the inner orientation. Substitution of (5) to (8) in (9) to (13) gives: 

z ( 2 ~  - b )  z ( 2 x + b )  Ax"+ Ax, = 
2bc 

Ax' - 
2bc 
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The variations of the inner orientation elements generate a y-parallax, Ap,. In accordance 
with (3) and (4) we can write: 

whence by introducing (6) and (8) : 

Comparing (20) with formula (1) of appendix 2 which gives the relation between y-parallax 
and orientation elements of an A7: 

it is evident that the y-parallax caused by variations of the inner orientation can be elirnin- 
ated in one horizontal plane, for example mean level z = z,, by changing by, and bz,. 

From (20) and (21) follows: 

z z . . . . . . . . . . . . . . . . . . . . .  Abz, = ;AC' - ~ A C "  
C 

. (23) 

As a consequence of these corrections of the orientation elements the coordinates of model 
points change, see (25) to (29) of appendix 2: 
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2 ~ -  b 
Az, = - - Abz, . . . . . . . . . . . . . . . . . . . . . .  (28) 

2b 

introducing (22) and (23): 

Z o z XYZoAc, + XYZoAc), Ay, = - - A y f  + ?Ay" - - . . . . .  
2c 2c bzc bcz 

The remaining errors of the machine coordinates are found by adding the expressions (14) 
to (18) and (29) to (33): 

(14) and (29) : 

(1 5) and (30) : 

+ x ~ ( z - z ~ )  Act - 'Y  ( Z  - ' 0 )  Ac,l . . . . .  
bcz bcz 

(16) and (31): 
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(17) and (32): 

Y ' 0 )  (2x + b, Acf - Y ( z -  ' 0 )  (2x + b, Act! . . . . S . . .  (37) 
+ 2bcz 2bcz 

(1 8) and (33) : 

z z z(2x + b)  - z0(2x - b )  ( zO - Z )  (2x  - b)  
Az, = + -Axf - -Ax" + Ac" . . . .  (38) 

+ 2bc bc bc 2bc 

Taking account of: 

in general matrix notation (34) to (38) is: 

with: 

YZ -- -- zo+z +- zo-z  xy(z-z , )  - x y ( z  - zo) 
bc 2c 2c bcz bcz 

+ 

Formulae suited to A8 measurements can be derived in the same way as to A7 measure- 
ments. The differential formulae which give the relation between machine coordinates and 
inner orientation elements are the same for both instruments, see (14) to (18). 
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The parallax caused by errors in inner orientation elements can be eliminated by the 
orientation elements q,, q,, x2 and xl .  The parallax is in accordance with (20): 

Comparing this formula with (31) of appendix 2 which gives the relation between y-parallax 
and the orientation elements of an A8: 

From (42) and (43) we obtain for the mean level zo: 

In consequence of these corrections of the orientation elements the coordinates of the model 
points change, see (36) of appendix 2: 
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(2x- b)' +4z2 
Az, = - YZ 

4b 
- - Ax2 + 

b 

introducing (44) to (47): 

YZo Yzo (4z2 -4x2 + b2)z0 Ax, = --Ay'+-Ay" + 
bc 4bcz 

Ac' + 
bc 

xzo xz XYZo 
Ay, = + -Ay1 - LAY" - - XYzO A ~ I I  . . . . . . . . .  

+ bcz (54) 
bc bc bcz 

(2x - b)zo (2x-  b)z0 
= 2bc Ay' - 2bc 

Ay" + 

From (14) to (18) and (53) to (57) we obtain by adding and taking account of (39): 
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