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ABSTRACT. 

T h i s  i s  a  r e p o r t  on a  method f o r  t h e  d e t a i l e d  and g loba l  mapping of t h e  
p1 ane ta ry  g r a v i t a t i o n a l  f i e l d  us ing  two a r t i f i c i a l  sate1 l i t e s  
t h a t  c a r r y  dev ices t o  t r a c k  each o t h e r  a long t h e  same n e a r - c i r c u l a r ,  
nea r -po la r  o r b i t ,  separated by a  few hundred k i l o m e t e r s  and as low as t h e  
atmosphere would a l l o w .  They a r e  kep t  a l o f t ,  i n  s p i t e  o f  a i r  drag, by t h e  
a c t i o n  o f  smal l  r o c k e t  engines t h a t  m a i n t a i n  a  proof-mass i n s i d e  each 
spacec ra f t  i n  cons tan t  f r e e  f a l l .  The s i g n a l  i s  t h e  r e l a t i v e  l i n e - o f - s i g h t  
v e l o c i t y  o f  t h e  p r o o f  masses, averaged ove r  seve ra l  seconds. 

A  s p e c i a l l y  t a i l o r e d  a n a l y t i c a l  p e r t u r b a t i o n  theory ,  where t h e  re fe rence  
o r b i t  i s  p e r i o d i c a l  and obta ined by numerical  i n t e g r a t i o n  i n  a  low-degree 
zonal  re fe rence  f i e l d ,  i s  used he re  t o  d e r i v e  a  l i n e a r i z e d  model f o r  t h e  
s i g n a l .  The "lumped c o e f f i c i e n t s "  o f  t h e  p e r t u r b a t i o n s  can be c a l c u l a t e d  
very  e f f i c i e n t l y  w i t h  a  techn ique t h a t  r e l i e s  h e a v i l y  on t h e  Fas t  F o u r i e r  
Transform a lgo r i t hm,  and whose p r i n c i p l e  i s  s i m i l a r  t o  t h a t  o f  Gauss' 
method f o r  i n t e g r a t i n g  Lagrange's p l a n e t a r y  equat ions.  Computer s imula-  
t i o n s  o f  t h e  r e l a t i v e  mot ion o f  t h e  s a t e l l i t e s  i n  a  f i e l d  whose p o t e n t i a l  
i s  t h e  sum o f  zonal s p h e r i c a l  harmonics up t o  degree 300, suggest t h a t  
t h e  model i s  accu ra te  t o  b e t t e r  t han  i% a t  most f requenc ies  n resen t  i n  
t h e  spectrum o f  t h e  s i g n a l .  The programs used f o r  t h e  s i m u l a t i o n s  a r e  
exp la ined  and l i s t e d  i n  an appendix. 

D e t a i l e d  c o n s i d e r a t i o n  i s  g i v e n  t o  a  method f o r  e s t i m a t i n g  f rom t h e  da ta  
a l l  p o t e n t i a l  c o e f f i c i e n t s  up t o  a  h i g h  degree and o r d e r  (such as 300).  
T h i s  method i s  based on t h e  cho ice o f  a  conunorl o r b i t  t h a t  c loses  upon 
i t s e l f  a f t e r  enough days have elapsed t o  r e s o l v e  a l l  t h e  unknown c o e f f i -  
c i e n t s .  T h i s  o r b i t  g i ves  a  r o t a t i o n a l l y  symmetr ical  d i s t r i b u t i o n  o f  data.  
A f t e r  t a k i n g  care  o f  t h e  non -pe r iod i ca l  component o f  t h e  s i g n a l  (due t o  
o r b i t  e s t i m a t i o n  e r r o r s  and s e c u l a r  resonant e f f e c t s )  by i n t r o d u c i n g  
e x t r a  unknowns, t h e  normal equat ions o f  t h e  adjustment become ve ry  sparse. 
Wi th  a  s u i t a b l e  o r d e r i n g  o f  unknowns, i t  shows an "arrow" s t r u c t u r e ,  t h e  
" s h a f t "  c o n s i s t i n g  o f  d iagona l  b locks .  It i s  f e a s i b l e  t o  s o l v e  such a  
system ( i n  s p i t e  o f  i t s  g r e a t  s i z e )  w i t h  o r d i n a r y  modern computers, and 
a l s o  t o  f i n d  t h e  formal  accurac ies  o f  t h e  r e s u l t s  by a  p a r t i a l  i n v e r s i o n  
of t h e  normal m a t r i x .  

KEYWORDS: s a t e l l i t e  goedesy; s a t e l l i t e - t o - s a t e l l i t e  t r a c k i n g ;  Ea r th  model; 
a n a l y t i c a l  pe r tu rba t i ons ;  sparse mat r ices ;  H i l l ' s  equat ions;  c e l e s t i a l  
mechanics ; GRAVSAT; GRM; adjustment;  l e a s t  squares c o l  l o c a t i o n .  





A NOTE OF THANKS. 

A research v i s ~ i  t o r  f e l l o w s h i p  f rom t h e  Neder l  andse O r g a n i s a t i e  voor  Zu ive r  

Wetenschappel i j k  Onderzoek (Z.W.O. ), t h e  Dutch research foundat ion,  has 

a l lowed me t o  spend a whole yea r  i n  Hol land, work ing e x c l u s i v e l y  on t h e  

s tudy  o f  t h e  c h a r t i n g  o f  g r a v i t y  by  space techniques.  Dur ing t h i s  t ime, 

I have accumulated reasons f o r  be ing  t h a n k f u l  t o  a number o f  people f rom 

i n  and o u t s i d e  t h i s  green and l e v e l  land.  F i r s t  o f  a l l ,  I want t o  express 

g r a t i t u d e  t o  those  who made my l i f e  e a s i e r  f o r  twe lve  months: Re iner  and 

Renate Rummel and t h e i r  neighbours, Ate  and A d j i e  Bos, who f e d  me, housed 

me, prov ided me w i t h  t r a n s p o r t ,  cheered me up, showed me around, and took  

w i t h  equan imi ty  my grumbl ings about t h e  weather p e c u l i a r  t o  t h e  p lace.  

Outs ide Hol land, my a p p r e c i a t i o n  i nc ludes  t h e  t h r e e  Chr ises  i n  Munich who 

made my escapades t h e r e  so p leasant ,  as w e l l  as s c i e n t i f i c a l l y  product ive :  

Chr i s  Reigber, and Chr i s  and C h r i s t i n e  Rizos. Concerning t h e  work i t s e l f ,  

severa l  people i n  Europe and i n  t h e  USA c o n t r i b u t e d  i n fo rma t ion ,  advise,  

and encouragement. I n  Europe, Re iner  Rummel and Chr i s  Reigber gave my 

ideas t h e  b e n e f i t  o f  t h e  doubt and l i s t e n e d  t o  them p a t i e n t l y , w h i l e  

D i d e r i c k  van Daalen showed me how t o  f a c t o r  "arrow" ma t r i ces ,  a key s t e p  

i n  t h e  implementa t ion  o f  such ideas.  My research i n v o l v e d  a l o t  o f  com- 

pu t i ng ,  and here  I was he1 ped g r e a t l y  by Chr i s  Reigber, who p rov ided  me 

w i t h  a copy o f  t h e  sub rou t i ne  COWELL f o r  i n t e g r a t i n g  o r b i t s ,  and by 

C h r i s  Rizos, who showed me t h e  way t o  use it. Boudewijn van Gelder 

computed some o r b i t s  f o r  me w i t h  a v e r s i o n  o f  t h e  program GEODYN, which 

I repeated w i t h  my own sof tware,  t hus  checking i t  b e f o r e  embarking on 

e x t e n s i v e  and expensive c a l c u l a t i o n s .  

F r i t z B r o u w e r  gave me a good deal  o f  p r a c t i c a l  h e l p  i n  g e t t i n g  f a m i l i a r  

w i t h  t h e  i n t e r a c t i v e  system a t  t h e  Techn ica l  U n i v e r s i t y  o f  D e l f t ,  and 

so d i d  severa l  o t h e r  members o f  t h e  s t a f f  o f  t h e  A f d e l i n g  d e r  Geodesie. 

Outs ide Europe, Pe te r  Bender i n  Colorado, D ick  Rapp i n  Ohio, Steve Klosko, 

Clyde Goad and, l a s t  b u t  n o t  l e a s t ,  Car1 Wagner i n  Maryland, kep t  me i n  

touch w i t h  developments, made suggest ions,  asked quest ions,  and made 

c r i t i c i s m s .  These were a l l  c o n s t r u c t i v e ,  and kep t  my morale up. 

We a r e  f e l l o w  s u f f e r e r s  o f  t h e  same obsession, which i s  t o  p u t  "pa id"  

t o  c e r t a i n  c la ims by t h e  members o f  t h e  F l a t  Ea r th  Soc ie ty ,  and i t  i s  

v e r y  n i c e  t o  know t h a t ,  somewhere below t h e  curve o f  t h i s  g l o b u l a r  

wor ld ,  some people a c t u a l l y  ca re  about what one i s  doing.  



When I wro te  t h e  d r a f t  o f  t h i s  r e p o r t ,  i t  d i d  n o t  l o o k  a t  a l l  l i k e  t h e  

eye-p leas ing o b j e c t  now i n  f r o n t  o f  you. The t r a n s f o r m a t i o n  has been t h e  

p roduc t  o f  hard  and c a r e f u l  work by W i l  Coops-Lui j ten,  who typed t h e  

c l e a n  copy. A l so  some o f  t h e  c r e d i t  must go t o  B r e t t  Saunders, who d i d  

t h e  i l l u s t r a t i o n s .  Noth ing we ever  do i s  t o t a l l y  o f  o u r  own making, and 

t h i s  i s  most t r u e  o f  any s e r i o u s  e f f o r t  i n  science, however smal l  t h e  

outcome. I have many thanks t o  g i v e  t o  many people; I have mentioned 

some here, o t h e r s  escape me r i g h t  now. To a l l ,  my g r a t i t u d e  i s  r e a l .  



TO THE READER. 

A f t e r  a l ong  yea r  work ing on t h e  problem o f  how t o  map t h e  g r a v i t a t i o n a l  

f i e l d  by means o f  s a t e l l i t e - t o - s a t e l l i t e  t r a c k i n g ,  a l l  I c l a i m  i s  t h a t  

my r e s u l t s ,  though p r e l i m i n a r y ,  l o o k  t o  me encouraging. The r e a l  s i t u a -  

t i o n  i s  so much more compl ica ted and u n t i d y  than what can be s imu la ted  

i n  any computer, o r  can be expressed by any s e t  o f  formulas.  The ideas 

p u t  fo rward here  shou ld  be t e s t e d  f u r t h e r ,  and harder,  t han  I have had 

t i m e  f o r .  When w r i t i n g  t h i s  r e p o r t ,  I have done my bes t  t o  weed o u t  

i n c o n s i s t e n c i e s  and e r r o r s ;  I hope t h a t  those t h a t  remain a r e  o n l y  minor  

ones t h a t  t h e  reader  w i l l  be a b l e  t o  f i n d  and p u t  a r i g h t  w i t h o u t  much 

inconvenience. The mathemat ical  p r i n c i p l e  a t  t h e  h e a r t  o f  t h e  ma t te r ,  

r o t a t i o n a l  symmetry, i s  s imp ly  b e a u t i f u l ,  a1 though i n  t h i s  work, because 

o f  t h e  l i m i t a t i o n s  o f  t h e  w r i t e r ,  t h i s  q u a l i t y  may n o t  be easy t o  see. 

Beauty alone, u n f o r t u n a t e l y ,  i s  no guarantee o f  goodness, b u t  I do 

be1 i e v e  t h a t  any s o l u t i o n  t o  t h i s  g r e a t  puzz le  must have harmony and 

grace. Whatever t h e i r  u l t i m a t e  f t t e ,  i f  t h e  ideas proposed here  can h e l p  

t o  c l a r i f y  t h e  problem and t o  move t h e  d i scuss ion  forward,  t hey  w i l l  

have served t h e i r  purpose w e l l .  

The quest  t o  know t h e  shape o f  t h e  Ear th  i s  as o l d  as thought .  F u l f i l l i n g  

i t  has l ong  been a t a s k  i n  t h e  o v e r a l l  e n t e r p r i s e  o f  unders tand ing t h e  

wor ld .  I t i s  l i k e  a th read  i n  a very  l ong  rope, spun by t h e  hands o f  

coun t less  men through h i s t o r y ,  who have j o i n e d  i n  and done t h e i r  j o b  

f o r  a l l  s o r t s  o f  reasons, b u t  always o u t  o f  c u r i o s i t y  as w e l l .  T h i s  

th read  runs f rom t h e  sunny days o f  Anaxagoras and Ptolomei t o  our  own 

i n t e r e s t i n g  t imes. I n  a y e a r  o f  mixed seasons and storms, as t h e  days 

grow darker ,  my wish i s  t h a t  we may con t i nue  t o  s p i n  i t  f o r  a w h i l e  y e t .  

D e l f t ,  Autumn o f  1983. 
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INTRODUCTION. 

"There i s  n o t h i n g  t o o  l i t t l e  f o r  so l i t t l e  a  c r e a t u r e  

as man. It i s  by s tudy ing  l i t t l e  t h i n g s  t h a t  we a t t a i n  

t h e  g r e a t  knowledge o f  hav ing as l i t t l e  m ise ry  and as 

much happiness as poss ib le " .  

Samuel Johnson 

(quoted by Boswel l i n  h i s  London JournaZ o f  1762-63). 

Over thousands o f  years ,  t h e  unders tand ing o f  t h e  shape o f  t h e  Ear th  based 

on s c i e n t i f i c  observat ions g r a d u a l l y  evolved f rom t h e  r e c o g n i t i o n  o f  i t s  

e s s e n t i a l l y  s p h e r i c a l  cha rac te r  t o  t h e  measurement o f  i t s  mean r a d i u s  and, 

even tua l l y ,  o f  i t s  f l a t t e n i n g .  Slowly,  a d d i t i o n a l  i n f o r m a t i o n  became 

a v a i l a b l e  th rough t h e  survey ing o f  t h e  l a n d  masses and t h e  v e r y  sparse 

coverage, m o s t l y  w i t h  s h i p  measurements, o f  t h e  oceans. I n  t h e  l a t e  

n i n e t e e n - f i f t i e s ,  t h e  f i r s t  a r t i f i c i a l  s a t e l l i t e s  were p u t  i n  o r b i t  and, 

f rom then  on, t h e  s i t u a t i o n  began t o  change d r a s t i c a l l y  and a t  a  l i v e l y  

pace. Ana lys i s  o f  rada r  and o p t i c a l  t r a c k i n g  da ta  soon showed t h a t  t h e  

E a r t h  i s  s l i g h t l y  pear-shaped, w i t h  t h e  southern  h a l f  a  b i t  l a r g e r  than  

t h e  no r the rn ,  and revea led some cons ide rab le  depar tures  f rom t h e  general  

e l l i p s o i d a l  shape w i t h  l o n g i t u d e  as w e l l  as l a t i t u d e :  t h e  f i r s t  " E a r t h ' s  

models" had appeared. Those e a r l y  g r a v i t y  maps o n l y  d i sp layed  ve ry  broad 

features ,  l i k e  t h e  g r e a t  depress ion i n  t h e  geo id  south  o f  I n d i a .  Over t h e  

years ,  t h e  "models" ( g l o b a l  maps i n  t h e  form o f  t r u n c a t e d  s p h e r i c a l  har -  

monic e x p a n s i o n s o f t h e  p o t e n t i a l )  were improved con t i nuous ly ,  as more 

data  from s a t e l l i t e s  became a v a i l a b l e .  I n  t h e  e a r l y  Sevent ies t h e i r  g l o b a l  

accuracy s tood a t  b e t t e r  t han  10 m, and t h e i r  r e s o l u t i o n  a t  some 1000 km. 

Then, between 1975 and 1978, two s a t e l l i t e s  (GEOS 3  and SEASAT) were 

launched c a r r y i n g  v e r y  accu ra te  r a d a r  a1 t i m e t e r s .  T h e i r  measurements were 

used, among o t h e r  th ings ,  f o r  mapping t h e  mean sea sur face,  which depar ts  

f rom a  t r u e  l e v e l  s u r f a c e  ( t h e  ocean geo id)  by no more than  two meters.  

As a  consequence, t h e  oceans became t h e  b e s t  known p a r t s  o f  t h e  g lobe  t o  

geodes is ts  and those s c i e n t i s t s  i n t e r e s t e d  i n  t h e  i r r e g u l a r i t i e s  o f  t h e  

g r a v i t y  f i e l d ,  r e v e r s i n g  d r a s t i c a l l y  t h e  prev ious s i t u a t i o n .  A t  t h e  same 

t ime, t h e  p a t i e n t  and c a r e f u l  accumulat ion o f  g rav ime t ry  f rom a l l  over t h e  

wor ld ,  madepossible by improvements i n  technique, c o n t i n u i n g  e x p l o r a t i o n  



and b e t t e r  s c i e n t i f i c  exchanges, produced l a r g e  se ts  o f  more convent ional  

t e r r e s t r i a l  data. The combination o f  t h e  s a t e l l i t e  models, t h e  a1 t i m e t r y ,  

and t h e  t e r r e s t r i a l  data, r e s u l t e d  i n  g loba l  maps w i t h  a  r e s o l u t i o n  c lose  

t o  100 km, such as those made by Lerch e t  a l .  (1981), Rapp (1982(a)) ,etc.  

These recen t  maps a re  p a r t i c u l a r l y  good over t h e  oceans (thanks t o  t h e  

use o f  s a t e l  l i t e  a1 t i m e t r y ) ,  where they a r e  be l ieved t o  be accurate  t o  

about one meter. The p i c t u r e  they  g i v e  o f  t h e  f i n e  d e t a i l  o f  oceanic 

anomalies i s  t r u l y  impressive, showing c l e a r l y  t h e  wr ink les  i n  t h e  geoid 

caused by t h e  mountain ranges, trenches and f a u l t s  marking t h e  boundaries 

o f  t h e  p l a t e s  t h a t  make up t h e  Ear th ' s  c r u s t  (as an example, see Rapp, 

1982(b)) .  The very  broad d e t a i l s ,  on t h e  o the r  hand, have become b e t t e r  

known thanks t o  t h e  use o f  l a s e r  rang ing t o  ve ry  h igh  (and, thus, ve ry  

v i s i b l e )  s a t e l l i t e s  l i k e  LAGEOS and STARLETTE. Most o f  t h e  problems today 

l i e ,  probably, i n  t h e  medium range, from 3000 km t o  300 km. There, sea 

su r face  departures from t h e  h o r i z o n t a l  due t o  cur rents ,  e r r o r s  i n  t h e  

oceanic maps caused by u n c e r t a i n t i e s  i n  t h e  o r b i t s  o f  t h e  a l t i m e t e r  

s a t e l l i t e s ,  and poor, i n c o n s i s t e n t  o r  unava i lab le  data on land, c o n t r i -  

bu te  t o  t h e  u n r e l i a b i l i t y  o f  e x i s t i n g  g r a v i t y  f i e l d  models. Those obtained 

p u r e l y  f rom s a t e l l i t e  t r a c k i n g  a re  a f f e c t e d  by t h e  uneven d i s t r i b u t i o n  o f  

t r a c k i n g  s t a t i o n s ,  which can observe most s a t e l  l i tes,  t h e  ve ry  h ighest  

excepted, on ly  when they  a re  i n  t h e i r  p rox im i t y .  

The l i m i t a t i o n s  o f  present day g r a v i t y  f i e l d  maps, i n  s p i t e  o f  t h e  impres- 

s i v e  progress they represent  over t h e  s i t u a t i o n  twenty, and even t e n  years  

ago, has maintained a l i v e  t h e  i n t e r e s t  o f  geodesists and geophys ic is ts  

i n  t h e  development o f  new methods f o r  c h a r t i n g  t h e  g r a v i t y  f i e l d  on a 

g loba l  bas is .  The main problem w i t h  t r a c k i n g  s a t e l  l i t e s  from t h e  ground 

i s  t h a t ,  i n  order  t o  observe them f o r  long per iods o f  t ime  t o  g e t  good 

coverage, they have t o  be i n  very  h igh  o r b i t s .  But t h e  g r a v i t a t i o n a l  

anomalies, and t h e  o r b i t a l  pe r tu rba t ions  t h a t  they cause and t h a t  a re  

t h e  source o f  t h e  in fo rmat ion  i n  t h e  t r a c k i n g  data, decrease r a p i d l y  

w i t h  a l t i t u d e ,  p a r t i c u l a r l y  t h e  f i n e r  d e t a i l s .  To o b t a i n  a  sharp p ic tu re ,  

the s a t e l l i t e  has t o  be low, and t o  g e t  t h i s  p i c t u r e  over a  l a r g e  area, 

i t  has t o  be t racked from a f a r .  The s o l u t i o n  i s  t o  t r a c k  i t  w i t h  another 

s a t e l l i t e .  Track ing a low spacecraf t  f rom a h igh  one can achieve t h i s ,  



a l though  coverage may be l i m i t e d  t o  l e s s  than  t h e  whole wor ld .  T h i s  i dea  

has been t r i e d  a l ready  tw ice ,  u s i n g  f i r s t  t h e  ATS/6 geosynchronous s a t e l l i t e  

t o  t r a c k  t h e  combined Apollo-Soyusz c r a f t  i n  a  l ow  o r b i t ,  and t h e n  ATS/6 

and GEOS-3. Both exper iments were conducted i n  t h e  mid-Seventies. Perhaps 

t h e  most impress ive  demonst ra t ion  o f  what can be achieved by t r a c k i n g  

s a t e l l i t e s  ove r  ve ry  l a r g e  areas came a  decade e a r l i e r ,  and was n o t  p a r t  

o f  t h e  s tudy o f  t h e  Earth,  b u t  o f  t h e  Moon. 

M u l l e r  and S jogren (1968) used data  f rom t h e  A p o l l o  Lunar O r b i t e r s  t o  show 

evidence f o r  t h e  ex i s tence  o f  ve ry  l a r g e  and extense mass concen t ra t i ons ,  

o r  "mascons", under t h e  l u n a r  p l a i n s  ( t h e  mar ia )  o f  t h e  v i s i b l e  s ide.  I n  

o rde r  t o  cover  t h e  whole Moon ( o r  t h e  whole Ear th) ,  i n s t e a d  o f  hav ing two 

spacec ra f t  f a r  apa r t ,  one l ow  and one h i g h  ( i n  t h e  case o f  t h e  l u n a r  

o r b i t e r s ,  t h e  E a r t h  was t h e  "h igh  spacec ra f t " ) ,  we cou ld  have two t h a t  

would f o l l o w  each o the r  a long much t h e  same o r b i t ,  and a t  as low an a l t i -  

t ude  as atmospher ic f r i c t i o n  would a l l o w .  Among t h e  f i r s t  t o  propose t h i s  

p r i n c i p l e ,  known as "low-low s a t e l l i t e - t o - s a t e l l i t e  t r a c k i n g " ,  was W o l f f  

(1969). T h i s  i s  one way o f  t r y i n g  t o  o b t a i n  a  homogeneous s e t  o f  measure- 

ments f rom a  s i n g l e  source w i t h  g l o b a l  coverage. The a l t e r n a t i v e ,  and i t  

has remained t h e  o n l y  one over  t h e  years,  i s  t o  p u t  a  g r a v i t y  grad iometer  

i n  o r b i t  ( f o r  a  rev iew  o f  t h i s  idea, see Forward, 1973). 

The d e f i c i e n c i e s  o f  e x i s t i n g  g r a v i t y  maps become c l e a r e r  when one compares 

t h e  s p h e r i c a l  harmonic c o e f f i c i e n t s  o f  t h e  same degree and o rde r  obta ined 

by d i f f e r e n t  groups o f  s c i e n t i s t s .  The l a t e s t  such comparison t h a t  I know 

o f  has been made by Reigber (1983), and t h e  d i sc repanc ies  among t h e  va r ious  

s e t s  of r e s u l t s  appear t o  be cons iderab le .  More r e l i a b l e  models a r e  needed 

t o  improve t h e  c a l c u l a t i o n  o f  spacec ra f t  o r b i t s ;  t o  p rov ide  a  b e t t e r  geo id  

as a  reference su r face  f o r  he igh ts  (mean sea l e v e l ) ;  t o  remove t rends  

f rom t h e  da ta  b e f o r e  making d e t a i l e d  r e g i o n a l  maps o f  t h e  f i e l d  a t  t h e  
E a r t h ' s  surface;  t o  determine t h e  tilt o f  t h e  sea due t o  t h e  cu r ren ts ,  

and i n  t h i s  way t o  p l o t  such c u r r e n t s  (averaged over  some l e n g t h  o f  t ime) ;  

e t c .  A lso  t h e  s tudy o f  b o t h  gross and f i n e  s t r u c t u r e s  w i t h i n  t h e  s o l i d  

Earth,  i t s  c r u s t  and upper man t le  i n  p a r t i c u l a r ,  can be done b e t t e r  i f  

a  r e l i a b l e  and comprehensive g r a v i t y  survey i s  a v a i l a b l e .  G r a v i t a t i o n a l  

anomalies a r e  t h e  product  o f  t h e  i r r e g u l a r  d i s t r i b u t i o n  o f  m a t t e r  i n s i d e  



t h e  p lanet ,  so a knowledge o f  them can h e l p  t o  unravel  t h i s  d i s t r i b u t i o n  

when combined w i t h  o t h e r  i n fo rmat ion  about t h e  i n t e r i o r ,  such as seismic 

and geolog ica l  data. For  t h i s  reason, t h e  Nat iona l  Academy of Science of 

t h e  USA (NAS) has sponsored t h e  d iscuss ion o f  means and o b j e c t i v e s  

regard ing f u t u r e  g r a v i t y  surveys us ing s a t e l l  i tes.  A r e p o r t  (1979) was 

produced a f t e r  a workshop under NAS auspices and t h e  main conclusions, 

summarized, were: ( a )  fo r  geophysical and geolog ica l  s tud ies,  t h e  

g r a v i t y  f i e l d  a t  the  su r face  has t o  be known w i t h  a r e s o l u t i o n  of 100 km 

and an accuracy o f  between 2.5 and 10 mgals, depending on t h e  app l i ca t ions ,  

( b )  oceanographers need a geoid accurate  t o  10 cm f o r  features between 

100 km and 3000 km i n  s i ze .  

To understand t h e  techn ica l  d i f f i c u l t i e s  i n  f u l f i l l i n g  these requirements, 

one should cons ider  t h a t  a 10 mgal anomaly on t h e  ground, cover ing a 

square area o f  some 100 km on each side, would change t h e  r e l a t i v e  ve lo-  

c i t y  o f  two low s a t e l l i t e s ,  a few hundred k i lometers  from each o the r  and 

a t  a he igh t  o f  some 200 km, by l e s s  t h a t  10 microns per second (10% S-'). 

The same anomaly a t  t h e  same he igh t  would cause a change i n  t h e  g rad ien t  

of g r a v i t y  o f  a few hundredths o f  E6tv6s u n i t s ,  o r  l e s s  than 10- l1  of t h e  

normal a c c e l e r a t i o n  o f  g r a v i t y  per meter. Th is  means t h a t  extremely sensi-  

t i v e  instruments a re  requi red,  beyond what has been i n  use u n t i l  now. For  

s a t e l l i t e - t o - s a t e l l i t e  t rack ing ,  a s tudy commissioned by t h e  European 

Space Agency i n  t h e  1970's proposed a l a s e r  t r a c k i n g  system placed on t h e  

Space S h u t t l e  o r  on an independent o r b i t e r ,  rang ing t o  two r e f l e c t i n g  

t a r g e t s  i n  i t s  v i c i n i t y  (SLALOM repor t ,  1978). More recen t  i n fo rmat ion  

on t h i s  idea can be found i n  t h e  CSTG B u l l e t i n ,  No. 2, o f  1980. The pur- 

pose o f  t h i s  experiment, i f  conducted from t h e  Shut t le ,  would be t o  cover 

some reg ions over Eurasia and t h e  Mediterranean. The Nat iona l  Aeronaut ics 

and Space Admin is t ra t ion  o f  t h e  US, f o r  i t s  pa r t ,  has nur tured f o r  years 

plans f o r  p u t t i n g  two s a t e l l i t e s  i n  o r b i t ,  capable o f  t r a c k i n g  each o t h e r  

by a radar  i n t e r f e r o m e t r i c  system being designed and tes ted  a t  the  Appl ied 

Physics Laboratory,  which i s  sa id  t o  be able,  eventua l ly ,  t o  reach accura- 

c i e s  o f  b e t t e r  than 1 micron per second (Pisacane and Yonoulis, 1980). 

As one way t o  increase s e n s i t i v i t y  i s  t o  keep the  s a t e l l i t e s  as low as 

possible,  t h e  US idea would have the  two spacecraf t  provided w i t h  small 

rocke t  engines, o r  th rus te rs ,  a b l e  t o  f i r e  i n  a l l  d i r e c t i o n s  t o  compensate 



w i t h  t h e i r  impulses f o r  t he  loss o f  v e l o c i t y  caused by a i r  drag, so t he  

p a i r  may s tay  i n  o r b i t  f o r  some s i x  months, t o  ensure t h a t  enough data 

i s  gathered. A t  t he  same time, by us ing a closed-loop con t r o l  system t h a t  

senses t h e  p o s i t i o n  o f  a proof-mass i ns i de  each s a t e l l i t e ,  such mass 

would be kept i n  permanent f r e e  f a l l ,  a f fec ted  on ly  by g r a v i t a t i o n a l  

forces, s i m p l i f y i n g  t he  analys is  o f  t h e  measurements, which record t h e  

r e l a t i v e  v e l o c i t y  o f  one proof-mass respect t o  t h e  other .  

The a l t e r n a t i v e  t o  s a t e l l i t e - t o - s a t e l l i t e  t r ack i ng  i s  s a t e l l i t e  grad io-  

metry. I n  Europe, t h e  French have considered t h i s  p o s s i b i l i t y ,  as shown 

by a recent  study from a group o f  s c i e n t i s t s  from var ious organizat ions 

(Balmino e t  a l . ,  1981). The i r  idea i s  t o  pe r f ec t  a th ree-ax ia l  accelero- 

meter a l ready used i n  France's space programme, and t o  put  an ensemble 

o f  several  o f  these i n  o r b i t .  I n  t h e  US, present e f f o r t s  a re  concen- 

t r a t e d  on developing a completely new instrument,  where t h e  sensors a re  

superconducting accelerometers inmersed i n  l i q u i d  helium, and a re  der ived 

from t h e  design ideas f o r  absolute gravimeters and gravi ty-wave detectors  

per fected over t h e  l a s t  decade. The aim i s  t o  b u i l d  a device w i t h  an 

accuracy o f  one thousandth o f  an Eijtvijs o r  b e t t e r  (Paik,  1981). 

There seem t o  be th ree  main d i f f i c u l t i e s  i n  t h e  way t o  t h e  de ta i l ed  

mapping o f  g r a v i t y  from space; b u i l d i n g  adequate instruments, f i nanc ing  

t h e  whole operat ion, and analyz ing t h e  data t o  c rea te  t h e  actua l  maps. 
' 

A l l  I can say about t h e  f i r s t  two i s  t h a t  they are q u i t e  considerable. 

'The l a s t  one, data-processing, i s  a lso  on t he  formidable side; o f  t he  

three,  i t  i s  t h e  on ly  one w i t h  which t h i s  work i s  concerned. To map t h e  

f i e l d  g l o b a l l y  t o  a r eso l u t i on  o f  one hundred k i lometers  o r  so, the  mathe- 

mat i ca l  representat ion o f  t he  map must have, regardless o f  t he  actua l  type 

o f  base func t ions  chosen (spher i ca l  harmonics, area means, e tc .  ) , i n  the  
5 order  o f  10 parameters. The values o f  these paramaters a re  unknowns t o  

be estimated from several  m i l l i o n s  o f  observat ions (assuming a six-month's 

miss ion and a sampling r a t e  o f  a few seconds). One p o s s i b i l i t y  i s  t o  take 

data cover ing a c e r t a i n  reg ion  and map t h a t  p a r t  o f  t he  wor ld  separate 

from t h e  r e s t .  These l oca l  maps, o r  so lu t ions ,  have been produced a l ready 

us ing some o f  t he  e x i s t i n g  s a t e l l i t e - t o - s a t e l l i t e  data from l a s t  decade's 

experiments (see, f o r  example, Marsh and Marsh, 1977, and Kahn and Wells, 

1979). No counterpar t  t o  these e x i s t  f o r  gradiometry, as no gradiometer 



has been used i n  a mapping m iss ion  y e t .  The methods f o r  producing such 

l o c a l  maps a l ready  e x i s t ,  i n  p r i n c i p l e ,  though a good deal  o f  " tunn ing  

up" i s  needed b e f o r e  they  can be used w i t h  confidence, a major problem 

be ing numerical  i n s t a b i l i t i e s  when s o l v i n g  t h e  adjustment equat ions.  

The l o g i c a l  a l t e r n a t i v e  would be producing a world-wide, o r  g loba l ,  map. 

Here one must deal  w i t h  t h e  huge numbers o f  unknowns and observat ions 

mentioned a l ready.  I n  a d d i t i o n  t o  t h e  parameters d e s c r i b i n g  t h e  g r a v i t a -  

t i o n a l  anomalies, one must i n c l u d e  o the rs  t o  account f o r  t h e  i m n e r f e c t l y  

known p o s i t i o n  o f  t h e  s a t e l l i t e s  i n  t h e i r  o r b i t s .  I n  t h e  case o f  t h e  

gradiometer, assuming t h a t  severa l  second d e r i v a t i v e s  o f  t h e  geopo ten t ia l  

can be measured simultaneously,  i t  appears poss ib le  t o  s p l i t  t h e  problem 

i n t o  two independent pa r t s :  mapping t h e  f i e l d  and es t ima t ing  t h e  o r b i t s ,  

and t h a t  bo th  p a r t s  can be c a r r i e d  o u t  ve ry  e f f i c i e n t l y ,  so g loba l  

e s t i m a t i o n  may be f e a s i b l e  even w i t h  present  day computers (Rummel and 

Colombo, 1983). The l i k e l y  accuracy o f  t h e  est imated g r a v i t a t i o n a l  para- 

meters ( i n  t h e  form o f  spher i ca l  harmonic p o t e n t i a l  c o e f f i c i e n t s )  and o f  

t h e  o r b i t a l  parameters may be ve ry  h igh  w i t h  an ins t rument  l i k e  t h e  

superconduct ing gradiometer (Colombo and Kleusberg, 1982). The problem 

i s  b a s i c a l l y  more d i f f i c u l t  w i t h  s a t e l l i t e - t o - s a t e l l i t e  t r a c k i n g .  

The main d i f f e r e n c e  between s a t e l l i t e  grad iometry  and s a t e l l i t e - t o - s a t e l l i t e  

t r a c k i n g  stems from t h e  l a t t e r  i n v o l v i n g  two, i ns tead  o f  one, spacecraf t .  

There i s  a l s o  t h e  na tu re  o f  o r b i t a l  pe r tu rba t ions ,  which have a more com- 

p1 i c a t e d  mathematical rep resen ta t i on  than t h e  second d e r i v a t i v e s  o f  t h e  

p o t e n t i a l .  The key t o  a f e a s i b l e  e s t i m a t i o n  o f  t h e  g r a v i t a t i o n a l  para- 

meters i s  an ordered s p a t i a l  arrangement o f  t h e  data,  and a r e l a t i v e l y  

s imple  l i n e a r i z e d  model t h a t  approximates t h e  e f f e c t  of t h e  f i e l d  anoma- 

l i e s  on t h e  s i g n a l .  The l a t t e r  i s  r e a d i l y  a v a i l a b l e  f o r  gradiometry,  f rom 

t h e  d i f f e r e n t i a t i o n ,  t w i c e  over, o f  t h e  spher i ca l  harmonic expansion o f  

t h e  p o t e n t i a l .  I n  t h e  case o f  t h e  s a t e l l i t e  p a i r ,  bo th  members 

must r e t a i n  t h e i r  r e l a t i v e  p o s i t i o n s  w i t h i n  r i g i d  l i m i t s  f o r  l o n g  pe r iods  

o f  t ime, as they toge the r  form the  actual ins t rument ,  and changing t h e i r  

d istance, r e l a t i v e  he ights ,  etc., i s  equ iva len t  t o  changing t h e  i n s t r u -  

ment, something q u i t e  f o r e i g n  t o  t h e  gradiometer.  A r e a l i s t i c  mathematical 

model must be found which i s  a l s o  s imple  enough t o  be used i n  c a l c u l a -  

t i o n s  o f  reasonable length ,  and t o  a l l o w  t h e  e x p l o i t a t i o n  o f  symnetr ies 



i n  t h e  measurements t o  c u t  down t h e  computing e f f o r t .  The search f o r  models 

f o r  s a t e l l i t e - t o - s a t e l l i t e  t rack ing  t h a t  a re  both handy enough and accurate 

enough has been going on f o r  q u i t e  some t ime. A c t i v i t y  over t h e  l a s t  few 

years has been centered around t h e  discussions o f  t h e  "GRAVSAT working group" 

(GRAVSAT was t h e  o r i g i n a l  name f o r  NASA's fu tu re  g r a v i t y  miss ion)  i n  t h e  

US. A  number o f  s i m p l i f i e d  models f o r  t he  s igna l  have been considered, 

i n c l ud i ng  Wo l f f ' s  o l d  idea o f  equat ing r e l a t i v e  v e l o c i t y  changes t o  t he  

changes i n  g r a v i t a t i o n a l  p o t e n t i a l  between t h e  s a t e l l i t e s  (d iv ided by t h e  

mean v e l o c i t y ) ,  o r  t h a t  o f  tak ing  t h e  t ime-der i va t i ve  o f  t h e  range-rate as 

equal t o  t h e  d i f f e rence  between t h e  g r a v i t a t i o n a l  accelerat ions o f  t h e  two 

spacecraf t  pro jected along t he  d i r e c t i o n  o f  t h e i r  l i ne -o f - s i gh t .  These 

models were proposed t o  side-step t h e  supposedly i n t r a c t a b l e  desc r i p t i on  

o f  t he  s igna l  i n  terms o f  o r b i t a l  mechanics (such desc r i p t i on  seemed 

use fu l  o n l y  i n  l o c a l  so lu t ions ;  C. Schwartz (1970) was one o f  t h e  f i r s t  

t o  study it; see a l so  Douglas e t  a1 (1980)). 

I n  1982, computer s imulat ions o f  r e l a t i v e  l i ne -o f - s i gh t  v e l o c i t i e s  were 

conducted by Lerch and others  a t  Goddard Space F1 i g h t  Center, USA, and 

t h e  computed s igna l  was used t o  assess t he  var ious s i m p l i f i e d  models then 

under study. Th is  showed t h a t  none o f  them could be described as b e t t e r  

than " f a i r " ,  and t h a t  probably none was "good enough". On t he  o ther  hand, 

these s i m p l i s t i c  models have been very  use fu l  f o r  e r r o r  analysis,  i .e.  t o  

guess how good t h e  r e s u l t s  o f  a  mission could be, g iven c e r t a i n  charac- 

t e r i s t i c s  (separat ion, he ight ,  e tc . )  and a  c e r t a i n  q u a l i t y  o f  data. 

Far t h e  g loba l  cha r t i ng  o f  t he  f i e l d ,  o f  many s tud ies  conducted over t h e  

years, those by Breakwel l (1979), and Rummel (1980), are representat ive.  

The reassur ing t h i n g  about them i s  t h a t  they a l l  tend t o  a r r i v e  a t  s i m i l a r  

conclusions, even when t h e  approximations a re  q u i t e  d i f f e r e n t .  A  search 

f o r  a  b e t t e r  model, i ncorpora t ing  p r i n c i p l e s  o f  o r b i t a l  mechanics, become 

c l e a r l y  necessary a f t e r  t h e  s imulat ions a t  Goddard. Some attempts were 

being made even before, as exempl i f ied by t h e  work o f  Gaposhkin and Kaula 

as members o f  t h e  "GRAVSAT group'' (Kaula (1983) has presented r e c e n t l y  h i s  

own ideas on t h i s  mat te r  ( l ) ) .  F i na l l y ,  a  breakthrough occurred when, i n  

December o f  1982, Wagner and Goad de l i ve red  t o  t h e  F a l l  Meeting o f  t h e  

American Geophysical Union a  j o i n t  paper suggesting t he  p o s s i b i l i t y  of 

es t imat ing  vas t  numbers o f  po ten t i a l  c o e f f i c i e n t  us ing a  l inear  model 

der ived from c l ass i ca l  ana l y t i ca l  o r b i t a l  per turbat ions '  theory. 

I1)see a l so  h i s  paper i n  J.G.R. (Red), pp. 5345-9349, Oct. 1983, Vol. 86, 
No. B10, " In ference o f  Var ia t ions  i n  t he  G rav i t y  F i e l d  froin S a t e l l i t e -  . - - - - - - 
t o - S a t e l l i t e  Range Rate". 



Their solution to such an enormous estimation problen depends on a 
principle that  i s  both simple and beautiful. Imagine tha t  two s a t e l l i t e s  
follow each other a few hundred kilometers apart and vi r tual ly  along the 
same orbi t .  To obtain the highest resolution, t h i s  o rb i t  i s  low, near- 
c i rcular  and close to  polar. In order to have some structure in the signal ,  
the "one instrument" principle i s  enforced by using the thrusters t o  keep 
the spacecraft "flying" in a t i g h t  formation. Imagine, further,  tha t  the i r  
common height i s  chosen so that  the orbital  period i s  congruent with a 
whole number of revolutions of the Earth, so, a f t e r  some months, the 

s a t e l l i t e s  return t o  the same places where they started from, as seen 
by an observer fixed to  the Earth. From the point of view of t h i s  observer, 
the common orb i t  i s  a he1 ix that  wraps i t s e l f  around a nearly spherical 
surface of revolution until i t  comes back t o  i t s  s t a r t .  If the mission 
goes on afterwards, the same places will be reached again and the same 
signal will be measured once more, except fo r  some secular phenomena 

kept on check by the corrective manoeuvres('). The who1 e mission becomes 
periodical, "biting i t s  own t a i l " .  To ensure t h i s ,  the mean orbi t  i s  
also "frozen", so i t  does not precess i n  i t s  own plane (though the plane 
i t s e l f  may move). The temporal periodicity of such an orbi t  corresponds 
to  a beautifully symmetrical pattern in space. The " t a i l  biting" o rb i t ,  
and the points where measurements are  taken a t  regular intervals along 
i t ,  a re  such that  an observer looking from any of these points can t e l l  
his la t i tude ,  i f  the position of the pole i s  visible as well, b u t  not 
his longitude: each successive t u r n  of the helix i s  identical t o  any of 
the others. This means that  both the helix and the pattern of measure- 
ment have rotational symmetry around the Earth's axis. This i s  the 
principle a t  the heart of the global solution. 

The idea of using a rotationally symmetrical orbi t  to  speed u p  computa- 

tions was t r i ed  fo r  the f i r s t  time,in connection t o  sa te l l i t e - to -  

s a t e l l i t e  tracking, i n  an error analysis that  I did some years ago using 
one of the more naive models (Colombo, 1981a). The great merit of Wagner 
and Goad has been t o  remove a collective mental block, showing that  th i s  
symmetry also works i t s  wonders when a much more r e a l i s t i c  model i s  used, 
and tha t  there i s  no unsurmountable problem in trying to base such a model 
on analytical perturbations' theory. This approach i s ,  of course, only 
one of many a1 ternatives,  b u t ,  in my opinion, i t  i s  the best proposed 

 he spelling adopted i s  mostly that  of the Concise Oxford Dictionary. 



up t o  now f o r  g loba l  mapning, and so I have fo l lowed i t  i n  the  work 

repor ted  here. Models based on o r b i t a l  mechanics, u n t i l  t h e  t ime when 

I s t a r t e d  my own research, have r e l i e d  on t h e  " l i t e r a l "  fo rmu la t ion  o f  

a n a l y t i c a l  pe r tu rba t ions .  Th is  i s  i d e a l  f o r  understanding what happens 

when t h e  main c h a r a c t e r i s t i c s  o f  an o r b i t  (semi-major ax is ,  eccen t r i -  

c i t y ,  i n c l i n a t i o n ,  e tc . )  a r e  changed, b u t  has t h e  drawback o f  be ing 

chock-ful  l w i t h  t h e  b e a u t i f u l l y  l ong  and complex expansions t h a t  

c e l e s t i a l  mechanicists a r e  so fond o f .  Th is  makes computing more than 

a  b i t  awkward. There i s  a  very  c l e v e r  a l t e r n a t i v e ,  i f  t h e  l a t t e r  i s  

t h e  goal, a t t r i b u t e d  t o  Gauss and known as t h e  "numerical"  formulat ion,  

where c e r t a i n  q u a n t i t i e s  t h a t  have very  compl icated " l i t e r a l "  forms, 

r e q u i r i n g  many a r i t h m e t i c  operat ions, can be c a l c u l a t e d  by much simpler,  

b u t  equ iva lent ,  methods. As t h e  purpose o f  computing e i t h e r  

" l i t e r a l "  o r  "numerical"  formulas i s  t o  o b t a i n  t h e  F o u r i e r  c o e f f i c i e n t s  

o f  t h e  per tu rba t ions  and, eventua l ly ,  o f  t h e  s igna l ,  i t  seems a  good 

idea t o  t r y  t o  couple t h e  "numerical"  approach w i t h  powerful mathema- 

t i c a l  t o o l s  such as t h e  Fast  F o u r i e r  Transform f o r  harmonic ana lys is .  

The advantage o f  t h i s  i s  t h a t  one does n o t  need t o  exclude a l l  terms 

above t h e  f i r s t  power i n  t h e  e c c e n t r i c i t y ,  as i t  has been t h e  case u n t i l  

now because o f  t h e  d i f f i c u l t i e s  posed by t h e  " l i t e r a l "  fo rmu la t ion  

(and one has t o  inc lude  h igher  powers i f  a  very  h igh  r e s o l u t i o n  o f  the  

f i e l d  i s  the  o b j e c t i v e ) .  

I n  a d d i t i o n  t o  having j o i n e d  together  a  "numerical"  fo rmu la t ion  t o  t h e  

Fast F o u r i e r  Transform f o r  computing t h e  a n a l y t i c a l  pe r tu rba t ions '  Fou- 

r i e r  c o e f f i c i e n t s ,  I have adopted a  re ference o r b i t  t h a t  i s  n o t  merely 

" f rozen"  i n  t h e  sense t h a t  i t s  mean e l l i p s e  does n o t  change i t s  shape 

and o r i e n t a t i o n ,  except f o r  a  slow precession around the  t e r r e s t r i a l  

ax is ,  b u t  t h a t  a c t u a l l y  c loses upon i t s e l f  i n  i t s  plane, so i t  appears 
t o  an observer on t h i s  plane t o  be p e r f e c t l y  p e r i o d i c a l .  

Th is  o r b i t ,  i n t e g r a t e d  numer ica l l y  i n  a  re ference f i e l d  compris ing t h e  

c e n t r a l  f o r c e  term and t h e  low degree zonals o f  t h e  spher i ca l  harmonic 

expansion (according t o  one o f  t h e  e x i s t i n g  s a t e l l i t e  models), i s  n o t  

t h e  usual k p l e r i a n  e l l i p s e  along which t h e  per tu rba t ions  a re  l i n e a -  

r i z e d  i n  t h e  c l a s s i c a l  approach (Kaula, 1966) known as " v a r i a t i o n  o f  

constants" i n  astronomy. Being a  t r u e  o r b i t  i n  the  zonal r e f e r e n c e f i e l d ,  



i t  con ta ins  b o t h  l o n g  and s h o r t  p e r i o d  pe r tu rba t i ons ,  and t h e  e f f e c t  o f  

h i g h e r  degree zonals i n  a d d i t i o n  t o  those o f  t h e  ob la tness.  As a  r e s u l t ,  
i t  comes much c l o s e r  t o  t h e  a c t u a l  pa th  o f  each s a t e l l i t e  than t h e  c l a s s i c a l  

e l l i p s e  (and t h e  s a t e l l i t e s  can f o l l o w  i t  f o r  l onger  pe r iods  w i t h o u t  be ing  

f o r c e d  t o  do so by t h e  a c t i o n  o f  t h e i r  eng ines) .  T h i s  means a  g r e a t e r  

accuracy i n  t h e  model t han  i t  i s  p o s s i b l e  w i t h  t h e  convent iona l  e l l i p s e  

and a  f o r m u l a t i o n  l i m i t e d  t o  f i r s t  power i n  t h e  e c c e n t r i c i t y .  That  a  

g r e a t e r  accuracy i s  r e a l l y  needed t o  deal  w i t h  h i g h  degree s p h e r i c a l  

harmonics (about  100 km wavelength) i s  apparent f rom t h e  r e s u l t s  o f  

some o f  t h e  c a l c u l a t i o n s  r e p o r t e d  i n  t h i s  work. S impler  models, t r u n -  

ca ted a t  t h e  f i r s t  power, have performed reasonably  w e l l ,  b u t  o n l y  when 

t e s t e d  up t o  degree and o r d e r  e i g h t  o r  thereabouts,  which does n o t  show 

t h e  a c t u a l  d i f f i c u l t i e s  a t  much f i n e r  r e s o l u t i o n s .  Abandoning t h e  c l a s s i -  

c a l  e l l i p s e  f o r  t h e  sake o f  accuracy r e q u i r e s  g i v i n g  up a l s o  on t h e  use 

o f  t h e  c l a s s i c a l  theory .  Fo r  t h i s  reason I have developed an approach 

s p e c i a l l y  t a i l o r e d  t o  t h e  problem, based on t h e  s o l u t i o n  o f  t h e  app rox i -  

mate v a r i a t i o n a l  equat ions sometimes known as H i l l ' s  equat ions,  which 

f o r  low, n e a r - c i r c u l a r  o r b i t s  a r e  c o r r e c t  t o  t h e  o r d e r  o f  t h e  E a r t h ' s  

f l a t t e n i n g .  Th i s  means an u l t i m a t e  accuracy o f  a  few p a r t s  per  thousand 

i n  t h e  model. These d i f f e r e n t i a l  equat ions a r e  r e l a t e d  t o  t h e  ones 

de r i ved  by H i l l  (1878) f o r  t h e  s tudy  o f  p e r t u r b a t i o n s  i n  t h e  l u n a r  o r b i t  

caused by t h e  Sun. As i n  H i l l ' s  o r i g i n a l  work, t h e  formulas  correspond 

t o  a  system o f  Car tes ian coo rd ina tes  r o t a t i n g  u n i f o r m l y  i n  t h e  o r b i t a l  

plane. They have some a p p l i c a t i o n  i n  s tudy ing  t h e  rendezvous o f  two 

spacec ra f t  (see Kaplan, 1976). 

The genera l  p l a n  of t h i s  work i s  as f o l l o w s :  s e c t i o n  1 e x p l a i n s  t h e  main 

concepts r e l e v a n t  t o  t h e  l i n e a r i z e d  model, and presents  t h e  d e r i v a t i o n s  

l e a d i n g  t o  it. H i l l ' s  equat ions,  whose s o l u t i o n s  a r e  p a r t  o f  t h e  model, a r e  

ob ta ined  by l i n e a r i z i n g  t h e  equat ions o f  mot ion,  and t h e  main assumptions 

u n d e r l y i n g  t h e  model a r e  discussed i n  d e t a i l .  Sec t i on  2 dea ls  f i r s t  w i t h  

t h e  p e r i o d i c a l  r e f e r e n c e  o r b i t  and how t o  compute it; then  i t  g i v e s  a  com- 

p l e t e  " l i t e r a l "  t rea tmen t  o f  t h e  f o r c i n g  terms o f  H i l l ' s  equat ions,  and 

f i n a l l y  i t  a r r i v e s  a t  t h e  F o u r i e r - s e r i e s  form o f  t hese  terms, a  form t h a t  

s i m p l i f i e s  g r e a t l y  t h e  a n a l y t i c a l  s o l u t i o n s  o f  t h e  v a r i a t i o n a l s .  The 

mathemat ical  d e t a i l s  o f  how these s o l u t i o n s . a r e  obta ined a r e  shown 



i n  Appendix I (Appendix I1  covers some aspects n o t  r e l e v a n t  t o  t h e  

c e n t r a l  problem, b u t  t h a t  complete t h e  o r b i t  theory) .There i s ,  a l s o  i n  

s e c t i o n  2, an exp lana t ion  o f  how t h e  "numer ica l "  approach can be used 

t o  implement t h e  theo ry  i n  a  computer ( w i t h o u t  a c t u a l l y  emploj l ing t h e  

l e n g t h y  formulas  t h a t  t o o k  me so much t r o u b l e  t o  d e r i v e  and may r e q u i r e  

so much pa t i ence  o f  t h e  reader  who t r i e s  t o  f o l l o w  them). 

Sec t i on  3  ge ts  down t o  t h e  c e n t r a l  business,  which i s  t h e  e s t i m a t i o n  o f  

a  huge number of p o t e n t i a l  c o e f f i c i e n t s  f rom an enormous number of 

measurements. Here t h e  methods of e s t i m a t i o n  compat ib le  w i t h  t h e  approach 

( l e a s t  squares adjustment,  l e a s t  squares c o l l o c a t i o n )  a r e  presented i n  

t h e i r  more r e l e v a n t  aspects; t h e  l i n e a r i z e d  obse rva t i on  equat ions a r e  

d e r i v e d  f rom t h e  model o f  s e c t i o n  1 and t h e  p e r t u r b a t i o n  t h e o r y  o f  

s e c t i o n  2; and t h e  cho ice  o f  o r b i t  t h a t  b r i n g s  about t h e  r o t a t i o n a l  

symmetry o f  t h e  d a t a  p o i n t s  i s  considered i n  some d e t a i l .  T h i s  i s  

f o l l o w e d  by an e x p l a n a t i o n  o f  t h e  s t r u c t u r e  t h a t  t h i s  cho ice  and t h e  

r e s u l t i n g  symmetry induce i n  t h e  normal m a t r i x .  As I cons ide r  t h e  

adjustment o f  some a d d i t i o n a l  parameters, known here as "a rc  parameters", 

t h a t  soak up a l l  t h e  main a p e r i o d i c  f l u c t u a t i o n s  i n  t h e  s i g n a l ,  t h e  

normal m a t r i x  i s  n o t  b l o c k  d iagona l ,  as i n  my o l d  e r r o r  a n a l y s i s  o f  

1981 o r  i n  Wagner and Goad's paper, b u t  an "arrow" m a t r i x ,  w i t h  a  

" s h a f t "  o f  d iagona l  b locks  and two s i d e  "wings" ( a t  t h e  lower  and a t  t h e  

r i g h t  edges o f  t h e  m a t r i x )  corresponding t o  t h e  e x t r a  parameters. 

Th i s  m a t r i x ,  which i s  huge b u t  v e r y  sparse, can be s e t  up d i r e c t l y ,  

w i t h o u t  hav ing t o  c r e a t e  f i r s t  a  m a t r i x  o f  obse rva t i on  equat ions 

(which i s  n e a r l y  f u l l  and much l a r g e r )  and t h e  arrow-shaped normals 

can be so l ved  q u i t e  e a s i l y  by  Cholesky decomposit ion. Also, i t  i s  pos- 

s i b l e  t o  c a l c u l a t e  t h e  formal  var iances o f  t h e  es t imated p o t e n t i a l  

c o e f f i c i e n t s  by a  p a r t i a l  i n v e r s i o n  o f  t h i s  m a t r i x .  The o v e r a l l  proce- 

du re  can be implemented i n  e x i s t i n g  sequen t ia l  p rocess ing machines 

t o  es t ima te  s p h e r i c a l  harmonic c o e f f i c i e n t s  up t o  degrees as h i g h  as 

300 i n  a  few hours and w i t h o u t  t h e  r i s k  o f  undue accumulat ion o f  

round ing e r r o r s .  A f t e r  d i scuss ing  severa l  problems assoc ia ted w i t h  

o b t a i n i n g  and us ing  such l a r g e  g l o b a l  models, t h e  s e c t i o n  c loses w i t h  

t h e  c o n s i d e r a t i o n  o f  t h e  complementary role o f  l o c a l  and g l o b a l  

mapping. Sec t i on  4 presents  t h e  r e s u l t s  o f  computer s i m u l a t i o n s  t h a t  

t e s t  t h e  q u a l i t y  o f  t h e  model o f  t h e  s a t e l l i t e - t o - s a t e l l i t e  t r a c k i n g  

s ignal ,  us ing  a  ve ry  h i g h  degree f i e l d  o f  zona ls  (up t o  n  = 300),as 



f a r  as i t  has been p r a c t i c a b l e  w i t h i n  t h e  t ime  a t  my d i sposa l .  The l i s t i n g s  

o f  t h e  computer programs t h a t  I have used f o r  these s imu la t i ons ,  t oge the r  

w i t h  some e x p l a n a t i o n  o f  how t h e y  work, can be found i n  Appendix 111. 

F i n a l l y ,  Appendix I V  shows i n  f u l l  d e t a i l ,  f requency by f requency,  t h e  

spec t ra  o f  p u r e l y  g r a v i t a t i o n a l  p e r t u r b a t i o n s  o f  t h e  s i g n a l  f o r  s a t e l l i t e  

separa t i ons  o f  100 km and 300 km, r e s p e c t i v e l y .  



1. THE MATHEMATICAL MODEL. 

P r e l i m i n a r y  comments and overview. 

T h i s  s e c t i o n  i n t roduces  t h e  bas i c  concepts needed t o  develop a  mathema- 

t i c a l  model o f  t h e  s i g n a l  f o r  a  sate1 l i t e - t o - s a t e 1  l i t e  t r a c k i n g  miss ion.  

As t r e a t e d  here, t h i s  s i g n a l  i s  t h e  ~ e s u l t  o f  subs t rac t i ng ,  f rom t h e  

r e l a t i v e  v e l o c i t y  between two spacec ra f t  s u b j e c t  o n l y  t o  t h e  E a r t h ' s  

g r a v i t a t i o n a l  f i e l d ,  t h e  va lue o f  t h i s  v e l o c i t y  computed us ing  a  

f i e l d  model w i t h  i n c o r r e c t  parameters and erroneous es t imates  o f  t h e  

i n i t i a l  s t a t e  ( p o s i t i o n  and v e l o c i t y )  o f  each s a t e l l i t e .  T h i s  d i f f e -  

rence i s  a  f u n c t i o n  o f  t h e  unknown c o r r e c t i o n s  needed t o  s e t  bo th  t h e  

f i e l d  model and t h e  i n i t i a l  s t a t e s  r i g h t .  The model proposed here i s  

t h e  r e s u l t  o f  l i n e a r i z i n g  t h i s  f u n c t i o n  about known parameter values,  

so t h a t  i t  can be used i n  a  convent iona l  l e a s t  squares adjustment,  

p l u s  some approximat ions t h a t  s i m p l i f y  t h e  mathematical fo rmulas .  

The two spacec ra f t  a r e  supposed t o  f o l l o w  each o t h e r  a long n e a r l y  

c i r c u l a r  and p o l a r  o r b i t s  t h a t  a r e  almost i d e n t i c a l .  The o r b i t s  a r e  

as low as poss ib le ,  t o  a l l o w  t h e  g r e a t e s t  s e n s i t i v i t y  t o  t h e  i r r e g u -  

l a r i t i e s  i n  t h e  f i e l d  t h a t  t h e  m iss ion  must map. Each s a t e l l i t e  c a r r i e s  

a  proof-mass i n s i d e ,  which i s  main ta ined i n  permanent f r e e - f a l l  by t h e  

a c t i o n  of smal l  r o c k e t  engines t h a t  f i r e  i n t e r m i t e n t l y  t o  avo id  t h e  

mass touch ing  t h e  w a l l s  t h a t  enc lose it, thus  e l i m i n a t i n g  t h e  e f f e c t  

o f  aerodynamic drag and o t h e r  n o n - g r a v i t a t i o n a l  f o r c e s  on t h e  mass. 

The r e l a t i v e  mot ion measured i s  t h a t  o f  t h e  two proof-masses, u s i n g  

r a d a r  t o  f i n d  t h e  changes i n  separa t i on  between bo th  spacec ra f t  w h i l e  

a l s o  sensing t h e  v a r y i n g  p o s i t i o n s  o f  t h e  proof-masses i n s i d e  them. 

Depending on t h e  way t h e  measurements a r e  taken, t h e  s i g n a l  may be 

e i t h e r  t h e  ins tantaneous r e l a t i v e  l i n e - o f - s i g h t  v e l o c i t y ,  o r  i t s  

average over  a  number o f  seconds, which i s  d i r e c t l y  p r o p o r t i o n a l  t o  

t h e  change i n  d i s t a n c e  ove r  t h e  same per iod,  a l s o  known as change 

i n  "b iased range". As one model i s  a  s imple  t ime  i n t e g r a l  o f  t h e  o t h e r ,  

a l l  fo rmulas  de r i ved  f o r  t h e  ins tantaneous v e l o c i t y  can be m o d i f i e d  

v e r y  s imply  t o  deal  w i t h  t h e  o t h e r  cases. For t h i s  reason o n l y  t h e  

model f o r  t h e  ins tantaneous v e l o c i t y  i s  t r e a t e d  i n  t h i s  sec t i on .  The 

ex tens ion  t o  o b t a i n  t h e  model f o r  t h e  averaged v e l o c i t y  i s  done i n  



s e c t i o n  3, which dea ls  w i t h  t h e  a c t u a l  obse rva t i on  equat ions and t h e  

d e t a i l s  o f  t h e  adjustment.  

The main o b j e c t i v e  i n  d e r i v i n g  t h e  model has been t o  r e f l e c t  t h e  

phys i ca l  r e a l i t y  o f  t h e  problem as a c c u r a t e l y  as poss ib le ,  w h i l e  

r e s p e c t i n g  t h e  c o n s t r a i n t  t h a t  t h e  formulas  shou ld  be s u s c e p t i b l e  

o f  p r a c t i c a l  imp1 ementat i  on. The r e s u l t  i S o f  cons ide rab le  compl e x i  - 
ty, as t h e  reader  w i l l  app rec ia te  when l o o k i n g  a t  s e c t i o n s  2 and 3. 

T h i s  comp lex i t y  i s  n o t  i ncompa t ib le  w i t h  p r a c t i c a l  use, b u t  makes t h e  

w r i t i n g  o f  computer programs more d i f f i c u l t  t han  t h e  s imp le r  models 

proposed so f a r .  Th i s  e x t r a  programming increases t h e  o v e r a l l  e f f o r t  

and cos t  o f  a  m iss ion  by  a  n e g l i g i b l e  amount, so i t  i s  a  mere 

nuisance. The impor tan t  t h i n g  i s  t h a t  t h e  model must desc r ibe  t h e  

s i g n a l  a c c u r a t e l y  f rom i t s  broadest aspects t o  i t s  f i n e s t  d e t a i l s .  

S impler  models have f a i l e d  t o  do t h i s  i n  computer s imu la t i ons ,  and 

may need upgrad ing b e f o r e  t h e y  can be o f  p r a c t i c a l  use. T h i s  cou ld  

prove t o  be much more d i f f i c u l t  t han  d e r i v i n g  a  more r e a l i s t i c  

model f rom t h e  s t a r t .  

The model i s  based on Newtonian o r b i t  mechanics. Because o f  t h e  

absence o f  n o n - g r a v i t a t i o n a l  fo rces,  t h e  use o f  a n a l y t i c a l  p e r t u r -  

b a t i o n  theory ,  which avo ids  expensive numerical  i n t e g r a t i o n s  when 

s e t t i n g  up t h e  normal m a t r i x  f o r  t h e  adjustment,  i s  a  n a t u r a l  choice.  

Whi le  f o l l o w i n g  t h e  example of prev ious authors  i n  making t h i s  choice,  

I am n o t  s t a r t i n g  f rom t h e  Lagrangian p l a n e t a r y  equat ions,  which 

desc r ibe  t h e  mot ion of a  s a t e l l i t e  i n  i n e r t i a l  space i n  terms o f  i t s  

Kep ler ian elements, l i n e a r i z e d  about an approximate o r b i t  c o n s i s t i n g  

o f  an e l l i p s e  precess ing accord ing t o  t h e  secu la r  p e r t u r b a t i o n s  

caused by t h e  E a r t h ' s  ob la tness.  T h i s  i s  today t h e  standard form o f  

p e r t u r b a t i o n  t h e o r y  used i n  s a t e l l i t e  geodesy, bu t  i t  demands a  good 

dea l  o f  f a m i l i a r i t y  and exper ience be fo re  one can s t a r t  making t h e  

s impl  i f i c a t i o n s  needed t o  o b t a i n  p r a c t i c a l  formulas,  and i n i t i a l l y  

i t  i s  d i f f i c u l t  t o  grasp i n t u i t i v e l y .  

Lack ing myse l f  such f a m i l i a r i t y ,  I p r e f e r  t o  b u i l d  my t h e o r y  on some- 

t h i n g  I understand b e t t e r .  For  t h i s  reason I s t a r t  t h i s  s e c t i o n  by  

d i scuss ing  a  genera l ,  k i nemat i c  model f o r  t h e  r e l a t i v e  v e l o c i t y ,  and 

then i n t r o d u c e  t h e  dynamical aspects, n o t  i n  i n e r t i a l  space, b u t  i n  



a  geocen t r i c  coo rd ina tes '  frame t h a t  r o t a t e s  w i t h  t h e  s a t e l l i t e s .  T h i s  

leads f rom Newton's equat ions o f  mot ion t o  t h e  v a r i a t i o n a l  equat ions 

known as H i l l  ' S  equat ions,  which desc r ibe  t h e  changes i n  a  n e a r l y  

c i r c u l a r  o r b i t  t h a t  t ake  p lace  when t h e r e  a re  smal l  changes i n  t h e  

i n i t i a l  s t a t e  and t h e  g r a v i t a t i o n a l  f i e l d  depar ts  s l i g h t l y  f rom t h a t  

o f  a  p e r f e c t  sphere. These a r e  l i n e a r  d i f f e r e n t i a l  equat ions w i t h  t h e  

p e r t u r b a t i o n s  f o r  unknowns. Because o f  t h e  s i m p l i f i c a t i o n s  i n t roduced  

t o  o b t a i n  t r a c t a b l e  a n a l y t i c a l ,  o r  c losed, expressions f o r  t h e i r  

s o l u t i o n ,  t h e  v a r i a t i o n a l s  a r e  accura te  t o  about t h e  o rde r  o f  t h e  

f l a t t e n i n g ,  o r  b e t t e r  than one percent ,  a t  mos t f requenc ies  i n  t h e  

s i g n a l .  'The l i n e a r i z a t i o n  o f  t h e  equat ions o f  mot ion i n t o  v a r i a t i o n a l  S 

i s  done, e s s e n t i a l l y ,  a long t h e  t r a j e c t o r y  t h a t  a  spacec ra f t  would 

f o l l o w  i f  t h e  g r a v i t a t i o n a l  f i e l d  cons i s ted  o n l y  o f  t h e  main zonals,  

i n c l u d i n g  t h e  second (ob la tness )  and t h i r d  (pear-shape) and so on up 

t o  a  chosen degree N. 

As exp la ined  a t  t h e  beg inn ing o f  s e c t i o n  2, t h i s  o r b i t  i s  c losed, o r  

p e r i o d i c a l ,  f rom t h e  p o i n t  o f  v iew o f  an observer  f i x e d  t o  t h e  i ns tan -  

taneous o r b i t a l  plane. The reason f o r  t h i s  i s  made c l e a r  i n  s e c t i o n  3, 

where t h e  r e s u l t i n g  p e r i o d i c i t i e s  i n  t h e  s t r u c t u r e  o f  t h e  obse rva t i on  

equat ions and t h e  normal m a t r i x  make t h e  adjustment o f  an enormous 

number o f  unknowns f e a s i b l e .  The d e t a i l s  o f  t h e  a n a l y t i c a l  s o l u t i o n  

o f  t h e  v a r i a t i o n a l  equat ions a re  g i ven  i n  s e c t i o n  2. The use o f  a  

re fe rence  o r b i t  which i nc ludes  bo th  t h e  secu la r  and t h e  

sho r t - t e rm e f f e c t s  o f  t h e  main zonals,  t h e  second and t h i r d  i n  p a r t i -  

c u l a r ,  e l i m i n a t e s  those p e r t u r b a t i o n s  f rom t h e  r e s i d u a l  s i g n a l .  

Compared t o  t h e  precess ing e l l i p s e  o f  t h e  standard theo ry ,  which does 

n o t  c o n t a i n  t h e  sho r t - t e rm e f f e c t s ,  t h e  more r e a l i s t i c  re fe rence  o r b i t  

must r e s u l t  i n  sma l le r  p e r t u r b a t i o n s  and, t he re fo re ,  i n  a  b e t t e r  l i n e a r  

approximat ion.  

T h i s  f i r s t  s e c t i o n  ends w i t h  t h e  d e t a i l e d  f o r m u l a t i o n  o f  t h e  l i n e a r  

model, which was sketched a t  t h e  beginning,  as obta ined w i t h  t h e  h e l p  

o f  t h e  phys i ca l  and mathematical concepts i n t roduced  i n  between. 



Note on mathemat ical  symbol S. 

L i s t e d  below i s  t h e  bas i c  n o t a t i o n  used i n  t h i s  work. When needed, 

f u r t h e r  symbols s h a l l  be i n t roduced  i n  t h e  t e x t .  

r - i s  t h e  geocent r ic ,  3-dimensional  p o s i t i o n  vector ;  

i, a - i n d i c a t e  t h e  f i r s t  and second t i m e - d e r i v a t i v e  o f  a  s c a l a r  o r  

vec tor ;  

Dx? i s  t h e  p a r t i a l  d e r i v a t i v e  o f  - a w i t h  respec t  t o  X; 

h0 - i s  a  u n i t  3-D v e c t o r  p o i n t i n g  i n  t h e  p o s i t i v e  "h" d i r e c t i o n  

(when necessary, t h e  sense i s  made p l a i n  by means o f  a  drawing);  

a.b - - i s  t h e  i n t e r n a l ,  o r  s c a l a r ,  p roduct  o f  two vectors ;  

axb - - i s  t h e  e x t e r n a l ,  o r  vec to r ,  p roduct  o f  two vectors ;  

14 i s  t h e  modulus o f  - a; 

S (obs. ) i s  t h e  observed, o r  measured, va lue  o f  S; 

Ab i s  t h e  p roduc t  o f  m a t r i x  A  by v e c t o r  - b. 

1.1 The r e l a t i v e  l i n e  o f  s i g h t  v e l o c i t y .  

The measured q u a n t i t y  i s  t h e  r a t e  o f  change i n  t h e  d i s tance  between two 

d rag - f ree  s a t e l l i t e s ,  o r  l i n e - o f - s i g h t  v e l o c i t y  S. The d i s tance  p i s  

and i t s  t i m e  d e r i v a t i v e  i s  



F ig .  1.1.1 Geometry o f  s .s . t .  
where 

The p a i r  o f  vec to rs  - r, A assoc ia ted  w i t h  each s a t e l l i t e  c o n s t i t u t e  i t s  

s t a t e :  t h e  va lue  o f  t h e  s i x  components ( t h r e e  f o r  each v e c t o r )  a t  a  

g i ven  t i m e  to and t h e  f o r c e s  a c t i n g  on t h e  spacec ra f t  f rom then on 

f u l l y  determine i t s  f u t u r e  t r a j e c t o r y  f o r  a l l  t > to. 

I n  general ,  t h e  p o s i t i o n  and v e l o c i t y  o f  a  s a t e l l i t e  a r e  f u n c t i o n s  o f  

t ime  and o f  a  parameter v e c t o r  p. T h i s  v e c t o r  c o n s i s t s  o f  t h e  i n i t i a l  

s t a t e ,  o r  i n i t i a l  cond i t i ons ,  and o f  a  number o f  c o e f f i c i e n t s  t h a t  

determine t h e  f o r c i n g  f u n c t i o n ,  such as t h e  s p h e r i c a l  harmonic poten- 

t i a l  c o e f f i c i e n t s  o f  t h e  g r a v i t y  f i e l d .  Therefore,  t h e  obse rva t i on  

equa t ion  i s  o f  t h e  form 

'(observed) = '(11 (F) 9 ~ 2  (P) ,Pl ( p )  ,i2 (p) )+n (1.1.4) 

where - p i n c l u d e s  bo th  known and unknown parameters, and n  i s  t h e  

measurement no ise ,  which here i s  supposed t o  be random, and o f  known 

var iance.  From (1.1.2) fo l lows t h a t  (1.1.4) i n d i c a t e s  a  n o n l i n e a r  



r e l a t i o n s h i p  between S and - p. To so l ve  f o r  t h e  unknown components o f  p, 
such as t h e  p o t e n t i a l  c o e f f i c i e n t s ,  (1.1.4) must be l i n e a r i z e d  about 

some approx imat ion h o f  - p i n  o r d e r  t o  s t a r t  an i t e r a t i v e  parameter 

e s t i m a t i o n  c o n s i s t i n g  o f  successive l i n e a r  l e a s t  squares adjustments,  

such as t h e  Gauss-Newton procedure. The l i n e a r i z e d  obse rva t i on  equat ion 

has t h e  form 

+ Db s.(D i . ~ p )  + n  . p-l - 
-1 - 

where 

and (1.1.5) i s  a  f i r s t  o r d e r  approx imat ion t o  (1.1.4). The o r b i t s  o f  t h e  

two s a t e l l i t e s  computed w i t h  t h e  parameter values a r e  known as t h e  

reference orbi ts .  D e r i v a t i v e s  such as Dr.s and Df.s can be ob ta ined  
-1 -1 

d i r e c t l y  f rom (1.1.2) once t h e  re fe rence  o r b i t s  a r e  known; they  a r e  c a l -  

c u l a t e d  f rom p u r e l y  geometr ica l  cons ide ra t i ons .  On t h e  o t h e r  hand D r 
pi 

and D F.  can be obta ined o n l y  a f t e r  s o l v i n g  a  system o f  d i f f e r e n t i a T  r1 
equat ions i n t i m a t e l y  r e l a t e d  t o  t h e  equat ions o f  mot ion o f  f r e e - f a l l i n g  

bod ies  (such as t h e  two s a t e l l i t e s )  known as t h e  variational equations. 

To understand what these equat ions a r e  and how they  can be so l ved  

a n a l y t i c a l l y ,  i t  i s  necessary t o  s tudy f i r s t  t h e  equat ions o f  mot ion.  

Note: I n  general ,  t h e  number o f  parameters needed t o  desc r ibe  t h e  g r a v i -  

t a t i o n a l  f i e l d  o f  a  p l a n e t  i s  i n f i n i t e .  However, o n l y  a  f i n i t e  number 

o f  those parameters a f f e c t  s e n s i b l y  t h e  mot ion o f  t h e  spacec ra f t  and 

t h e  s i g n a l  S, so t h e i r  e f f e c t s  can be d i s t i n g u i s h e d  from t h e  measure- 

ment no ise .  T h i s  i s  why s  i s  assumed throughout  t o  depend o n l y  on a  

f in i t e  number o f  parameters. 

1.2 The equat ions o f  mot ion.  

The r e l a t i v e  v e l o c i t y  S i s  independent o f  t h e  system o f  coo rd ina tes  i n  

which t h e  i n d i v i d u a l  p o s i t i o n s  and v e l o c i t i e s  o f  t h e  two s a t e l l i t e s  



a r e  def ined.  The re fo re  ri and k .  i n  (1.1.2) can be g i ven  i n  any conve- 
-1 

n i e n t  system. I n  t h i s  paragraph t h e  equat ions o f  mot ion w i l l  be d e r i v e d  

i n  a  r o t a t i n g  system, because t h i s  r e s u l t s  i n  s imple  v a r i a t i o n a l  

equat ions t h a t  can be i n t e g r a t e d  a n a l y t i c a l l y  i f  t h e  re fe rence  o r b i t s  

a r e  almost c i r c u l a r .  The cho ice o f  coo rd ina tes  made here resembles 

somewhat t h a t  i n  G.W. H i l l ' s  t h e o r y  o f  t h e  l u n a r  o r b i t  (see, f o r  example, 

Brower and Clemence (1961), Ch. 12).  

Consider a  system o f  coo rd ina tes  r e v o l v i n g  about t h e  p l a n e t a r y  cen te r  

o f  mass (geocenter )  w i t h  a  t ime-va ry ing  angu lar  v e l o c i t y  vec to r  - N. 

Assume t h a t  t h e  geocenter co inc ides  w i t h  t h e  o r i g i n  o f  coo rd ina tes  0 

a t  a l l  t imes, and t h a t  i t  i s  f r e e  f rom a c c e l e r a t i o n  i n  i n e r t i a l  space. 

The newtonian equat ions o f  mot ion o f  a  p a r t i c l e  i n  such a  system, summed 

up i n  v e c t o r  form, a r e  

r = a - N x  ( N x r )  - 2 N x k - h x r  - - - - - - -  

(see, f o r  example, Spiegel  (1967), Ch. 6 ) .  

Here a  - i s  t h e  a c c e l e r a t i o n  i n  i n e r t i a l  space, 

- - N X (N  x L) i s  t h e  c e n t r i f u g a l  acce le ra t i on ,  

- 2 N x k  - - i s  t h e  C o r i o l  i s  acce le ra t i on ,  

- h L i s  t h e  so -ca l l ed  l i n e a r  acce le ra t i on ,  

and N i s  independent o f  t h e  unknown parameters - p mentioned i n  t h e  prev ious 

paragraph and o f  t h e  mot ion o f  t h e  p a r t i c l e ,  i n  c o n t r a s t  t o  - r. 

If - a i s  due o n l y  t o  t h e  g r a v i t a t i o n a l  f i e l d ,  represented by i t s  p o t e n t i a l  

V, t hen  

where V : Dr i s  t h e  g r a d i e n t  opera tor .  I n  spher i ca l  coo rd ina tes  ( r ,  v, A )  - 
where r i s  t h e  geocen t r i c  d is tance,  cp t h e  l a t i t u d e  and A  t h e  l ong i tude ,  

t h e  p o t e n t i a l  can be expanded i n  e x t e r n a l  spher i ca l  harmonics ( a t  l e a s t  

o u t s i d e  any sphere c o n t a i n i n g  a l l  p l a n e t a r y  masses) 



where 

- 
COS a=O 

Y:,('P,A) = Pnm(sin 

- 
and Pnm i s  t h e  assoc ia ted Legendre f u n c t i o n  o f  t h e  f i r s t  k ind,  degree n  - - - 
and o r d e r  m. Here Prim, y i m  and C; a r e  fuLLy n o m L i z o d  i n  t h e  sense 

t h a t  

A lso  G i s  t h e  u n i v e r s a l  cons tan t  o f  g r a v i t a t i o n ,  M i s  t h e  mass o f  t h e  

p lane t ,  compared t o  which t h a t  o f  t h e  sate1 l i t e  i s  n e g l i g i b l e ,  and "a "  i s  

t h e  mean e q u a t o r i a l  rad ius .  I n  what f o l l o w s  t h e  spher i ca l  harmonic 

expansion w i l l  be t runca ted  a t  a  degree n  = Nmax SO h i g h  t h a t  t h e  

i n f l u e n c e  on t h e  s i g n a l  o f  a l l  terms o f  g r e a t e r  degree can be neg lec ted.  - 
T h i s  makes t h e  number o f  parameters Cnm needed t o  desc r ibe  t h e  f i e l d  a  

f i n i t e  one, as exp la ined  i n  t h e  Note i n  t h e  preceeding paragraph. The 

normal ized Legendre f u n c t i o n s  can be c a l c u l a t e d  w i t h  t h e  h e l p  o f  t h e  

f o l  l owi ng r e c u r s i v e  formulas: 

( a )  f o r  m  = o 

P o o ( s i n  'P) = 1, Plo(sin Q) = f i  s i n  'P ( s t a r t i n g  va lues)  

and 

- 1 4 - 
'n o ( s i n  v)=  :([(2n +1) (2n - l ) ]  s i n  (p P,-, o ( s i n  V) - 

2n + i ( s i n  c?) - ( n  - n-2 0 (1.2.6) 

( b )  m  = n  

- 2 n + 1 1  
- 

P  ( s i n  'P) = [-l2 COS 'P nn ( s i n  C?) (1.2.7) 



P ( s i n  v )  = s i n  m nm n-m n+m ( s i n  v )  - 

( n o t i c e  t h a t  these a re  recu rs ions  i n  n, w i t h  m f i x e d ) .  

Since t h e  fo rces  a c t i n g  between t h e  two s a t e l l i t e s  a r e  n e g l i g i b l e ,  

knowing how a  s i n g l e  spacec ra f t  moves i s  enough t o  understand t h e  

behav iour  o f  t h e  p a i r .  Because t h e  two s a t e l l i t e s  a re  supposed t o  be 

made "drag f r e e "  by t h e  use o f  small r o c k e t  engines, so t h e i r  p roo f -  

masses a r e  i n  cons tan t  f r e e - f a l l ,  a l l  n o n - g r a v i t a t i o n a l  f o r c e s  such 

as aerodynamic f r i c t i o n ,  e lec t romagnet ic  drag, and s o l a r  r a d i a t i o n  

pressure  a r e  excluded from t h i  S t reatment .  G r a v i t a t i o n a l  f o r c e s  t h a t  

do n o t  o r i g i n a t e  f rom t h e  E a r t h  o r  vary  w i t h  t ime,  such as t h e  

a t t r a c t i o n s  o f  t h e  Sun, Moon and major  p l a n e t s  and o f  t h e  s o l i d ,  

oceanic and atmospher ic t i d e s  r a i s e d  by those a t t r a c t i o n s ,  a re  a1 so 

kep t  ou t .  T h e i r  e f f e c t s o n  t h e  mot ion o f  t h e  spacec ra f t  can be ca l cu -  

l a t e d  t o  a  l a r g e  e x t e n t  by us ing  e x i s t i n g  models, so they a re  l i k e l y  t o  

be e l i m i n a t e d  f rom t h e  da ta  when t h e  computed values o f  t he  s i g n a l ,  

s ( p o ) ,  - a r e  sub t rac ted  from t h e  measurements t o  s e t  up obse rva t i on  

equat ions i n  accordance t o  t h e  l i n e a r i z e d  express ion (1.1.5). I f  t h i s  

e l i m i n a t i o n  i s  n o t  complete, due t o  imper fec t i ons  i n  t h e  models, these 

may be co r rec ted  separate ly ,  f rom t h e  r e s i d u a l s ,  i n  an i t e r a t i v e  process. 

Because o f  t h e  a t t r a c t i o n s  o f  o t h e r  components o f  t h e  s o l a r  system, 

t h e  geocenter i s  acce le ra ted  i n  i n e r t i a l  space and, a long w i t h  i t, 

t h e  geocen t r i c  coo rd ina tes  used i n  t h i s  work. T h i s  acce le ra ted  system 

can be t r e a t e d  as an i n e r t i a l  system by making use o f  t h e  concept o f  

t i d a l  potential .  For each a t t r a c t i n g  body, t h i s  p o t e n t i a l  i s  t h e  sum 

of t h e  g r a v i t a t i o n a l  p o t e n t i a l  o f  t h i s  body and o f  t h a t  o f  a  f i c t i -  

t i o u s  un i fo rm f i e l d  whose g r a v i t a t i o n a l  a c c e l e r a t i o n  i s  everywhere 

t h e  same i n  magnitude and d i r e c t i o n ,  b u t  oppos i te  i n  s ign,  t o  t h e  

a c c e l e r a t i o n  o f  t h e  geocenter caused by t h a t  body. The t o t a l  t i d a l  

p o t e n t i a l  a c t i n g  on t h e  E a r t h  i s  s imp ly  t h e  sum o f  those o f  t h e  

i n d i v i d u a l  bodies t h a t  have apprec iab le  i n f l u e n c e  on t h e  geocen te r ' s  

movement. P o l a r  mot ion,  precession,  n u t a t i o n  and changes i n  l e n g t h  

o f  day a re  ignored here  because they  r e s u l t  i n  v a r i a t i o n s  i n  t h e  



h o r i z o n t a l  p o s i t i o n  o f  t h e  s a t e l l i t e  w i t h  respec t  t o  t h e  Ear th  o f  a  

few meters, which i s  much l e s s  than  t h e  s h o r t e s t  wavelenght component 

o f  t h e  s i g n a l  t h a t  can be d i s t i n g u i s h e d  f rom t h e  n o i s e  (about  100 km). 

Any cumula t ive  e f f e c t s  can be e l i m i n a t e d  i n  t h e  same way as those o f  

t h e  a t t r a c t i o n s  o f  t h e  Sun, Moon e tc . ,  d iscussed above. The Newtonian 

cha rac te r  o f  t h e  equat ions o f  mot ion (1.2.1) prec ludes t h e  c o n s i d e r a t i o n  

o f  r e l a t i v i s t i c  e f f e c t s .  These may be i n t roduced  as " r e l a t i v i s t i c  co r rec -  

t i o n s "  t o  be added t o  t h e  computed s i g n a l  s ( e o ) .  

1.3 The v a r i a t i o n a l  equat ions.  

The s o l u t i o n s  o f  t h e  v a r i a t i o n a l  S a r e  t h e  components o f  t h e  ma t r i ces  

D r .  and D i .  t h a t  appear i n  t h e  l i n e a r i z e d  s i g n a l  equat ion (1.1.5). 
P-1 P-1 

TKey r e l a t z  i n d i v i d u a l  changes ~ p ~  i n  t h e  elements pk o f  t h e  v e c t o r  o f  

unknown parameters - p  t o  t h e  p e r t u r b a t i o n s  i n  - r and - caused by those 

changes. They a r e  t h e  d e r i v a t i v e s  o f  t h e  components o f  t h e  s t a t e  

v e c t o r  w i t h  respec t  t o  t h e  pk. The f o l l o w i n g  reason ing shows how, 

th rough t h e  i n t r o d u c t i o n  o f  some approximat ions,  i t  i s  p o s s i b l e  t o  

a r r i v e  t o  a  fo rm o f  t h e  v a r i a t i o n a l s  t h a t  can be so lved a n a l y t i c a l l y .  

A  change hpk i n  pk r e s u l t s  i n  a  p e r t u r b a t i o n  o f  t h e  o r b i t .  I f  U i s  a  

cont inuous f u n c t i o n  o f  pk, e i t h e r  d i r e c t l y  o r  th rough t h e  s t a t e  v e c t o r  

(wh ich depends on pk) and i f  u o ( t )  and u A ( t )  a r e  t h e  values o f  U a t  

t i m e  t corresponding t o  pk = pko and t o  pk = pko + Apk, r e s p e c t i v e l y ,  

then 

D ~ ( t )  = Lim 
APk"O 

As bo th  t h e  unper turbed v a r i a b l e s  ( r o ,  io, E,, a o )  and t h e  pe r tu rbed  . .. 
v a r i a b l e s  ( 5 ,  rA, 5, a+) s a t i s f y  t h e  equat ions o f  mot ion,  then, as 

N  i s  independent o f  pk, - 

T h i s  i s  t h e  v e c t o r  fo rm o f  t h e  p e r t u r b a t i o n  equat ions.  These a r e  

n o n l i n e a r ,  because aA and - a, are ,  i n  general ,  non1 i n e a r  f u n c t i o n s  o f  - r. 



D i v i d i n g  b o t h  members by ~p~ and t a k i n g  l i m i t s :  

{EAA; k!o} 
Lim = Lim I[% -do - N X (N X (5 -roll - 

Apk+o Apk+o 

1 - 2N X (& - i o )  - 1 X ( L ~  - r )I -1 
-0 APk 

which, us ing  t h e  n o t a t i o n  o f  t h e  p rev ious  page, can be w r i t t e n  as 

F i n a l l y ,  s i nce  ~p~ i s  n o t  a  f u n c t i o n  o f  t ime, 

T h i s  i s  t h e  v e c t o r  form o f  t h e  variat ional  equations i n  t h e  r o t a t i n g  

frame in t roduced  i n  t h e  p rev ious  paragraph, and D r i s  t h e  unknown. 
p  k- 

The symbol Drd rep resen ts  a  3x3 m a t r i x  o f  second d e r i v a t i v e s  o f  t h e  

g r a v i t a t i o n a T  p o t e n t i a l  V (Marussi ' S  t e n s o r ) .  Two terms i n v o l  v i n g  d e r i -  

v a t i v e s  o f  - a appear because, i n  genera l ,  - a i s  bo th  a  d i r e c t  f u n c t i o n  

o f  pk and a l s o  a  f u n c t i o n  o f  - r, which depends on pk. The v a r i a t i o n a l s  

a r e  l inear equat ions.  

I f  - N i s  chosen pe rpend icu la r  t o  t h e  ins tantaneous p lane o f  t h e  unper-  

t u rbed  ( re fe rence )  o r b i t  and o r i e n t e d  so t h a t  t h e  system t u r n s  i n  t h e  

same d i r e c t i o n  as t h e  s a t e l l i t e ,  and i f  t h e  magnitude o f  - N i s  a  cons tan t  

n o  (as y e t  unspec i f i ed ) ,  then - N i s  zero  ( o r  c l o s e  t o  ze ro )  f o r  a  p o l a r  

(near-p01 a r )  re fe rence  o r b i t  o f  t h e  t y p e  descr ibed i n  paragraph (2. l ) ,  

which i s  shaped by a  re fe rence  g r a v i t y  f i e l d  made up o f  t h e  ze ro  

harmonic o f  t h e  p o t e n t i a l  and i t s  main zonals.  

I n  t h i s  case t h e  l inear  accelerat ion te rm i n  t h e  equat ions o f  mo t ion  

(1.2.1) and t h e  r e l a t e d  l a s t  t e rm i n  t h e  v a r i a t i o n a l s  (1.3.2) can be 



dropped because t h e y  a r e  e i t h e r  zero  o r  much sma l le r  t han  t h e  o the rs .  

To con t i nue  t h i s  reason ing i t  i s  b e t t e r  t o  rep lace  t h e  v e c t o r  form of 

t h e  v a r i a t i o n a l s  w i t h  a  s e t  o f  t h r e e  s c a l a r  equat ions i n  c a r t e s i a n  
0 0 

coord inates .  Choosing an orthogonal  t r i a d  o f  u n i t  vec to rs  z  , - r and 
0 0 

U , w i t h  z  having t h e  same d i r e c t i o n  and senseasN, and bo th  r0 and - - - - 

u0 l y i n g  i n  t h e  plane o f  t h e  re fe rence  o r b i t  and p o i n t i n g  so ( zO,  U-') - - 
i s  le f t -handed,  as shown i n  f i g u r e  1.2.1, t h e  p o s i t i o n  vec to r  can be 

w r i t t e n  

where z, r and U a r e  t h e  s c a l a r  components o f  r i n  t h e  system d e f i n e d  

by t h e  t r i a d  and whose o r i g i n  i s  t h e  cen te r  o f  mass 0. Vectors F, - F, and 

a  can be w r i t t e n  s i m i l a r l y  i n  component form. S ince a  = vV E DrV - - - 
accord ing t o  (1.2.2), 

SATELLITE 

Fig .  1.2.1 The r o t a t i n g  system (z ,  r, U ) .  



C a l l  i n g  

express ion (1.3.2) i n  component form i s  

ak = On aZ+D a a +D a  B +D a  y  (1.3.3a) 
, k  z z k  r z k  u z k  

k  = D p k r  a  +D z r k  a  a +D r r k  a  B +D u r k  a  y  + n:Bk - 2n0Ck (1.3.3b) 

2 

k  = D a  +D a  a +D a  6 +D a  y  + noyk + 2 n 0 i k  p k u  z u k  r u k  u u k  ( 1 . 3 . 3 ~ )  - --- - 
d' D r = ~  a +  D a D  r -NX(NXD r ) - 2 & ~ ~  1 

d t 2  Pk- Pk- 
- - 

p k- k  

where n  = J N I .  For a  p l a n e t  l i k e  t h e  E a r t h  i t  i s  t r u e  t h a t ,  t o  an 
0 

accuracy o f  one p a r t  per  thousand o f  G M ~ ~ J - ~ ,  - and prov ided - r and - r 0  a re  

c l o s e l y  a1 igned, 

so t h e  v a r i a t i o n a l s  can be w r i t t e n ,  t o  t h i s  o rde r  o f  accuracy, as 

I n  so f a r  as these equat ions depend on Irl, - which i s  a  f u n c t i o n  o f  t ime, 

t h e i r  a n a l y t i c a l  s o l u t i o n  can be ve ry  compl icated.  However, i f  t h e  

o r b i t  i s  c lose  t o  c i r c u l a r ,  It-l i s  a lmost cons tan t .  For t h e  s i m p l i f i e d  



express ions (1.3.4-6) t o  be v a l i d ,  - r i n  t h e  re fe rence  o r b i t  and - r0 

must s t a y  c l o s e l y  a l i g n e d  and, i f  J r (  - i s  almost constant ,  t h i s  can be 

ensured by choosing 

where i s  t h e  mean va lue o f  - r a long  t h e  re fe rence  o r b i t .  Th i s  means 

t a k i n g  no  equal t o  t h e  mean angu lar  v e l o c i t y  of t h e  s a t e l l i t e .  Neglec- 

t i n g  t h e  d i f f e r e n c e  between t h e  ins tantaneous and t h e  average g e o c e n t r i c  

d is tance,  which f o r  a  n e a r - c i r c u l a r  o r b i t  around t h e  Ear th  i n t roduces  

an e r r o r  o f  t h e  o r d e r  o f  t h e  f l a t t e n i n g  (a  few p a r t s  p e r  thousand), 

r e s u l t s  i n  t h e  approximate, t i m e - i n v a r i a n t  v a r i a t i o n a l s  (sometimes 

c a l l e d  H i l l ' s  equat ions,  as exp la ined i n  t h e  I n t r o d u c t i o n )  

The f i r s t  equa t ion  i s  independent f rom t h e  o t h e r  two. Th i s  he lps  g r e a t l y ,  

as i t  t u r n s  o u t  t h a t  ak and ak a r e  n o t  needed f o r  t h e  l i n e a r i z e d  model. 

The s o l u t i o n  o f  t h e  f i r s t  equa t ion  i s  impor tant ,  however, f o r  under- 

s tand ing  t h e  precess ion o f  t h e  o r b i t a l  p lane t h a t  occurs when t h e  o r b i t  

i s  n o t  p o l a r .  As f a r  as I know, t h e  f i r s t  t o  suggest us ing  H i l l  ' S  

equat ions f o r  s tudy ing  t h e  s a t e l l i t e - t o  s a t e l l i t e  t r a c k i n g  problem was 

Dr. Peter  Bender, i n  a  c i r c u l a r  l e t t e r  t o  some o f  h i s  col leagues, i n  

1982. I n  t h e  present  d e r i v a t i o n  - N has been chosen as independent o f  

t h e  s a t e l l i t e  mot ion,  whereas t h e  usual  d e r i v a t i o n  (see Kaplan, Ch. 3, 

1976) assumes t h a t  - r0 i s  a l i g n e d  w i t h  - r. Both approaches l e a d  t o  t h e  

same equat ions,  a f t e r  smal l  terms a r e  neglected.  The idea  o f  a  cons tan t  

r o t a t i o n  r a t e  no  makes t h e  a p p l i c a t i o n  o f  these equat ions t o  t h e  two- 

s a t e l l i t e  problem t r e a t e d  i n  t h i s  work e a s i e r  t o  understand. The cho ice  

of n o  means t h a t  t h e  system o f  coo rd ina tes  t u r n s  w i t h  t h e  angu la r  

v e l o c i t y  o f  a  "sate1 l i t e "  i ~ n  a  c i r c u l a r  o r b i t  o f  r a d i u s  F around a  p o i n t  

o f  mass M a t  t h e  o r i g i n .  I n  t h i s  system, such a  " s a t e l l i t e "  appears 

s t a t i o n a r y  a t  a  d i s tance  f rom t h e  o r i g i n ,  w h i l e  t h e  a c t u a l  spacecra f t  



hovers around t he  s t a t i ona ry  one, responding t o  i r r e g u l a r i t i e s  i n  t he  

g r a v i t y  f i e 1  d. Using a c i r c u l a r  reference o r b i t  would s i m p l i f y  

g r e a t l y  t he  mathematical t reatment t h a t  fo l lows;  un fo r tuna te ly  

t he  actua l  path o f  a low s a t e l l i t e  o f  t he  Earth, f o r  example, w i l l  

depart  by near l y  t e n  k i lometers  from a c i r c l e ,  however c a r e f u l l y  t he  

s a t e l l i t e  i s  pu t  i n  o r b i t .  This i s  most ly  due t o  t h e  l a r g e r  terms i n  

t he  expansion o f  t he  po ten t i a l ,  which are the  low degree zonal S, 

notab ly  t he  second and t h i r d ,  o r  the  "oblatness" and "pear-shape" 

terms. Choosing a c i r c l e  would mean l a rge  per turbat ions and an eventual 

breakdown i n  the  v a l i d i t y  of t he  l i n e a r i z e d  model (1.1.5). Th is  i s  

l i k e l y  t o  happen i n  t he  p a r t  o f  t he  model corresponding t o  h igh degree 

po ten t i a l  coe f f i c i en t s ,  whose spher ica l  harmonics change w i t h  a pe r t u r -  

ba t ion  A r  i n  t he  r a d i a l  d i r ec t i on ,  f o r  instance, by a f a c t o r  o f  - 
( e ) n + l ,  where n i s  t he  harmonic degree. Therefore t h e  f o r c i ng  terms 

r 
D a D a D a should be computed along an o r b i t  t h a t  inc ludes t he  

Pk 2 '  Pk r '  Pk U 

e f f e c t s  o f  the  f i r s t  N zonals, so the  per tu rba t ions  are small when t he  

problem i s  l i n e a r i z e d  along it. The determinat ion o f  such an o r b i t  i s  

explained i n  paragraph (2.1); t he  low zonals t h a t  are needed are known 

very  we1 l already, a f t e r  decades o f  p a t i e n t  work developing Ear th  models. 

The approximate v a r i a t i o n a l s  (1.3.7-8) were obtained from t he  exact 

vector  equations (1.3.2) by making two changes i n  t he  terms corre-  

sponding t o  D aD r: (a)  an "spher i ca l "  approximation i n  D,& and t he  
L- Pk- - 

assumption t h a t  - r and - r" are nea r l y  a l igned  a t  a l l  t imes leading t o  

(1.3.4-6); (b)  a " c i r c u l a r "  approximation, rep lac ing  Irl - w i t h  P. These 

two steps in t roduce an e r r o r  o f  a few pa r t s  per thousand i n  Ll aD r, i n  
r- Pk- 

add i t i on  t o  which there  w i l l  be a much smal ler e r r o r  ( f o r  near-polar 

re ference o r b i t s )  due t o  t he  dropping o f  t he  " l i n e a r  accelerat ion"  term, 

which i s  a c t u a l l y  z e r o f o r  po l a r  o r b i t s ;  the  o ther  terms are a l l  exact.  

I f  t h e  o r b i t  i s  no t  po lar ,  t he  o r b i t a l  plane precesses about t he  Ea r t h ' s  

ax is .  Th is  happens because the  f o r c i ng  terms normal t o  t he  o r b i t a l  

plane (D a ) corresponding t o  even zonals con ta in  sinewaves o f  the  
Pk 

same per iod  as the  o r b i t ( ' ) .  Expression (1.3.7) corresponds t o  a harmonic 

o s c i l l a t o r  w i t h  a na tu ra l  angular frequency no  t h a t  i s  t he  same as t h a t  

(')see paragraph (A11.2) i n  Appendix 11. 



of t h e  o r b i t .  As a  r e s u l t  o f  t h i s  t h e  f o r c e d  response con ta ins  a  

resonant  te rm t h a t  grows s t e a d i l y  i n  ampl i tude w h i l e  i t  o s c i l l a t e s  

i n  s tep  w i t h  t h e  t u r n s  o f  t h e  s a t e l l i t e .  So, eve ry  t i m e  t h a t  t he  

spacec ra f t  crosses t h e  equator,  t h e  node w i l l  be d i sp laced  f rom 

t h e  p o s i t i o n  i t  had i n  t h e  i n i t i a l  o r b i t a l  p lane by a  d i s t a n c e  a ( t )  

t h a t  i s  p r o p o r t i o n a l  t o  t h e  number o f  t u r n s  elapsed. T h i s  means 

t h a t  t h e  ins tantaneous o r b i t a l  p lane  r o t a t e s  about t h e  z  a x i s  a t  a  

cons tan t  r a t e .  As t h e  v e c t o r  - N was chosen pe rpend icu la r  t o  t h e  

ins tantaneous p lane o f  t h e  re fe rence  o r b i t  when o b t a i n i n g  t h e  

s c a l a r  fo rm o f  t h e  v a r i a t i o n a l  S f o r  t h e  f i r s t  t i m e  (express ions 

(1.3.3a-c)) ,  - N must precess a t  t h e  same r a t e  as t h a t  p lane. T h i s  

r a t e  i s ,  t o  a  c l o s e  approx imat ion f o r  near  c i r c u l a r  o r b i t s ,  g i ven  

by t h e  formula  

where i i s  t h e  i n c l i n a t i o n  o f  t h e  o r b i t a l  p lane. C l e a r l y ,  t h i s  r a t e  i s  

ze ro  f o r  a  p o l a r  o r b i t ,  so whatever e f f e c t s  t h i s  precess ion b r i n g s  

about, t h e y  van ish f o r  an i n c l i n a t i o n  o f  90' and must be n e g l i g i b l e  

f o r  o r b i t s  c l o s e  enough t o  t h i s  i n c l i n a t i o n .  The reason f o r  c o n s i d e r i n g  

t h e  non-po lar  case i s  t h e  l a c k  o f  accuracy i n  t h e  " i n j e c t i o n "  o f  a  

s a t e l l i t e  i n t o  o r b i t .  I d e a l l y  a  p o l a r  o r b i t  w i l l  be se lec ted,  as i t  

g ives  t h e  most complete coverage o f  t h e  g r a v i t y  f i e l d .  E r r o r s  i n  t h e  

i n i t i a l  s t e e r i n g  o f  t h e  spacec ra f t  w i l l  cause t h e  a c t u a l  o r b i t  t o  

have a  smal l  o b l i q u i t y .  The e r r o r  may be as much as a  few degrees i n  

i n c l i n a t i o n ,  and i t  cou ld  be t o o  expensive i n  terms o f  f u e l  t o  c a r r y  

o u t  a  t r imming  manoeuvre t o  c o r r e c t  t h e  o r b i t a l  plane. The main e f f e c t  

of a  precess ing p lane  i s  t h e  i n t r o d u c t i o n  i n  t h e  equat ions o f  mo t ion  

of t h e  linear acceleration term, which has t h e  form (exp ress ion  

(1.2.1))  

where 1i1 = i n o c o s  i and - . - N = 0  always, as t h e  l e n g t h  o f  N 
i s  c o n s t a n t l y  no. The i n c l u s i o n  o f  t h i s  e x t r a  te rm causes t h e  

v a r i a t i o n a l  equat ions t o  be f u l  l y  coup1 ed and a1 so t ime-dependent , 



which does make t h e  search f o r  a n a l y t i c a l  s o l u t i o n s  prob lemat ic .  It 

t u r n s  o u t  t h a t  t h i s  te rm i s  l e s s  than  1 0 - ~  t imes t h e  s i z e  o f  t h e  o t h e r  

ones i n  t h e  dynamic p a r t  o f  t h e  v a r i a t i o n a l s  when t h e  e r r o r  i n  t h e  

i n c l i n a t i o n  i s  o n l y  two degrees o r  l ess ,  which i s  an accuracy q u i t e  

w i t h i n  present  c a p a b i l i t i e s .  For  t h i s  reason t h e  dynamic p a r t  i s  

kep t  as f o r  a  c i r c u l a r  p o l a r  o r b i t ,  and thus unchanged from (1.3.7-9). 

1.4 The l i n e a r i z e d  model. 

As seen i n  t h e  f i r s t  paragraph, t h e  r e l a t i o n s h i p  between t h e  measured 

q u a n t i t y ,  t h e  r e l a t i v e  l i n e  o f  s i g h t  v e l o c i t y  o f  t h e  two s a t e l l i t e s ,  

and t h e  unknown parameters, t h e  c o r r e c t i o n s  t o  t h e  p o t e n t i a l  c o e f f i c i e n t s  

and t o  t h e  i n i t i a l  cond i t i ons ,  i s  a  n o n l i n e a r  one. I n  o r d e r  t o  es t ima te  

those unknowns i n  a  r e l a t i v e l y  s imple  way i t  i s  necessary t o  o b t a i n  an 

approximate l i n e a r  r e l a t i o n s h i p ,  t h e  l i n e a r i z e d  model. T h i s  has t h e  

d i f f e r e n t i a l  form 

where s  i s  t h e  s i g n a l  i n  t h e  measurement (no i se  w i l l  be ignored f o r  t h e  

t i m e  be ing )  and p  i s  t h e  approximate va lue  o f  t h e  parameter pk, whose 
k  0 

c o r r e c t i o n  Apk = pk - pk i s  one o f  t h e  unknowns i n  t h e  problem. If, 
0 

as i t  i s  t h e  case w i t h  most p o t e n t i a l  c o e f f i c i e n t s ,  pko  = 0, t hen  t h e  

c o r r e c t i o n  equals t h e  parameter pk i t s e l f .  The p a r t i a l  d e r i v a t i v e s  D s  
Pk 

a r e  taken a long a  reference orbit  determined by t h e  pko ls ,  t h e  known 

( b u t  probab ly  i n c o r r e c t )  va lues o f  t h e  c o e f f i c i e n t s  and o f  t h e  i n i t i a l  

c o n d i t i o n s  o f  t h e  two spacecra f t .  The d e t a i l s  rega rd ing  t h i s  o r b i t  a r e  

discussed i n  s e c t i o n  2 ; f o r t h e  present  o n l y  a  few general  c h a r a c t e r i -  

s t i c s  have t o  be considered. I n  t h e  f i r s t  p lace,  t h e  p o t e n t i a l  used 

t o  compute t h i s  re fe rence  o r b i t  i n c l u d e  o n l y  zona ls  up t o  degree N. 

Second, t h e  i n i t i a l  c o n d i t i o n s  o f  bo th  s a t e l l i t e s  a r e  assumed t o  be 

on t h e  same o r b i t  p lane (de f i ned  by t h e  v e l o c i t y  and t h e  geocen t r i c  

p o s i t i o n  vec to rs  o f  each spacec ra f t )  and t o  be such t h a t ,  f rom t h e  

p o i n t  o f  view o f  an observer f i x e d  t o  t h i s  common plane, t h e  second 

sate1 l i t e  wi  l l move u n t i l ,  eventual  ly, i t s  p o s i t i o n  and v e l o c i t y  co in -  

c i d e  w i t h  t h e  i n i t i a l  s t a t e  o f  t h e  f i r s t  s a t e l l i t e .  S ince t h e  f i e l d  



determining the  o r b i t s  i s  pure ly  zonal, and so t ime- invar ian t  i n  s p i t e  

o f  Earth r o t a t i o n  (o ther  t ime va r i a t i ons  being negl i g i  b l e ) ,  both 

sate1 l i t e s  must cont inue t o  share t he  same o r b i t a l  plane i n d e f i n i t e l y ,  

and t o  t he  observer f i x e d  t o  t h i s  plane they should appear t o  f o l l o w  

exac t l y  the  same o r b i t  passing through t he  same po in t  always ~t seconds 

apar t  ( i f  f l u c t ua t i ons  i n  i n c l i n a t i o n  are very  smal l ) .  I n  t he  soec ia l  
case where both o r b i t s  a re  po lar ,  they w i l l  co inc ide a l so  i n  i n e r t i a l  

space. I n  what fol lows,both o r b i t s  w i l l  be regarded as one, " the"  

re ference o r b i t .  "Unperturbed" quan t i t i e s  associated w i t h  t h i s  o r b i t  

sha l l  bear t he  subscr ip t  "0". I n  add i t i on ,  t h e  f i r s t  and t he  second 

s a t e l l i t e  w i l l  be d is t ingu ished  by a  subscr ip t  "i" tak ing  values "1" 

and "2", respec t i ve ly .  I n  r e a l i t y ,  the  f i e l d  w i l l  conta in  i n f i n i t e l y  

many terms, and t h e  f i r s t  N zonals w i l l  be somewhat d i f f e r e n t  f rom the  

values adopted f o r  t he  reference o r b i t ,  wh i l e  the i n i t i a l  s ta tes  w i l l  

never f a l l  e xac t l y  ( o r  even very  c lose)  on t h i s  o r b i t .  Such d i f fe rences  

are t he  unknown cor rec t ions  A P ~ .  According t o  expression (1.1.2), when 

pk = p, f o r  a l l  k, 

A small change Apk i n  one o f  t h e  parameters away from i t s  re ference 

value p. causes a  corresponding change  AS^ i n  S: 

Subst ract ing t he  re ference value o f  the  r e l a t i v e  l i n e  of s i g h t  v e l o c i t y  

from both members, and neg lec t ing  a l l  terms o f  order  h igher  than one i n  

t he  per turbat ions:  



r 113 Since P = 15-.21 = [k l - r2 ) . ( r l - -2  
i t  f o l l o w s  t h a t  

- 1 
' P O  ( r 1 0 - r 2 0  1. (Arlk.-.~r2k) 

and so 
-1 

Ask ' P O  ~ ( ~ 1 0 ~ ~ 2 0 ) ~ ( ~ ~ l k ~ ~ ~ k ) ~ ( ~ 1 0 ~ ~ 2 0 ~ ~ ( & l k ~ b ~ 2 k ~ ~  

0 - 1 According t o  (1.1.3), = (rl-r2)p i s  t h e  u n i t  v e c t o r  a long t h e  

ins tantaneous l i n e  of s i g h t .  L e t  - e: be such a  v e c t o r  f o r  t h e  re fe rence  
0 o r b i t ,  and - E :  a u n i t  v e c t o r  pe rpend icu la r  t o  - e o  a t  a l l  t imes, and p o i n t i n g  

away f rom t h e  geocenter. Decomposing (tl0-t2,) and (AI~~-A~ ) i n t o  com- 
o o -2k ponents p a r a l e l  t o  - e o  and Eo: 

Replacing (1.4.6) i n  (1.4.5) 

0 - 1 
because eo = ( r l o - ~ 2 0 ) ~ o  . 
D i v i d i n g  bo th  s ides  by ~p~ and t a k i n g  l i m i t s  f o r  ~p~ -+ 0, as i n  t h e  

p rev ious  paragraph, 

0 0 
D s = ( D  ;-D ; ) .eO+p- ' (1  - ) . @ ( D  r - D  r ) .  (1.4.8) 

Pk pk-l pk-2 -0 0 -10 -20 -0 pk-l p  -2 k  

T h i s  express ion i s  v a l i d  i n  any system o f  coord inates ,  because t h e  v e c t o r  

n o t a t i o n  used so f a r  i s  comple te ly  general .  To use t h e  p e r t u r b a t i o n  

theo ry  developed i n  t h i s  work, i t i s  necessary t o  s t a t e  t h e  problem i n  

t h e  r o t a t i n g  Car tes ian  coord inates  i n  which t h e  v a r i a t i o n a l s  have been 



der ived.  AS i t  was shown i n  F i g .  1.3.1, t h e  "r" and "U'" axes of t h i s  system 

l i e  i n  t h e  o r b i t a l  p lane, which now i s  common t o  bo th  s a t e l l i t e s ,  and 

t h e  "z"  a x i s  i s  c o n s t a n t l y  pe rpend icu la r  t o  t h i s  p lane. Imagine t h a t  

a t  t = 0  the  "r" a x i s  i s  normal t o  t h e  i n i t i a l  d i r e c t i o n  o f  t h e  l i n e  o f  

s i g h t .  From then on, i t  moves w i t h  constant  angu lar  speed n o  f rom t h e  

p o i n t  o f  view o f  an observer  f i x e d  t o  t h e  o r b i t a l  p lane. L e t  A t  be t h e  

t i m e  i n t e r v a l  between t h e  passage o f  t h e  f i r s t  and t h e  second s a t e l l i t e  

th rough t h e  same p o i n t  o f  t h e  common re fe rence  o r b i t ,  as seen by t h a t  

observer.  Consider t h e  u n i t  v e c t o r  r o t a t e d  forwards f rom t h e  a x i s  
+ 
r by $noAt  rad ians,  and t h e  u n i t  v e c t o r  L;o, r o t a t e d  backwards f rom 
+ 
r by t h e  same angle. As t h e  system t u r n s ,  b o t h  vec to rs ,  which appear 

f i x e d  i n  t h e  moving coord inates ,  fo rm a constant  ang le  o f  n o A t  rad ians ,  

and remain more o r  l e s s  a l i g n e d  w i t h  t h e  p o s i t i o n  vec to rs  o f  t h e  
0 0 

s a t e l l i t e s ,  as i n d i c a t e d  i n  F ig .  1.4.1. L e t  LI,, and LI,, be u n i t  v e c t o r s  
0 0 normal t o  rlo and rZ0 , r e s p e c t i v e l y ,  bo th  i n  t h e  o r b i t  p lane and 

p o i n t i n g  a g a i n s t  t h e  mot ion o f  t h e  r e s p e c t i v e  spacec ra f t .  L e t  a l s o  

r and ii be t h e  p o s i t i o n  and t h e  v e l o c i t y  vec to rs  o f  t h e  unper turbed -i 0 

s a t e l l i t e s  as seen in the rotating coordinates. Decomposing t h e  v e c t o r  

o f  p a r t i a l  d e r i v a t i v e s  D r .  a long ?, $ and 1: 
Pk-1 

0 0 0 D r. = z  D z .  + r .  D r .  + U .  D u. ,  where z: p o i n t s  along; pk-1 -0 pk 1 -10 pk 1 -10 pk l - 

and zi, ri, ui a r e  t h e  components o f  ri i n  t h e  (z,r ,u)  system ( w i t h  

i = 1 o r  2, depending on t h e  s a t e l l i t e ) , t h e n ,  i n  t h e  n o t a t i o n  o f  para- 

graph (1.31, 

and 

0 0 0 0 0  S ince zo i s  normal t o  t h e  common o r b i t a l  p lane, zo . go = zo.iSo = 0, so 

0 0 0 0 
D p  -1 r . . e  -0 = ~ ~ ~ r - ~ ~ . ~ i  + yik{io.eo (1.4.10a) 

k  

0 0 0 0 0 
D r..go = ~ ~ ~ 1 ~ ~ . g ~  + yik!io.Eo (1.4.10b) 

P k-1 
0 0 

and s i m i l a r l y  f o r  D and D i..co, so a t  t h i s  p o i n t ,  aik and iik 
P k-1 P k-1 
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T h i s  i s  t h e  f u l l  express ion o f  t h e  l i n e a r i z e d  mode1,with some o f  t h e  

t ime-dependencies made e x p l i c i t .  As shown by t h e  computer s tud ies  o f  

s e c t i o n  4, o n l y  t h e  f i r s t  f o u r  terms a r e  needed f o r  an adequate 

r e p r e s e n t a t i o n  o f  t h e  model; a l s o  i t  i s  p o s s i b l e  t o  make t h e  f u r t h e r  

approx imat ion 

cos nlo = COS n20 = COS ni ( t h e  overbar  i n d i c a t e s  t h e  

t ime-average over  one o r b i t )  

w i t h o u t  app rec iab le  l o s s  o f  accuracy, because nio i s  smal l ,  so i t s  

cos ine changes v e r y  s l i g h t l y  i f  t h e  ang le  i s  per turbed,  un less  t h i s  

p e r t u r b a t i o n  i s  v e r y  l a r g e .  I g n o r i n g  t h e  l a s t  p a r t  o f  (1.4.11) 

e l i m i n a t e s  t h e  need t o  eva lua te  t h e  compl ica ted t ime-va ry ing  products  

i n  t h e  neg lec ted terms. Such terms do have an i n f l u e n c e  on t h e  s i g n a l ,  

b u t  t h i s  has b a s i c a l l y  t h e  form A t s i n  n o t  + B t cos n o t  which, as 

exp la ined  i n  s e c t i o n  3, can be taken ca re  o f  i n  a  v e r y  s imple  way 

w i t h o u t  b r i n g i n g  i n  t h e  whole formula  f o r  t h e  d i f f e r e n t i a l  o f  S. I n  

consequence, sec t i ons  3  and 4  w i l l  cons ide r  o n l y  t h e  s i m p l i f i e d  model; 

It i s  p o s s i b l e  t o  n e g l e c t  t h e  l a s t  p a r t  o f  (1.4.11) and t o  have (1.4.12) 

ins tead,  because t h e  o r b i t s  a re  n e a r - c i r c u l a r  and p 0 i s l a r g e  when 
5 compared t o  t h e  q u a n t i t i e s  i t  d i v i d e s  ( o r d e r  o f  10 meters) .  These 

q u a n t i t i e s  cancel  o u t  a long a  p e r f e c t l y  c i r c u l a r  re fe rence  o r b i t ,  as 

then  I i l o l  = & , l  and nlo = "o f o r  a l l  t, so t h e y  a r e  bound t o  be 

smal l  when t h e  o r b i t  i s  a lmost  c i r c u l a r .  

The assumption t h a t  b o t h  sate1 l i t e s  move i n  cop lanar  ( o r  near-cop1 anar )  

o r b i t s  e l i m i n a t e s  f rom t h e  model t h e  p e r t u r b a t i o n s  pe rpend icu la r  t o  t h e  

comnon plane. When t h e  planes a r e  d i f f e r e n t ,  ak and ,ik must be i n c o r -  

po ra ted  i n t o  t h e  model. Th i s  g e n e r a l i z a t i o n  can be done w i t h o u t  much 

d i f f i c u l t y ,  a l t hough  t h e  numerical  computat ions then become more 

l abo r ious .  Because o n l y  t h e  cop lanar  case has been t h e  s u b j e c t  o f  

se r ious  d i s c u s s i o n  and research u n t i l  now, and i t  i s  a l s o  s imp le r ,  

t h e  more general  problem i s  n o t  considered here. Some recen t  ca l cu -  

l a t i o n s  by Breakwel l  ( r e p o r t e d  t o  me by P. Bender) i n d i c a t e  t h a t  



having s l i g h t l y  d i f f e r e n t  p lanes may improve t h e  e s t i m a t i o n  o f  low and 

medium degree p o t e n t i a l  c o e f f i c i e n t s .  T h i s  cou ld  be due t o  t h e  r e i n -  

forcement of  t h e  s i g n a l  by t h e  a d d i t i o n a l  t e n s  i n  ak and ak. T h i s  

ques t i on  s h a l l  be discussed f u r t h e r  i n  paragraph (3.10). 

F ig .  1.4.1 The geometry o f  t h e  common re fe rence  o r b i t .  



Summary. 

The r e l a t i o n s h i p  between t h e  s i g n a l  ( r e l a t i v e  l i n e - o f - s i g h t  v e l o c i t y )  

and t h e  parameters t o  be es t imated ( p o t e n t i a l  c o e f f i c i e n t s ,  components 

o f  t h e  i n i t i a l  s t a t e  o f  each spacec ra f t )  i s  a  n o n l i n e a r  one. To 

eva lua te  t h e  parameters by such methods as l e a s t  squares adjustment,  

i t  i s  necessary t o  l i n e a r i z e  t h i s  r e l a t i o n s h i p .  The r e s u l t i n g  mathe- 

m a t i c a l  model i nc ludes  t h e  d e r i v a t i v e s  o f  t h e  s t a t e s  o f  t h e  s a t e l l i t e s  

a t  t h e  t i m e  o f  t h e  measurement w i t h  respect  t o  t h e  parameters. These 

d e r i v a t i v e s  a r e  found by s o l v i n g  t h e  v a r i a t i o n a l  S, which a r e  l i n e a r  

d i f f e r e n t i a l  equat ions obta ined by d i f f e r e n t i a t i n g  t h e  n o n l i n e a r  

equat ions o f  mot ion.  To e x p l o i t  i t s  geometr ica l  symmetries, t he  problem 

i s  de f i ned  i n  a  system o f  Car tes ian  coord inates ,  two o f  whose axes 

r o t a t e  i n  t h e  p lane o f  t h e  o r b i t  w i t h  a  constant  angu lar  v e l o c i t y  

equal t o  t h e  mean angu lar  v e l o c i t y  o f  t h e  s a t e l l i t e ,  and t h e  model 

i s  l i n e a r i z e d  a long a  spec ia l  re fe rence  o r b i t  descr ibed i n  f u r t h e r  

d e t a i l  i n  t h e  nex t  sec t i on .  The cho ice o f  coord inates  r e s u l t s  i n  

v a r i a t i o n a l  S t h a t ,  a f t e r  some simpl i f i c a t i o n s  va l  i d  f o r  nea r -c i  r c u l a r ,  

nea r -po la r  o r b i t s ,  a r e  r e l a t i v e l y  easy t o  s o l v e  a n a l y t i c a l l y ;  t hey  

a r e  known as H i l l  ' S  equat ions.  I n  t h e  problem s tud ied  here, t h e  two 

s a t e l l i t e s  f o l l o w  each o t h e r  a long much t h e  same t r a j e c t o r y ,  so they  

can have a  common re fe rence  o r b i t  and re fe rence  o r b i t a l  p lane. 

I n  t h i s  spec ia l  case, p e r t u r b a t i o n s  pe rpend icu la r  t o  such p lane do 

n o t  appear i n  t h e  l i n e a r i z e d  model. A f t e r  some f u r t h e r  approximat ions,  

v a l i d a t e d  by t h e  numerical  s tud ies  o f  s e c t i o n  4, o n l y  v a r i a t i o n s  i n  

t h e  r a d i a l  and a long - t rack  v e l o c i t i e s  o f  each spacec ra f t  remain i n  

t h e  model . 



2. THE ANALYTICAL SOLUTION OF THE VARIATIONAL EOUATIONS. 

I n t r o d u c t o r y  remarks and overview. 

As shown i n  t h i s  sec t i on ,  t h e  v a r i a t i o n a l  equat ions have a n a l y t i c a l  

s o l u t i o n s  i n  t h e  form o f  sums o f  s ines  and cos ines o f  ang les  t h a t  grow 

l i n e a r l y  w i t h  t ime.  These sums take  s t r o n g l y  symmetric as w e l l  as 

s imple  forms when t h e  re fe rence  o r b i t  a long which t h e  problem i s  

l i n e a r i z e d  appears,to an observed f i x e d  w i t h  respec t  t o  t h e  i n s t a n -  

taneous o r b i t a l  p lane r (de f i ned  by t h e  ins tantaneous p o s i t i o n  and 

v e l o c i t y  vec to rs  - r and - F),  t o  be a  c losed pa th  repea t ing  i t s e l f  

p e r i o d i c a l l y  w i t h  t h e  angu la r  f requency no .  I n  a d d i t i o n ,  t h e  o r b i t  

should appear t o  t h e  same observer  as symmetrical w i t h  respec t  t o  t h e  

i n t e r s e c t i o n  o f  r and t h e  m e r i d i a n  p lane pe rpend icu la r  t o  r .  By s o l v i n g  

t h e  v a r i a t i o n a l s  a n a l y t i c a l l y ,  t h e  c o e f f i c i e n t s  o f  t h e  unknown pk i n  

t h e  l i n e a r i z e d  s i g n a l  equa t ion  (1.4.12) can be obta ined w i t h o u t  l a b o r i o u s  

numerical  i n t e g r a t i o n s  which a r e  sub jec t  t o  cumula t ive  round ing and 

t r u n c a t i o n  e r r o r s .  The F o u r i e r  s e r i e s  form o f  t h e  a n a l y t i c a l  s o l u t i o n s  

( te rm ina ted  a t  a  s u f f i c i e n t l y  h i g h  f requency)  pe rm i t s  t h e  s imul taneous 

adjustment o f  t h e  hundreds o f  thousands o f  p o t e n t i a l  c o e f f i c i e n t s  t h a t  

desc r ibe  t h e  g r a v i t a t i o n a l  f i e l d  a t  sate1 l i t e  a1 t i t u d e  because, p a r t l y  

due t o  t h i s  form, t h e  huge normal equat ions have a  ve ry  s t r o n g  s t r u c -  

t u r e .  Th i s  reduces t h e  work needed t o  s e t  up and s o l v e  these equat ions 

t o  t h e  p o i n t  t h a t  t h e  adjustment becomes f e a s i b l e .  

T h i s  s e c t i o n  beg ins  w i t h  t h e o r e t i c a l  cons ide ra t i ons  on t h e  e x i s t e n c e  

o f  c losed,  symmetrical o r b i t s  i n  p u r e l y  zonal f i e l d s ,  f o l l o w e d  by a  

d e s c r i p t i o n  o f  a  method f o r  o b t a i n i n g  them by r e f i n i n g  t h e  i n i t i a l  

c o n d i t i o n s  o f  t h e  c l a s s i c a l  " f rozen  o r b i t "  , whose mean Kep le r i an  

elements a r e  cons tan t  except  f o r  a  s e c u l a r  precess ion o f  t h e  l i n e  o f  

nodes. Then comes t h e  development of t h e  f o r c i n g  terms of t h e  v a r i a -  

t i o n a l ~  a long  t h e  re fe rence  o r b i t  i n  t h e  form o f  F o u r i e r  s e r i e s  w i t h  

t i m e  f o r  independent v a r i a b l e .  Next, t h e  a n a l y t i c a l  s o l u t i o n s  o f  t h e  

v a r i a t i o n a l s  a r e  discussed ( t h e  mathemat ical  d e r i v a t i o n s  a r e  i n  

Appendix I )  i n c l u d i n g  b o t h  fo rced  and f r e e  responses. A l l  t h e  formulas  

needed f o r  computing t h e  F o u r i e r  c o e f f i c i e n t s  o f  t h e  fo rced  response 

a r e  g i ven  i n  t h i s  sec t i on .  



F i n a l l y ,  t h e  t h e o r y  i s  a p p l i e d  t o  t h e  case where t h e  re fe rence  o r b i t  

i s  p e r f e c t l y  c i r c u l a r ,  because t h i s  c l a r i f i e s  some p r o p e r t i e s  o f  t h e  

p e r i o d i c  re fe rence  o r b i t  (which can be regarded as a pe r tu rbed  

c i r c u l a r  one). 

2.1 The p e r i o d i c  re fe rence  o r b i t .  

To i n v e s t i g a t e  t h e  ex i s tence  o f  c losed, p e r i o d i c a l ,  symmetrical o r b i t s  

i n  a re fe rence  f i e l d  o f  zona ls  f rom t h e  p o i n t  o f  v iew o f  an observer  

i n  t h e  moving o r b i t a l  plane, i t  i s  conven ient  t o  s t a r t  by l o o k i n g  a t  

t h e  problem i n  " f i x e d "  i n e r t i a l  space. L e t  (x,y,z) be an i n e r t i a l  

system w i t h  o r i g i n  a t  t h e  geocenter.  Assume t h a t  t h e  g r a v i t a t i o n a l  

f i e l d  has r o t a t i o n a l  symmetry about t h e  t a z i s ,  so i t s  expansion 

c o n t a i n s  o n l y  zonals.  Two p a r t i c l e s ,  o r  s a t e l l i t e s ,  A and A ' ,  s t a r t  

f rom t h e  same p o i n t  P, moving p e r p e n d i c u l a r l y  t o  t h e  m e r i d i a n  p lane  

a t  P w i t h  t h e  same v e l o c i t y  and i n  oppos i te  d i r e c t i o n s .  T h i s  s i t u a -  

t i o n  i s  i l l u s t r a t e d  i n  f i g u r e  2.1.1, where t h e  p lane xz  i s  a l s o  t h e  

m e r i d i a n  a t  P. Due t o  t h e  r o t a t i o n a l  symmetry o f  t h e  f i e l d ,  t h e  cho ice  

o f  m e r i d i a n  p lane i s  i r r e l e v a n t  t o  t h i s  argument. The f r e e - f a l l  t r a j e c -  

t o r i e s  o f  t h e  p a r t i c l e s  must be m i r r o r  images o f  each o ther ,  because 

t h e  a c c e l e r a t i o n s  i n  a zonal f i e l d  a r e  mi r ror -symmetr ica l  r e s p e c t  t o  

any m e r i d i a n  plane, xz  inc luded.  Imagine now t h a t  A c o l l i d e s  w i t h  

a r i g i d  p lane  normal t o  i t s  mot ion a t  a p o i n t  0, bouncing back i n  a 

p e r f e c t l y  e l a s t i c  fash ion.  An i n s t a n t  a f t e r  t h e  impact t h e  p o s i t i o n  o f  A 

i s  v i r t u a l l y  t h e  same as be fo re  it, b u t  i t s  v e l o c i t y  v e c t o r  has 

reversed i t s  d i r e c t i o n  w h i l e  keeping i t s  magnitude. Since t h e  s a t e l l i t e  

i s  drag- f ree,  and t h u s  s u b j e c t  o n l y  t o  t h e  f o r c e s  o f  a conse rva t i ve  

f i e l d  which depend on p o s i t i o n  alone, t h e  p a r t i c l e  w i l l  r e t r a c e  t h e  

a r c  PQ and r e t u r n  t o  P w i t h  t h e  same v e l o c i t y  as before ,  b u t  moving 

i n  t h e  oppos i te  d i r e c t i o n .  Then i t  w i l l  have t h e  same s t a t e  as A' 

a t  t h e  s t a r t  o f  i t s  t r a j e c t o r y ,  so now A w i l l  f o l l o w  t h e  a r c  PQ' 

descr ibed by t h a t  p a r t i c l e .  I n  t h i s  way A w i l l  have moved, f rom t h e  

p o i n t  o f  c o l l i s i o n ,  a long  t h e  symmetrical pa th  QPQ'. T h i s  leads t o  

t h e  conc lus ion  that, i n  a zonal f i e l d ,  any t r a j e c t o r y  t h a t  i s  perpen- 

d i c u l a r  a t  some p o i n t  t o  a mer id ian  p lane must be, i n  i n e r t i a l  

space, a l s o  mi r ror -symmetr ica l  w i t h  respec t  t o  Chat p lane. 



C l e a r l y ,  t h e r e  i s  an i n f i n i t e  number o f  such t r a j e c t o r i e s .  According 

t o  t h e  argument so f a r ,  such conc lus ion  i s  v a l i d  i n  iner t ial  space. 

Consider now t h e  case o f  an observer  on t h e  ins tantaneous o r b i t a l  

p lane r, whose re fe rence  frame i s  t h e  moving system o f  p o l a r  c o o r d i -  

nates  ( r ,F1 )  i l l u s t r a t e d  i n  f i g u r e  2.1.2. I n  t h i s  system r i s  t h e  

geocen t r i c  d i s tance  and t h e  o r i g i n  0 i s  t h e  geocenter. T h i s  cho ice  

i s  p o s s i b l e  because r i s  t h e  p lane spanned by - r and - r ,  so i t  always 
+ 

con ta ins  - r and 0. F '  i s  t h e  ang le  formed by - r w i t h  t h e  a x i s  d, which 

l i e s  a long t h e  i n t e r s e c t i o n  o f  r w i t h  t h e  mer id ian  p lane pe rpend icu la r  

t o  r, and whose p o s i t i v e  sense i s  towards t h e  n o r t h e r n  hemisphere. 

F '  increases f rom ascending t o  descending node, f o l l o w i n g  t h e  move- 

ment o f  t h e  s a t e l l i t e .  

F ig .  2.1.1 Mi r ror -symmetr ica l  o r b i t  i n  a zonal f i e l d  i n  

i n e r t i a l  space ( P  i s  i n  t h e  xz p lane) .  



I n  t h e  new re fe rence  system, two symmetrical p o i n t s  B and B '  have coor -  

d i n a t e s  rg = rBl and FA = -FA,. The symmetrical o r b i t  must f u l f i l 1  t h e  

equat ions o f  mot ion i n  t h e  moving system ( r ,  F ' )  so, t h e  a c c e l e r a t i o n s  

be ing always f i n i t e ,  bo th  p o s i t i o n  and v e l o c i t y  must be cont inuous and 

d i f f e r e n t i a b l e  f u n c t i o n s  o f  t ime.  For c o n t i n u i t y  t o  be compat ib le  w i t h  
+ 

symmetry about t h e  d  a x i s ,  t h e  v e l o c i t y  v e c t o r  i n  t h e  moving system 
+ 

must be normal t o  d  a t  two p o i n t s  where t h i s  i s  crossed by t h e  o r b i t .  

T h i s  means t h a t  t h e  r a d i a l  component o f  t h e  v e l o c i t y  must be zero a t  

those p o i n t s .  

T h i s  component i s  t h e  r e l a t i v e  v e l o c i t y  between t h e  s a t e l l i t e  and t h e  

geocenter 0. R e l a t i v e  v e l o c i t i e s  a r e  coordinate- independent,  so t h e  

r a d i a l  v e l o c i t y  f i n  t h e  i n e r t i a l  system (x,y,z), whose o r i g i n  i s  a l s o  

t h e  geocenter, must be t h e  same as t h a t  i n  t h e  moving system and, i n  
+ 

p a r t i c u l a r ,  k = 0 a t  t h e  t ime  o f  a  c r o s s i n g  o f  t h e  d  a x i s  (another  way 

o f  e x p l a i n i n g  t h i s  i s  t o  n o t i c e  t h a t  r i s  t h e  same a t  a l l  t imes i n  

b o t h  systems, so i t s  t ime  d e r i v a t i v e  has t h e  same va lue i n  bo th ) .  Th i s  

means t h a t ,  i n  i n e r t i a l  space, t h e  v e l o c i t y  v e c t o r  - k must be perpend i -  

c u l a r  t o  t h e  p o s i t i o n  v e c t o r  - r whenever t h i s  happens t o  t h e i r  counter -  

p a r t s  i n  t h e  moving system. I f  t h e  zero  harmonic i s  much l a r g e r  than 

t h e  r e s t ,  so t h e  o r b i t  d i f f e r s  o n l y  s l i g h t l y  f rom a k e p l e r i a n  e l l i p s e ,  
+ 

t h e r e  w i l l  be two i n t e r s e c t i o n  p o i n t s  P and P '  on d  a t  oppos i te  s ides  

of t h e  o r i g i n ,  as i n  t h e  case o f  an e l l i p s e .  

Meridian I 

F ig .  2.1.2 The s y s t e m - ( r , ~ '  ) i n  t h e  ins tantaneous o r b i t a l  p lane 

spanned by 1 and - t .  ( a )  I n  i n e r t i a l  space - (b )  As seen by 
observer on r .  



A t  e i t h e r  i n t e r s e c t i o n  t h e  s a t e l l i t e  i s  on t h e  mer id ian  p lane normal t o  r, 
-C 

accord ing t o  t h e  d e f i n i t i o n  o f  d, and t h e  v e l o c i t y  v e c t o r  i s  normal t o  r, 
+ - 

which i s  then a l i g n e d  w i t h  d, and l i e s  (as i t  does a t  a l l  t imes )  i n  r .  
T h i s  means t h a t  t h e  v e l o c i t y  v e c t o r  must be normal t o  t h e  mer id ian  p lane 

o f  t h e  s a t e l l i t e  a t  each i n t e r s e c t i o n .  Consider t h e  "no r the rn "  c ross ing,  

where F '  = 0, and assume t h a t  t h e  s a t e l l i t e ' s  mer id ian  a t  t h a t  p o i n t  i s  

i d e n t i c a l  t o  t h e  xz plane, which i s  a  cho ice  we a re  f r e e  t o  make. T h i s  

i s ,  once more, t h e  s i t u a t i o n  shown i n  F i g .  2.1.1., so t h e  o r b i t  must be 

symmetrical respec t  t o  xz i n  i n e r t i a l  space. A t  symmetrical p o i n t s  B  

and B ' ,  t h e  o r b i t a l  p lanes a r e  a l s o  symmetr ical ,  and so a r e  t h e  i n s t a n -  
-+ 

taneous d i r e c t i o n s  o f  d  as seen i n  i n e r t i a l  space. 

T h i s  reasoning can be repeated f o r  t h e  "southern"  c ross ing,  where F '  = a, 

w i t h  t h e  same conc lus ion.  So k = 0  when F '  = 0  o r  F '  = IT i s  a  necessary 

c o n d i t i o n  f o r  t h e  o r b i t  t o  be symmetric, i n  o rde r  t h a t  both  p o s i t i o n  and 

v e l o c i t y  be d i f f e r e n t i a b l e ,  as exp la ined  e a r l i e r ,  b u t  i t  i s  a l s o  a  

sufficient c o n d i t i o n  f o r  symmetry, as j u s t  shown. Furthermore, t h e  

d i f f e r e n t i a b i l  i t y  o f  t h e  o r b i t  makes i- = 0  a t  bo th  c ross ings  a  necessary 

and sufficient c o n d i t i o n  f o r  any o r b i t  t h a t  i s  symmetric i n  r w i t h  
-C 

respec t  t o  d  t o  be a l s o  c losed. T h i s  means t h a t  b = 0  when F '  = 0  and 

F '  = IT i s  a  necessary and s u f f i c i e n t  c o n d i t i o n  f o r  an o r b i t  t o  be 

symmetrical and c losed  i n  t h e  ( r ,F '  ) system on t h e  ins tantaneous o r b i t a l  

p1 ane. 

Because k i s  t h e  same i n  t h e  i n e r t i a l  and i n  t h e  moving system, t h e  l a s t  

statement i m p l i e s  t h a t  an o r b i t  i s  symmetric and c losed  i n  t h e  moving 

system i f  i t  crosses p e r p e n d i c u l a r l y  two mer id ian  planes i n  i n e r t i a l  

space. 

The t i m e . i n t e r v a 1  between two such c ross ings  i s  h a l f  t h e  o r b i t a l  p e r i o d  

To, and t h e  o r b i t a l  angu lar  f requency i s  n o  = 2a/T0. 

It should be remembered t h a t  these conc lus ions a re  v a l i d  f o r  near 
-f 

k e p l e r i a n  o r b i t s ,  w i t h  o n l y  two c ross ings  o f  d  per  r e v o l u t i o n .  T h i s  i s  

a  reasonable assumption f o r  t h e  Ear th ,  o t h e r  p lane ts  and major  moons 

i n  t h e  s o l a r  system, p a r t i c u l a r l y  when o n l y  t h e  l ow  degree zona ls  of 

t h e i r  f i e l d s  a r e  i nvo l ved .  



The p rev ious  reason ing has shown t h e  ex i s tence  o f  symmetrical o r b i t s ,  

b u t  n o t  o f  o r b i t s  t h a t  a re  c losed  as w e l l .  Because o f  i t s  g r e a t  complex i ty ,  

t h e  ques t i on  o f  t h e i r  ex i s tence  w i l l  n o t  be considered f u r t h e r .  Ins tead,  

making t h e  assumption t h a t  such o r b i t s  e x i s t ,  t h e  i d e a s o b t a i n e d  so f a r  

w i l l  be used t o  develop a method f o r  computing n e a r - c i r c u l a r  o r b i t s  t h a t  

can be s u f f i c i e n t l y  symmetrical and p e r i o d i c a l  f o r  p r a c t i c a l  purposes. 

T h i s  method i n v o l v e s  making successive c o r r e c t i o n s  t o  t h e  i n i t i a l  s t a t e  

o f  a t r a j e c t o r y  t h a t  i s ,  f rom t h e  s t a r t ,  symmetrical and a lmost  c losed.  

It i s  an i t e r a t i v e  search whose beg inn ing i s  chosen by t a k i n g  advantage 

o f  a p r o p e r t y  o f  t h e  mean e l l i p s e  o f  a symmetr ical  and c losed  o r b i t .  

T h i s  i s  t h e  e l l i p s e  t h a t  f i t s  best  t h e  o r b i t  over  a p e r i o d  o f  t i m e  

s u f f i c i e n t l y  l a r g e  f o r  f l u c t u a t i o n s  o f  f requency n o  and h i g h e r  t o  

average out .  When t h e  o r b i t  i s  p e r i o d i c a l ,  t h e  mean e l l i p s e  w i l l  

have t h e  same shape when averaged ove r  any whole number o f  r e v o l u t i o n s  

and, i n  i n e r t i a l  space, t h e  o n l y  change w i l l  be a steady precess ion of 
-+ 

i t s  p lane  about t h e  z a x i s .  T h i s  precess ion occurs  because, i n  genera l ,  

t h e  i n e r t i a l  p o s i t i o n  and v e l o c i t y  vec to rs  a t  t h e  end o f  one r e v o l u t i o n  

(when t h e  s a t e l l i t e  crosses a mer id ian  p lane  p e r p e n d i c u l a r l y  and n o r t h  

o f  t h e  equator  f o r  t h e  second t ime)  a r e  t h e  same as those a t  t h e  
-+ 

beg inn ing o f  t h a t  r e v o l u t i o n  r o t a t e d  about z by a common ang le .  Because 

t h e  f i e l d  i s  zonal ,  t h e  nex t  t u r n  o f  t h e  spacec ra f t  i s  i d e n t i c a l  t o  t h e  

p rev ious  one r o t a t e d  by t h e  same angle.  As a r e s u l t ,  t h e  o r b i t a l  p lane  

r o t a t e s  about z by a constant  amount a t  every  r e v o l u t i o n .  As each 

r e v o l u t i o n  takes  t h e  same t ime, t h e  average mot ion i s  a steady precession.  

I n  t h e  case where t h e  o r b i t  i s  po la r ,  a l l  forces l i e  i n  t h e  o r b i t a l  

p lane, which does n o t  change, so t h e r e  i s  no precess ion:  t h e  c losed 

o r b i t  i s  a f l a t  curve.  For o t h e r  i n c l i n a t i o n s  t h e  i n i t i a l  and t h e  

f i n a l  s t a t e  d i f f e r ,  i n  genera l ,  by some r o t a t i o n ,  so, as exp la ined  

above, precess ion ensues. The r a t e  o f  precession,  f o r  p l a n e t s  w i t h  a 

s u b s t a n t i a l  e q u a t o r i a l  bulge, l i k e  t h e  Earth,  i s  d i c t a t e d  m o s t l y  by 

t h e  second zona l ,  as shown i n  fo rmula  (1.3.10). 'The e x p l a n a t i o n  g i ven  

here  i s  o n l y  v a l i d  f o r  p e r i o d i c a l  o r b i t s ;  a more general  one, based on 

resonance i n  t h e  s o l u t i o n  o f  t h e  v a r i a t i o n a l  equa t ion  (1.3.7), was 

o u t l i n e d  i n  paragraph (1.3) and i s  d iscussed f u r t h e r  i n  Appendix 11. 

From t h e  p rev ious  d i s c u s s i o n  f o l l o w s  t h a t  t h e  Kep le r i an  elements o f  

t h e  mean e l l i p s e ,  o r  mean elements, must be a l l  cons tan t  f o r  a p e r i o -  



d i c a l  o r b i t ,  w i t h  t h e  excep t ion  o f  t h e  l o n g i t u d e  o f  t h e  ascending node, 

a,  which changes s t e a d i l y  due t o  t h e  precession.  For a l l  n e a r - c i r c u l a r  

o r b i t s  whose mean i n c l i n a t i o n  i s  n o t  t o o  c l o s e  t o  t h e  " c r i t i c a l "  va lue  
-1 3 0 

i = s i n  (4 /5 )  - 63.43', G.E. Cook (1966) has found r e l a t i o n s h i p s  

l i n k i n g  t h e  mean e c c e n t r i c i t y  e, t h e  mean argument o f  pe r igee  w ( t h e  

ang le  between t h e  t r a c e  o f  t h e  o r b i t a l  p lane on t h e  equator,  o r  l i n e  of 
nodes, and t h e  semimajor a x i s ,  p o s i t i v e  f rom ascending node t o  pe r igee )  

and t h e  p o t e n t i a l  c o e f f i c i e n t s  o f  t h e  dominant zonal  terms, g i ven  t h e  

mean l e n g t h  o f  t h e  semimajor a x i s  a  and i . G e n e r a l l y  e  and U a r e  slow- 

v a r y i n g  f u n c t i o n s  o f  t ime, except when they  s a t i s f y  s imul taneous ly  t h e  

c o n d i t i o n s  

e  = a  c e r t a i n  f u n c t i o n  o f  t h e  

Choosing i n  t h i s  way t h e  i n i t i a l  " t r i a l  o r b i t "  means t a k i n g  

a  = F, t h e  des i red  mean rad ius ;  

i = g iven  value,  assumed t o  be n o t  t o o  c l o s e  t o  t h e  

c r i t i c a l  i n c l i n a t i o n ,  as i t  i s  t h e  case w i t h  near  

p o l a r  o r b i t s .  

e  = C/K (2.1.2) 

where 

G M 3 - o  a 2  5 K  = 3&(-) C 2  0(2) ( 1  - ( s i n  i ) 2 )  
d 

and 

(Cook wro te  i n  h i s  paper e q u i v a l e n t  expressions us ing  unnormaZized 

p o t e n t i a l  c o e f f i c i e n t s  and Legendre f u n c t i o n s ) .  I n  (2.1.3) a l l  even 

zona ls  above degree n  = 2  have been neglected,  and i n  (2.1.4) N i s  t h e  

h i g h e s t  degree i nc luded  i n  t h e  zonal expansion, w h i l e  t h e  summation i s  

over  odd va lues o f  n  on l y .  From these Kep le r i an  elements t h e  Car tes ian  

components o f  t h e  i n i t i a l  s t a t e  can be c a l c u l a t e d  as f o l l o w s :  



io = Z o  = 0  

GM l + e  $ 
)io = - [, (G) l 

Yo = 0  

z = F s i n  i 
0 

X = ( i2  - 
0 2; 1" 

where t h e  "0" s u b s c r i p t  i n d i c a t e s ,  s imul taneous ly ,  t h a t  t h i s  i s  t h e  

i n i t i a l  s t a t e  and a l s o  t h e  s t a t e  corresponding t o  F '  = 0  i n  t h e  moving 

system, and where F = ( l - e ) a .  

Cook's formulas a r e  v a l i d  as l o n g  as c e r t a i n  terms p r o p o r t i o n a l  t o  t h e  

square o f  t h e  e c c e n t r i c i t y  can be neglected,  i .e. ,  f o r  near  c i r c u l a r  

o r b i t s ,  which a re  those o f  i n t e r e s t  here, except when i i s  c l o s e  t o  

t h e  c r i t i c a l  i n c l i n a t i o n .  Away f rom t h i s  problem zone the  e c c e n t r i c i t i e s  

g i ven  by (2.1.2) are,  f o r  t h e  Earth,  o f  t h e  o r d e r  o f  1om3, so t h e  use 

o f  these expressions i s  j u s t i f i e d .  Choosing t h e  i n i t i a l  s t a t e  o f  an 

o r b i t  so t h a t  t h e  ins tantaneous Kep le r i an  elements a t  t h e  s t a r t  s a t i s f y  

(2.1.1-2) does n o t  guarantee t h a t  t h e  o r b i t  w i l l  c lose,  because Cook's 

t h e o r y  a p p l i e s  t o  mean elements on l y .  However, one can reasonably  expect  

a  n e a r - p e r i o d i c a l  r e s u l t ,  which can be improved by smal l  c o r r e c t i o n s  t o  

t h e  i n i t i a l  s t a t e .  Since t h e  argument o f  pe r igee  i s  go0, t h e  o r b i t  

s t a r t s  pe rpend icu la r  t o  t h e  i n i t i a l  mer id ian  plane, so i t s  symmetry i s  

ensured. 

I n  general ,  Cook's o r b i t  i s  n o t  p e r f e c t l y  c losed, which means t h a t  

i # 0 when F '  = T. 

I n  such a  case t h e  r a d i a l  v e l o c i t y  "misc losure"  FT (where t h e  s u b s c r i p t  

"r" i n d i c a t e s  t h a t  t h i s  i s  t h e  va lue o f  k when F '  = a )  has t o  be e l i m i -  

nated by m o d i f y i n g  t h e  i n i t i a l  s t a t e ,  Assuming t h a t  i i s  g i ven  and cannot 

be changed (mod i f y ing  t h e  i n c l i n a t i o n  o f  a  sate1 li t e  o r b i t  i s  expensive 



because i t  r e q u i r e s  a  good deal  o f  f u e l ) ,  then, s ince  t h e  i n i t i a l  v e l o c i t y  

must remain pe rpend icu la r  t o  t h e  i n i t i a l  mer id ian,  and s ince  changing t h i s  

mer id ian  has no e f f e c t  on k, ( r o t a t i n g  t h e  i n i t i a l  s t a t e  about t i n  a  

zonal f i e l d  r o t a t e s  t h e  o r b i t  as a  whole, w i t h o u t  mod i f y ing  i t s  shape), 

t h e  o n l y  elements o f  t h e  i n i t i a l  c o n d i t i o n s  t h a t  can be m o d i f i e d  t o  

reduce k, are  ro and io. C a l l i n g  Are and ~i, t o  t h e  corresponding changes, 

t he  v a r i a t i o n  i n  i, due t o  them i s ,  t o  f i r s t  o rder ,  A~,=D k A r  +D. i, a j 0 .  
r 0  0 Y" 

To c o r r e c t  t h e  "misc losure"  k,, A r o  and ~i~ must b r i n g  about a  v a r i a t i o n  

A;, = -F,. Therefore,  t h e  r e q u i r e d  changes should s a t i s f y  t h e  equa t ion  

Two cases a re  poss ib le :  

( a )  Dr k, = D. i, = 0; here  t h e r e  i s  no s o l u t i o n  t o  (2.1.6) .  Th i s  means 
0 Yo 

t h a t  t h e  m isc losu re  cannot be e l i m i n a t e d  by smal l  changes A r 0  and ~i,, 
so a  new s t a r t i n g  o r b i t  has t o  be found, perhaps by va ry ing  by severa l  

k i l ome te rs  and us ing  (2.1.1-5) once more t o  determine t h e  i n i t i a l  cond i -  

t i o n s .  T h i s  may n o t  be always necessary. For  example, i n  a  c e n t r a l  f o r c e  

f i e l d  ( ze ro  zonal  o n l y )  a  change i n  ro o r  jo has no e f f e c t  on F,, b u t  i, 
i s  always zero  because t h e  o r b i t s  are  always c losed!  

( b )  A t  l e a s t  one o f  t h e  p a r t i a l  d e r i v a t i v e s  i s  n o t  zero  and t h e r e  are, 

i n  genera l ,  i n f i n i t e l y  many s o l u t i o n s .  

I n  t h e  second case, which i s  t h e  one o f  i n t e r e s t  here, t h e  s o l u t i o n  i s  

made unique by t h e  i n t r o d u c t i o n  o f  an a d d i t i o n a l  c o n s t r a i n t .  The con- 

s t r a i n t  chosen, f o r  reasons t h a t  w i l l  become c l e a r e r  l a t e r ,  i s  t h a t  t h e  

mean va lue o f  t h e  o r b i t  should remain constant .  From t h e  a n a l y t i c a l  

s o l u t i o n  o f  H i l l  ' S  v a r i a t i o n a l s  ( g i v e n  i n  paragraph (2.4) ,  a t  t h e  end 
R o f  t h i s  sec t ion) ,  f o r  changes i n  t h e  i n i t i a l  c o n d i t i o n s  o f  t he  o r b i t  a r o  

R and Ago (where t h e  s u p e r s c r i p t  R i n d i c a t e s  t h a t  t h e  coord inates  c o r r e -  

spond t o  t h e  r o t a t i n g  frame in t roduced  i n  s e c t i o n  1 )  t h e  mean va lue o f  

t h e  same o r b i t  v a r i e s  by 



acco rd ing  t o  express ion (2.4.2) ( l ) .  Using t h e  s u p e r s c r i p t  I t o  i n d i c a t e  

i n e r t i a l  coord inates ,  t h e  r e l a t i o n  between bo th  frames i s  

I 
and f rom t h i s  f o l l o w s  t h e  A; = 0  c o n s t r a i n t  f o r  Are and A;:: 

and express ion (2.1.6) becomes (d ropp ing  t h e  s u p e r s c r i p t  I, i n e r t i a l  

space i s  now used e x c l u s i v e l y )  

The s o l u t i o n  i s  

dPn 
~. i~ = -En(%)-l (2.1.10b) 

d  iTl 
The d e r i v a t i v e  E n - l  + D. )  cannot be obta ined a n a l y t i c a l l y ,  = ( D r n o  Yo 
because H i l l  ' S  equat ions,  which a r e  o n l y  approx imate ly  v a l i d ,  g i v e  here  

s i n g u l a r  f i r s t  o r d e r  s o l u t i o n s .  I n  f a c t  t h i s  s i n g u l a r i t y  does n o t  show up, 

a t  l e a s t  i n  t h e  cases t h a t  I have s tud ied,  i f  t h e  problem i s  so lved by 

numerical  d i f f e r e n t i a t i o n .  F i r s t ,  one computes a  t r a j e c t o r y  f rom t h e  

i n i t i a l  c o n d i t i o n s  g i ven  by Cook's equat ions (2.1.3) t o  (2.1.5e). Then 

io i s  changed by a  c e r t a i n  amount ( l  m  sec-' g i ves  good r e s u l t s )  and . 
t h e  t r a j e c t o r y  i s  computed again.  I n  each case t h e  t i m e  when F ' = "  

and t h e  corresponding va lue  ET a r e  found by l i n e a r  numerical  i n t e r -  

p o l a t i o n  between t h e  l a s t  computed p o i n t  where F '  < n and t h e  n e x t  one 

(numer ica l  i n t e g r a t i o n  o n l y  g i ves  d i s c r e t e  p o i n t s  a t  r e g u l a r  i n t e r v a l  S 

I 1 ) ~ e r e  ni; i s  e q u i v a l e n t  t o  n b ( t o )  i n  paragraph (2.4). 



a long  t h e  o r b i t ) .  I f  A i r  i s  t h e  change i n  f a  cor responding t o  a  change 

A j o  i n  jo when t h e  c o n s t r a i n t  (2.1.8) i s  enforced, t hen  

A f t e r  t h e  c o r r e c t i o n  b j 0  i s  made t o  t h e  i n i t i a l  c o n d i t i o n s ,  a  new o r b i t  

i s  computed and t h e  t ime  and coo rd ina tes  o f  t h e  p o i n t  where F '  = 2a  a r e  

obtained, aga in  by i n t e r p o l a t i o n  between t h e  two c l o s e s t  computed p o i n t s .  

The d i f f e r e n c e  between these coo rd ina tes  and t h e  i n i t i a l  c o n d i t i o n s  

c o n s t i t u t e  t h e  m isc losu re  o f  t h e  o r b i t .  I f  t h i s  i s  n o t  s a t i s f a c t o r y ,  t h e  

procedure i s  repeated as many t imes as necessary, u n t i l  t h e  m isc losu re  

becomes n e g l i g i b l e .  Two i t e r a t i o n s  have been s u f f i c i e n t ,  i n  my exper ience, 

t o  reduce t h e  d iscrepanc ies  between s t a r t i n g  and end p o i n t s  t o  about  

l o m i c r o n s  ( 1 0 - ~  m) i n  p o s i t i o n  and below 10-' microns pe r  second i n  ve lo -  

c i t y .  It i s  impor tan t  t o  determine a c c u r a t e l y  both  t h e  F '  = a  and t h e  

F '  = 271 cross ings.  For t h i s  purpose I found i t  very  e f f e c t i v e  t o  s top  

t h e  numer ica l  i n t e g r a t i o n  a t  t h e  p o i n t  immediately a f t e r  t h e  c r o s s i n g  

i n  quest ion ,  and t o  r e - s t a r t  i t  f rom t h i s  p o i n t  w i t h  t h e  i n t e g r a t i o n  

s tep  reversed i n  s i g n  and reduced t o  a  t e n t h  o f  i t s  p rev ious  s i ze ,  

r e p e a t i n g  t h i s  o p e r a t i o n  severa l  t imes ( runn ing  t h e  o r b i t  backwards 

and forwards through t h e  c r o s s i n g  w i t h  eve r  decreasing p o i n t  spacings) 

u n t i l  t h e  va lue  o f  t h e  l i n e a r l y  i n t e r p o l a t e d  c r o s s i n g  t i m e  d i d  n o t  

change i t s  10 th  s i g n i f i c a n t  f i g u r e  f rom t h e  p rev ious  r e s u l t .  

The r e s u l t i n g  c losed  o r b i t  i s  n o t  very  d i f f e r e n t  i n  e l l i p t i c i t y  f rom 

t h e  " f rozen '  o r b i t  t h a t  p rov ided  t h e  s t a r t  f o r  t h e  procedure j u s t  

descr ibed. As Fa = 0, express ion (2.1.6) i n d i c a t e s  t h a t  t h e  o r b i t  w i l l  

s t a y  c losed  i f  smal l  p e r t u r b a t i o n s  t o  t h e  i n i t i a l  c o n d i t i o n s  s a t i s f y i n g  

and, t h e r e f o r e ,  

a r e  app l i ed .  Th i s  means t h a t  t h e r e  may be i n f i n i t e l y  many c losed  o r b i t s ,  

and t h a t  i t  i s  p o s s i b l e  t o  change t h e i r  shape con t i nuous ly  by m o d i f y i n g  



A r o  and ayo. There i s  t h e  p o s s i b i l i t y  t h a t  some o f  these c losed  o r b i t s  

may be more c i r c u l a r  than t h e  one j u s t  obtained, and a l s o  t h a t  t h e i r  

mean r a d i u s  may be nearer  t o  t h e  des i red  one (Cook's formulas 

used as exp la ined  here  may g i v e  a  mean r a d i u s  t h a t  d i f f e r s  f rom t h e  one 

chosen by severa l  k i l o m e t e r s ) .  Th i s  suggests an i t e r a t i v e  search f o r  

a  c losed o r b i t  t h a t  minimizes t h e  rms d i f fe rence between t h e  i n s t a n -  

taneous r a d i u s  and i n  which, a t  each i t e r a t i o n ,  an a t tempt  i s  made 

t o  decrease t h e  f u n c t i o n a l  

J - 1  
@ = r ( r t )  - F )  (where J A ~  = o r b i t a l  p e r i o d  and 

j=O J 
A t  = tj+l- t j )  

by l i n e a r i z i n g  t h e  equat ions o f  mot ion a long  t h e  o r b i t  t o  be cor rec ted,  

o r  " c i r c u l a r i z e d " ,  and s o l v i n g  t h e  l i n e a r i z e d  problem, which i s  a  l e a s t  

squares f it o f  t h e  o r b i t  t o  a  c i r c l e  o f  rad ius  F, t o  o b t a i n  hro and A j o .  

A s imple  way o f  do ing t h i s  i s  t o  use t h e  a n a l y t i c a l  s o l u t i o n  t o  H i l l ' s  

equa t ion  f o r  t h e  r a d i a l  component (express ion (2.4.1))  t o  o b t a i n  t h e  

p a r t i a l  d e r i v a t i v e s  f o r  t h e  l i n e a r i z e d  equat ion o f  t h e  r e s i d u a l  

under t h e  c o n s t r a i n t  t h a t  t h e  o r b i t  remains c losed (express ion (2.1.12)). 

Using (2.1.7) t o  fo rmu la te  t h e  problem i n  an i n e r t i a l  frame, t h e  s o l u t i o n  

t o  t h e  l e a s t  squares f i t  i s  

J- 1 J-1 
X r nr cos n0 jn t+(2n i1+4K)  r At-: 

j=O j=O 

I n  p r a c t i c e  t h e r e  i s  l i t t l e  f u r t h e r  improvement a f t e r  two i t e r a t i o n s ,  

t h e  r e s u l t  b e i n g  cons ide rab ly  more c i r c u l a r  than t h e  i n i t i a l  o r b i t .  

Because t h e  c o n s t r a i n t  (2.1.12) i s  a  f i r s t  o r d e r  approximat ion,  t h e  

c i r c u l a r i z e d  o r b i t  w i l l  n o t  be as w e l l  c losed as one might  wish, so 



t he  " c losu re "  procedure a l ready  descr ibed may be a p p l i e d  once more t o  

ensure a  s a t i s f a c t o r y  r e s u l t .  Because t h e  c i r c u l a r i z e d  o r b i t  has, i n  

p r a c t i c e ,  a  mean value very  near  t o  ( a  few meters '  d i f f e r e n c e ) ,  i t  

i s  i m p o r t a n t  t h a t ,  i n  c l o s i n g  i t  once more, t h i s  mean va lue does n o t  

d r i f t  away. Th i s  i s  why t h e  constancy o f  t h e  mean r a d i u s  was chosen as 

a  c o n s t r a i n t  f o r  t h i s  o p e r a t i o n  e a r l  i e r  on (express ion (2.1.8)) .  

Summing up: t h e  c a l c u l a t i o n  o f  a  re fe rence  o r b i t  t h a t  i n  t h e  i n s t a n -  

taneous o r b i t a l  p1 ane appears symmetr ical  , closed, and n e a r - c i r c u l a r  , 
comprises f o u r  main stages: 

( a )  Given i, F, and t h e  p o t e n t i a l  c o e f f i c i e n t s  f o r  t h e  main zona ls  up 

t o  degree N, use Cook's formulas and (2.1.5a-e) t o  f i n d  t h e  i n i t i a l  

c o n d i t i o n s  o f  t h e  f i r s t  approximate s o l  u t i o n ;  

( b )  Wi th  (2.1.10) f i n d  t h e  c o r r e c t i o n s  Are and ~i~ t o  t h e  i n i t i a l  

c o n d i t i o n s  t h a t  reduce o r  e l i m i n a t e  kT. I t e r a t e  u n t i l  some "c losed-  

ness" c r i t e r i o n  i s  s a t i s f i e d ;  

( c )  Use t h e  r e s u l t  o f  ( b )  i n  (2.1.14a-c) t o  f i n d  a d d i t i o n a l  c o r r e c t i o n s  

t o  t h e  i n i t i a l  s t a t e  t h a t  make t h e  o r b i t  more c i r c u l a r ,  i t e r a t i n g  

i f  necessary; 

( d )  Check t h e  m isc losu re  i n  t h e  r e s u l t  o f  ( c )  and, i f  t o o  l a r g e ,  

repea t  (b ) .  

The use o f  Cook's fo rmulas  f o r  choosing t h e  re fe rence  o r b i t  ( w i t h o u t  

f u r t h e r  c o r r e c t i o n s )  has been proposed by Wagner and Gould (1982) as 

p a r t  o f  t h e i r  approach t o  process ing s a t e l l i t e - t o - s a t e l l i t e  t r a c k i n g  

data  based on t h e  c l a s s i c a l  f i r s t  o r d e r  a n a l y t i c a l  p e r t u r b a t i o n  theo ry  

o f  t h e  k e p l e r i a n  elements. 

As i t  w i l l  be exp la ined  i n  paragraph (2.6) ,  i n  a  f i e l d  c o n s i s t i n g  o n l y  

o f  zonal S t h e  nea r -c i  r c u l  a r ,  near-p01 a r  re ference o r b i t  can be regarded 

as a  c i r c l e  o f  r a d i u s  p l u s  a  p e r t u r b a t i o n  whose r a d i a l  component i s  

o f  t h e  form 

- 
A r  = r - r = c K .  cos j n o t  

j J 

= c K .  cos j F '  = a r ( F 1 )  
i J 

because F '  = n o t  f o r  t h e  unperturbed c i r c u l a r  o r b i t .  Moreover, f o r  even 

degree zonal S j takes o n l y  even values,  and f o r  odd degree zonal S o n l y  

odd ones. 



Thus, if a l l  t h e  zonals a r e  even: 

~ r ( +  + a)  = a r ( 5  - a)  

and 

a r ( %  + a)  = a r ( 3  - a) ,  

so t h e  o r b i t  i s  symmetr ical  w i t h  respec t  t o  t h e  equator,  where F'  = ;, 
and F '  = 3. I n  t h e  case o f  t h e  Ear th ,  bo th  even and odd zona ls  must be 

considered, so t h e  re ference o r b i t  has no e q u a t o r i a l  symmetry, b u t  due 

t o  t h e  near  c i r c u l a r i t y  o f  t h e  o r b i t  ob ta ined  by t h e  procedure des- 

c r i b e d  here, such a symmetry i s  n o t  f a r  away. Th i s  s i t u a t i o n  c o u l d  be 

e x p l o i t e d  t o  reduce q u i t e  cons ide rab ly  t h e  computing e f f o r t  when 

e s t i m a t i n g  t h e  p o t e n t i a l  c o e f f i c i e n t s  from sate1 l i t e - t o - s a t e 1  l i t e  

t r a c k i n g  data, p rov ided  t h a t  thesle c o e f f i c i e n t s  a r e  n o t  o f  v e r y  

h i g h  degree, as exp la ined  i n  paragraph (3.9). 

Once t h e  c losed  re fe rence  o r b i t  has been found, t h e  o r b i t a l  p e r i o d  

To becomes known and, a long  w i t h  i t ,  t h e  va lue o f  t h e  fundamental 

angu la r  f requency n o  = 2n/To, which appears i n  many equat ions through- 

o u t  t h i s  work. 

2.2 The F o u r i e r  expansion o f  t h e  f o r c i n g  terms. 

The f o r c i n g  terms o f  t h e  v a r i a t i o n a l s  (1.3.7-9) a r e  t h e  d e r i v a t i v e s  

o f  t h e  cor responding terms i n  t h e  equat ions o f  mot ion ( t h e  g r a v i t a t i o n a l  

a c c e l e r a t i o n s  o r  f i r s t  g rad ien ts  o f  t h e  p o t e n t i a l  V) w i t h  respec t  t o  

some component pk o f  t h e  parameter v e c t o r  p. According t o  (1.2.3), V 

i s  o n l y  a f u n c t i o n  o f  those components o f  p t h a t  a r e  p o t e n t i a l  

c o e f f i c i e n t s  so t h e  f o r c i n g  terms D a,, D a and D a a r e  zero  
Pk Pk Pk 

f o r  a l l  t h e  o t h e r  pk and o n l y  those cor responding t o  t h e  c:m have t o  

be cons idered here. Also, as exp la ined  i n  paragraph (1.4), o n l y  t h e  

l a s t  two v a r i a t i o n a l s  a r e  o f  re levance t o  t h i s  work, so D aZ s h a l l  
p k 

n o t  be s t u d i e d  here. The o b j e c t i v e  o f  t h e  argument t h a t  f o l l o w s  i s  t o  

e x p l a i n  how t h e  f o r c i n g  terms can be expressed as f u n c t i o n s  o f  t i m e  

i n  t h e  form of F o u r i e r  s e r i e s  which, because of t h e  cho ice  o f  re fe rence  

o r b i t ,  a r e  o f  a s imple  k ind.  



As a  consequence, t h e  complete s o l u t i o n s  o f  t h e  v a r i a t i o n a l s  

must c o n t a i n  "s teady s t a t e "  components, o r  p a r t i c u l a r  i n t e g r a l s ,  t h a t  

a r e  a l s o  F o u r i e r  se r ies .  Th i s  happens because t h e  v a r i a t i o n a l s  under 
c o n s i d e r a t i o n  a re  l inear ,  t i m e - i n v a r i a n t  d i f f e r e n t i a l  equat ions.  These 

a n a l y t i c a l  Fou r ie r - se r ies  s o l u t i o n s  a r e  e s s e n t i a l  t o  t h e  s imul taneous 

adjustment o f  hundreds o f  thousands o f  unknown p o t e n t i a l  c o e f f i c i e n t s ,  

as exp la ined  i n  s e c t i o n  3. 

F igure  (2.2.1) shows t h e  instantaneous plane o f  t h e  reference o r b i t  

i n  i n e r t i a l  space. The plane forms an ang le  i, t h e  i n c l i n a t i o n  m g l e ,  

w i t h  t h e  e q u a t o r i a l  plane. The p o i n t  Q i s  t h e  ascending node, whose 

l o n g i t u d e  L increases g r a d u a l l y  due t o  precession,  as a1 ready exp la ined,  

h i s  t h e  l o n g i t u d e  o f  t h e  s a t e l l i t e ,  cp i s  i t s  l a t i t u d e .  The o r i g i n  o f  

L and h i s  n o t  n e c e s s a r i l y  t h e  mer id ian  o f  Greenwich, and w i l l  be 

d e f i n e d  l a t e r .  

Orbital Plane r 
- o*'= 

general and 
not exactly aligned.) 

Fig.  2.2.1 O r b i t a l  geometry i n  i n e r t i a l  space. 



F '  i s  t h e  same ang le  as i n  t h e  prev ious paragraph (F ig .  (2.2.2)) ,  and 

F i s  t h e  ang le  between t h e  ascending node and t h e  s a t e l l i t e .  From t h e  

d e f i n i t i o n  o f  F '  f o l l o w s  t h a t  F = q + F ' .  'The r e l a t i o n s h i p s  between 

t h e  geocen t r i c  ang les  F, L and cp, x a r e  g i ven  by t h e  formulas o f  

s p h e r i c a l  t r i gonomet ry  

cp = a r c  s i n ( s i n  i s i n  F) (2.2.1) 

x = a r c  cos(cos i s i n  F l cos  cp) + L (2.2.2) 

where 0 j c p i  i f  0 j F 5 n, and - t r m  I 0 i f  n 5 F S 2n, and where 

x - L i s  always i n  t h e  same quadrant as F. 

The i n c l  i n a t i o n  o f  t h e  ins tantaneous p lane f l u c t u a t e s  p e r i o d i c a l l y ,  b u t  

these v a r i a t i o n s  a r e  so smal l  t h a t  i s h a l l  be cons idered t o  be a  cons tan t  

th roughout  t h i s  d iscuss ion.  As a l l  t h e  o r b i t a l  v a r i a b l e s  mentioned i n  

t h i s  paragraph correspond t o  t h e  re fe rence  o r b i t ,  t h e  "0" s u b s c r i p t  

i n t roduced  i n  s e c t i o n  1 t o  s i n g l e  o u t  such v a r i a b l e s  s h a l l  n o t  be used. 

The geocen t r i c  d i s tance  I - rl s h a l l  be designated here by "r". 

Reasoning as i n  (Kaula, 1966, Ch. 3) ,  b u t  us ing  F and L i n s t e a d  o f  t h e  

e q u i v a l e n t  as t ronomica l  angles w + f and n - e, i t  can be shown t h a t  

t h e  s p h e r i c a l  harmonic expansion o f  V becomes, a f t e r  r e p l a c i n g  cp and h 

acco rd ing  t o  (2.2.1-2) i n t o  (1.2.3-4), 

where a i s  t h e  mean p l a n e t a r y  r a d i u s  and t h e  expansion has been t r u n -  

ca ted  a t  n  = Nmaxy as exp la ined  i n  t h e  Note a t  t h e  end o f  paragraph 

(1 .1) ,  w h i l e  t h e  t o p  o f  t h e  c u r l y  brackets  C I corresponds t o  t h e  

case n-m even and t h e  bot tom t o  n-m odd. The F (i) a r e  f u l l y  norma- 
nmp 

l i z e d  inclination fmctions.  T h e i r  e f f i c i e n t  computat ion by means o f  t h e  

Fas t  F o u r i e r  Transform i s  exp la ined  i n  (Wagner, 1979). The l a s t  

express ion a1 ready resembles a  t r i g o n o m e t r i c  expansion i n  s i  nes ( o r  

cos ines)  o f  t h e  p o t e n t i a l .  



According t o  paragraph (1.3) ,  t h e  f o r c i n g  terms o f  t h e  v a r i a t i o n a l s  

are  t h e  d e r i v a t i v e s  w i t h  respec t  t o  pk = C;, o f  t h e  components o f  t h e  

g r a v i t a t i o n a l  a c c e l e r a t i o n  i n  t h e  d i r e c t i o n  o f  t h e  moving u n i t  vec tors  

r0 and u0 o f  an wziformZy r o t a t i n g  system o f  coord inates ,  whose "r" - - 

a x i s  i s  always c l o s e l y  a l i g n e d  w i t h  t h e  ins tantaneous p o s i t i o n  vec to r  

o f  t h e  re fe rence  o r b i t ,  L,, w h i l e  t h e  "U"  a x i s  p o i n t s  aga ins t  t h e  

d i r e c t i o n  o f  mot ion.  C a l l i n g  AF '  t h e  smal l  misal ignment ang le  between 
0 r and ro, t h e  f o l l o w i n g  r e l a t i o n s h i p  e x i s t s  between t h e  s p a t i a l  - 

d e r i v a t i v e s  o f  V i n  t h e  d i r e c t i o n s  o f  t h e  F and $ axes and those a long  
+ 

t h e  F ' ,  U '  axes o f  t h e  l o c a l  geocen t r i c  frame o f  t h e  s a t e l l i t e  i n  t h e  
r e f e r e n c e  o r b i t :  

a  = DrV = D  V cos AF '  + DUI V s i n  AF' r r1 (2.2.4a) 

a  = D  V = -Dr, V s i n  AF' + DUI V cos AF' U U (2.2.4b) 

The f o r c i n g  terms o f  t h e  v a r i a t i o n a l s  a r e  

Dta ar = Dca D V =  Dr lVcos  AF' + DC, D U I V  s i n  AF' 
nm nm r nm 

= D ~ ,  a,, cos AF '  +Dt, a  s i n  AF' (2.2.5a) 
n  m n  m U '  

and, s i m i l a r l y ,  

a u  = -Dc, a r l  s i n  AF' + DC, aul  cos AF' (2.2.5b) 
n  m nm n  m 

C a l l i n g  G(F,L,i)nma t o  t h e  sum over D i n  (2.2.3), 

It i s  e a s i e r  t o  develop f i r s t  DC, a r l  and DC, au l  i n t o  t i m e  F o u r i e r  
n  m n  m 

s e r i e s  and then use (2.2.5) above t o  a r r i v e  a t  t h e  des i red  expansion 

o f  t he  f o r c i n g  terms DC, a,, Dta au. 
n  m n  m 



Replac ing G(F,L,i) w i t h  i t s  f u l l  express ion accord ing t o  (2.2.3): 
fMki 

COS 
+a{sin1((n-2~)F+mL) l 

where 

% 
a  n  

rnmp = -GM a (n+ l )Fnmp( i )  

S n  
a  unmp = -GM a  (n-2p)Fnmp(i) 

% 

a  unmp = arnmp (n-2p) ( n + l ) - I  (2.2.11) 

The f o r c i n g  te rm Dta a Z  i s  o f  no i n t e r e s t ,  as t h e  s o l u t i o n  t o  t h e  f i r s t  
nm 

v a r i a t i o n a l  (1.3.7) does n o t  appear i n  t h e  l i n e a r i z e d  s i g n a l  equa t ion  

(1.4.11).The "a" symbol i n  t h e  express ions above and i n  a l l  which f o l l o w  

i s  t h e  s u p e r s c r i p t  o f  t h e  c o e f f i c i e n t  c:,, unless i t  i s  exp ress l y  noted 

o therwise.  Comparing (2.2.7) and (2.2.8) above i t  i s  easy t o  see t h a t ,  

b u t  f o r  t h e  d i f f e r e n t  c o e f f i c i e n t s  2rnmp and 2Unmpy t h e  second exp ress ion  

can be ob ta ined  f rom t h e  f i r s t  by adding 90' t o  t h e  arguments o f  t h e  

t r i g o n o m e t r i c  f unc t i ons .  Th i s  r e l a t i o n s h i p  holds throughout  t h e  f o l l o w i n g  

discussion,  so i t  i s  enough t o  go through t h e  d e r i v a t i o n  o f  t h e  F o u r i e r  

t ime  s e r i e s  express ion f o r  DC, a.,. t o  understand how t h a t  f o r  Dta a u  nm nm 
can be obtained. S t a r t i n g  t h e  reason ing w i t h  (2.2.7), q u i c k  examinat ion 

o f  t h i s  fo rmula  shows t h a t  i t  can be w r i t t e n  more compactly as 

-(n+2) 
D p  a r l  = r lCoS1(  ( n - 2 p ) ~ + m ~ + $ ~ )  (2.2.12) 

nm s i n  p= 0 



where 

As t h e  f i e l d  f o r  t h e  re fe rence  o r b i t  c o n s i s t s  o f  zona ls  o n l y ,  t h e  shape 

of  t h e  o r b i t  i s  n o t  a f f e c t e d  by t h e  r o t a t i o n  of t h e  corresponding "zonal 

Earth".  I n  t h e  instantaneous o r b i t a l  p lane t h e  s a t e l l i t e  i s  seen t o  

f o l l o w  t h e  same c losed  pa th  aga in  and again.  I f  t h e  c e n t r a l  ang le  F 

between t h e  s a t e l l i t e  and t h e  ins tantaneous nodal p o i n t  Q i s  g iven, 

then r i s  un ique ly  def ined,  rega rd less  o f  t he  t i m e  t. So r i s  a f u n c t i o n  

o f  F alone. Moreover, as t h e  o r b i t  ( i n  t h e  instantaneous p lane r )  i s  

symmetr ical  w i t h  respec t  t o  t h e  l i n e  f rom t h e  geocenter a long which 

F = 4s, r i s  an even ftmction o f  

and i t  can be w r i t t e n  as a sum o f  cosines 

N 
r ( F 1 )  = F + E r cos qF1 

q=1 q 

because, as exp la ined  i n  paragraph (2.7), i f  t h e  re ference o r b i t  i s  a 

s l i g h t l y  pe r tu rbed  c i r c u l a r  o r b i t ,  o n l y  t h e  f i r s t  N f requenc ies  i n  t h e  

F o u r i e r  expansion o f  r correspond t o  terms t h a t  a r e  l a r g e  enough t o  

be considered, so t h e  s e r i e s  can be t r u n c a t e d  a t  q = N, where N i s  t h e  

h i g h e s t  degree i n  t h e  expansion o f  t h e  zonal f i e l d  t h a t  shapes t h i s  

o r b i t .  Since r i s  even, so i s  r - (n+2) ,  which has a l s o  a cos ine expansion. 

The ques t i on  i s  where t o  t r u n c a t e  t h i s  expansion. I f  t h e  p e r t u r b a t i o n s  

a re  smal l  compared t o  t h e  mean rad ius  o f  t h e  o r b i t ,  so r << F, then 
- ( n t 2 )  9 r i n  (2.2.12) can be expanded i n  a Tay lo r  s e r i e s  about F as 

fo l l ows .  C a l l i n g  

where 

N 
A r  = E r cos qF1 

q=1 q 



then 

Therefore ,  t o  a  f i r s t  o r d e r  approx imat ion i n  A r :  

and t h e  F o u r i e r  s e r i e s  can be t runca ted  a t  q  = N l i k e  t h a t  o f  r. Also 

t o  f i r s t  o rde r  i n  r 
q '  

- - ( n t z )  hnO = r (2.2.16b) 

Express ion (2.2.16) can be used as an a l t e r n a t i v e  t o  a  numerical  

F o u r i e r  a n a l y s i s  o f  r -(nt2) sampled a t  r e g u l a r  i n t e r v a l s  a long the  

o r b i t .  Due t o  t h e  n o n l i n e a r i t y  o f  r - ( " * )  , a t r u n c a t i o n  

a t  q  = N may n o t  be h i g h  enough f o r  l a r g e  values o f  n, i n  which case 

terms w i t h  q  > N shou ld  be inc luded.  However, t o  s i m p l i f y  t h e  nota-  

t i o n ,  t h e  upper l i m i t  N i s  assumed i n  what f o l l ows .  Rep lac ing (2.2.16a) 

i n  (2.2.12): 

N %  
DC, ar1 = C h cos q ( F  - ;) { : ~ ~ l ( ( n - 2 p ) ~ t m ~ + 4 , )  (2.2.17) 

n  m ' nq p=o q=o 

From t h e  t r i g o n o m e t r i c  i d e n t i t i e s  

2  cos q (F  - ~ ) c o s ( ( n - 2 p ) ~ t m ~ t ( , )  = cos((n-2ptq)FtmL - + 4,) 

and 

2  cos q ( F  - ; )s in ( (n-2p)~tm~t$, )  = s in( (n-2ptq)FtmL - t 4,) 



f o l l o w s  t h a t  (2.2.17) can be w r i t t e n  

where 

a 
rnmpq 

h  = 4 "mmp nq 

Remembering t h a t  F = F '  + 4n: 

Moreover 

cos( (n-2pkq) F1+rnL+(n-2p); + 4 ) = cos(n-2p)f ~os ( (n -2p+q)F '+mL+(~ )  a  

-s in(n-2p) f  s i n (  (n-2ptq)F'+mL+(a) 

and 

s i n ( ( n - 2 p t q )  F1+mL+(n-2p); + ( ) = sin(n-2p); cos((n-2pkq) F l + r n L ~ ( ~ )  a  

+cos(n-2~); ~ i n ( ( n - 2 p t q ) F ' + m L + ( ~ )  

For n even (n-2p)f i s  an i n t e g e r  m u l t i p l e  o f  n, w h i l e  f o r  n odd t h e  

same ang le  i s  an i n t e g e r  m u l t i p l e  o f  4n, so 

( (n -2p+q)~ '+m~+(n -2p )$  + (a) = s i n  

= ( -1)  s i n  l ( ( n - 2 p q )  F'+mL+(a) 

f o r  n  even, and 



f o r  n odd. F u r t h e r  i n s p e c t i o n  o f  (2.2.20) i n  t h e  l i g h t  o f  (2.2.21-22) 

shows t h a t  t h e  form o f  t h i s  express ion depends o n l y  on t h e  p a r i t y  o f  

t h e  harmonic o r d e r  m. Grouping a l l  terms where k = ( n - 2 p q )  i s  t h e  

same leads t o  

- 
D e a a r l =  z a co~(kF '+ rnL+$~)  

n m k=- (n+N) rnmk 

fo r  m even, and t o  

fo r  m odd, w i t h  

- 
a rnmk 

= ( I t 6  ) 
Pq rnmpq qo 

Here t h e  sum i s  ove r  a l l  terms i n  (2.2.20) where (n-2p+q) = k o r  

(n-2p-q) = k. The (-1) q(n'm,p) correspond t o  t h e  f a c t o r s  m u l t i  l y i n g  
(17 t h e  s ines  and cos ines i n  t h e  r i g h t  hand s ides  of (2.2.21-22) g The two 

expressions above can be w r i t t e n  i n  a more compact form, as one d i f f e r s  

f rom t h e  o t h e r  o n l y  by a 90' phase s h i f t .  I n t r o d u c i n g  t h e  n o t a t i o n  

'ma = 'a - @m (2.2.26) 

where 

0 i f  m i s  -even 

'm = {;- i f  m i s  odd 

and 'a i s  d e f i n e d  by (2.2.13) leads t o  

Dta a r l  = 1 ii c o ~ ( k F ' + m L + @ ~ )  
nm k=- (n+N ) rnmk 

Th is  express ion i s  c l e a r l y  a F o u r i e r  s e r i e s  of  s ines o r  cosines,  b u t  

what i s  needed i s  an express ion where t h e  f o r c i n g  term appears as a 
.- 

(')a i s  t h e  d e l t a  Kronecker. 
q'' 



f u n c t i o n  o f  time ( t h e  independent v a r i a b l e  i n  t h e  v a r i a t i o n a l s )  and 

n o t  o f  t h e  o r b i t a l  angles F '  and L. These angles a r e  themselves 

f u n c t i o n s  o f  t ime, so a  change i n  v a r i a b l e s  i s  poss ib le .  Assuming 

t h a t  L  = 0  a t  t = 0  (more w i l l  be s a i d  about t h e  s i g n i f i c a n c e  o f  

t h i s  cho ice o f  t i m e - o r i g i n  p r e s e n t l y )  

L  = e ' t  (2.2.28) 

where 

6 b e i n g  t h e  s p i n  r a t e  o f  t h e  E a r t h  and h t h e  precess ion r a t e  o f  t h e  

o r b i t a l  p lane (exp ress ion  (1.3.10)), bo th  taken here  t o  be constant .  

The ve ry  smal l  f l u c t u a t i o n s  i n  b o t h  r a t e s  t h a t  occur  i n  r e a l i t y  

change t h e  a c t u a l  p o i n t  a t  which t h e  f o r c i n g  terms a r e  c a l c u l a t e d  

by a  d i s t a n c e  t h a t  i s  always very  smal l  compared t o  t h e  wavelengths o f  
t h e  g r a v i t a t i o n a l  f e a t u r e s  t h a t  can be detec ted a t  s a t e l l i t e  a l t i t u d e ,  

which a r e  probab ly  l onger  than  50 km. The t o t a l  e f f e c t  o f  such 

smal l  changes i s  n e g l i g i b l e ,  j u s t i f y i n g  t h e  assumption t h a t  t h e  r a t e s  

a r e  constant .  The same reasoning can be used t o  d i s r e g a r d  t h e  e f f e c t  

o f  p o l a r  mot ion and n u t a t i o n ,  w h i l e  t h e  e f f e c t  o f  p recess ion can be 

i gno red  d u r i n g  t h e  r e l a t i v e l y  s h o r t  d u r a t i o n  o f  t h e  s a t e l  l i t e  miss ion,  

as w e l l  as s e c u l a r  changes i n  t h e  g r a v i t a t i o n a l  f i e l d .  Therefore,  t h i s  

f i e l d  i s  considered here  as r o t a t i n g  a t  a  cons tan t  r a t e  around an a x i s  

whose d i r e c t i o n  i s  f i x e d  i n  i n e r t i a l  space, and undergoing no o t h e r  

changes bes ides t h i s  r o t a t i o n  (a1 l t i d a l  p e r t u r b a t i o n s  a r e  ignored, 

see paragraph (1.2) ). 

Ob ta in ing  a  r e l a t i o n s h i p  between F '  an,d t ime  i s  more d i f f i c u l t  t han  

i n  t h e  case o f  L, because t h e  low degree zona ls  of t h e  f i e l d  cause 

t h e  s a t e l  l i t e  t o  f o l l o w  t h e  o r b i t  w i t h  a  v a r i a b l e  angu la r  r a t e .  

Approximately,  t h i s  r a t e  i s  

and, as exp la ined  i n  paragraph (2.7) ,  



i f  t h e  re fe rence  o r b i t  depar ts  o n l y  s l i g h t l y  f rom a c i r c u l a r  one. So 

t 

F '  ( t )  = ( F 1 ( r ) d r  

= n o t  + c f. s i n  i n o t  
i = 1  1 

where 

fi = ( i n , )  ti 

It i s  easy t o  see t h a t  (2.2.31) i s  i n  agreement w i t h  

t h e  f a c t  t h a t  F 1 ( t )  must be an odd f u n c t i o n  o f  t, because o f  t h e  

o r b i t a l  symmetry. From t h i s  f o l l o w s  t h a t  cos kF1  must be an even f u n c t i o n  

o f  t, and s i n  kF1 an odd one, so t h e  f i r s t  has a  F o u r i e r  expansion o f  

cosines and t h e  second a  F o u r i e r  expansion o f  s ines.  To decide where 

t o  t r u n c a t e  these expansions i n  o rde r  t o  c a r r y  o u t  p r a c t i c a l  computa- 

t i o n s ,  one can a p p l y  a  reasoning l i k e  t h a t  used f o r  r e a r l  i e r  

on. C a l l i n g  

where 

N 
AF' = c fi s i n  in,t 

i = 1  

and 

and assuming t h a t  t h e  p e r t u r b a t i o n  AF '  i s  smal l  compared t o  F '  ( t h e  

mean anomaly o f  t h e  c i r c u l a r  o r b i t  o f  t h e  same p e r i o d  as t h e  re fe rence  

o r b i t ) ,  one can expand cos kF'  and s i n  kF '  i n  a  T a y l o r  s e r i e s  about - 
F ' .  To f i r s t  o rde r  i n  AF ' :  

= COS k ~ '  - s i n  k ~ '  ~ A F '  



and 

s i n  kF1 = s i n  kF1 t cos k!' kaF1 

cos k F i ( t )  = cos k n o t  - E k f i  s i n  k n o t  s i n  i n o t  
i =l 
N 

= cos k n o t  t c 3kf i  [cos(kti)not-cos(k-i)notl 
i =l 

= E c  cos j n o t  
j=k-N j k 

where j = k  + i and 

l i f j = k  

s i g n ( j - k )  o therwise,  where s i g n ( x ) =  

S i m i l a r l y  

s i n  k F 1 ( t )  = E sjk s i n  j n o t  
j=k-N 

where 

l i f j = k  

'jk = {3k f  l j - k ,  o therwise 

Therefore ,  f o r  smal l  pe r tu rba t i ons ,  t h e  expansions can be t r u n c a t e d  

a t  l j - k l  = N. Th i s  may n o t  be t r u e  f o r  t h e  l a r g e  values o f  k  t h a t  go 

toge the r  w i t h  very  h i g h  values o f  n. I n  t h i s  case, a d d i t i o n a l  cos ine 

o r  s i n e  terms w i t h  ( j - k  l > N may be needed. For  convenience, a  

t r u n c a t i o n  a t  N i n  a l l  cases i s  assumed i n  t h e  reason ing t h a t  f o l l o w s .  

Accord ing t o  (2.2.33-34), 



Replac ing (2.2.35) i n  (2.2.27) and adding t o g e t h e r  a l l  terms w i t h  t h e  

same argument ( j n o  + m e l ) t  + $ separate  f rom those w i t h  t h e  argument ma 
( j n o  - m e t ) t  - 

n+2N + 

Dca a r l ( t )  = 1 a r n  m j  cos ( (jn,,+me l )  t+~,) 
n m j = -  (n+2N) 

where 

+ = 
j+N - 

a j k*'j k  
"rnmk rnM k=j-N 2 

j+N - 
a = 'rnmk ( ' j k - ' j k  2 
rnd k=j-N 

1 

where Grnmk = 0 i f  k -(n+N) o r  k > n+N. 

Going back t o  (2.2.8) and DCa a,, , which, except  f o r  d i f f e r e n t  c o e f f i -  
n m 

c i e n t s  and a s h i f t  o f  go0, has t h e  same form as (2.2.7) f o r  DC, ar,, and 
n m 

r e p e a t i n g  t h e  same reason ing t h a t  l e a d  t o  (2.2.36) above, one gets 

n+2N + 

DT;a a.u l ( t )  = aunmj c o ~ ( ( j n ~ + m e ~ ) t + $ ~ ~  + +) + 
nm j = -  (n+2N) 

+ + 
where aunM and ainmj a re  F o u r i e r  c o e f f i c i e n t s  corresponding t o  arnd 

and ammj i n  (2.2.36). C a l l i n g  

and 

* + 
-a unmj = 'unmj + %nm - j  

express ions (2.2.36-39) can be w r i t t e n  as 



These a r e  t h e  F o u r i e r  expansions o f  DC, arm and DC, a as f u n c t i o n s  
nm nm u 1  

o f  t ime. From them one can a r r i v e  t o  t h e  des i red  expansions o f  t h e  

f o r c i n g  terms o f  t h e  v a r i a t i o n a l s ,  DC, a, and DC, a,, by u s i n g  
nm nm 

express ions (2.2.5) t o  change from t h e  l o c a l  geocen t r i c  frame ( z  ,rl ,ul ) 

a t  a p o i n t  i n  t h e  re fe rence  o r b i t ,  t o  t h e  u n i f o r m l y  r o t a t i n g  frame 

(z,r,u) on which t h e  theo ry  i s  based. S ince t h e  misa l ignment  aF1 

between both f rames i s  q u i t e  small a t  a l l  t imes f o r  t h e  near c i r c u l a r  

o r b i t  (about 10 minutes o f  a rc ) ,  t h e  f o l l o w i n g  approximat ions a r e  

acceptab le :  

a F 1 ( t )  = c fi s i n  i n o t  (see express ion (2.2.32b)) 
i = i  

cos a F 1 ( t )  = 1 

and 

s i n  a F 1 ( t )  = h F 1 ( t )  

Accord ing ly ,  

DC, a r ( t )  = DC, a,, ( t )  cos aF1(t)+Dt, a,, ( t )  s i n  a F 1 ( t )  
nm nm nm 

n+2N * 
= e arnmj cos ( ( j n o+me l ) t+gma)+ j=-(n+2N) 

n+2N * N 
+ C aunmj sin((jno+mel)t+gm,) c fi s i n  i n o t  

j = -  (n+2N) i = l 

n+2N * 
= z a cos((jno+mel) t+gma)- 

j=-(n+2N) rnmj 

and, s i m i l a r l y  



DC, a u ( t )  = -D- a r l ( t )  s i n  aFq( t )+Dta a u l ( t )  COS a F 1 ( t )  
nm c$ nm 

n+2N .+ 

= z aunmj ~ i n ( ( j n ~ + m e ' ) t + $ ~ , ) -  
j=-(n+2N) 

n+2N * N 
- z Inrnmj z fi[sin(((j+i)no+mel)t+$ma)- 
j=-(n+2N) i = i  

Cal l i n g  

* N * * 
a rnmj = arnmj - 4iflfi(aunm( j-i)-aunm( j+i ) 1 (2.2.44a) 

and 

* * * 
a unrnj = aunrnj - 3iflfi(arnm(j-i)-arnm(j+i) ) (2.2.44b) 

* * 
(keeping i n  mind t h a t  arnmk = a unmk = 0 i f  l k  l > n+2N) express ions 

(2.2.42-43) can be w r i t t e n  as 

n+3N 
D C a a r ( t ) =  c a c o ~ ( ( j n ~ + m e ' ) t + ' ~ ~ )  

nm j=-(n+3N) rnmj 

n+3N 
a s in ( ( j no+me ' ) t++ma)  

j=-(n+3N) unmj 

where 

IT m IT 

'ma = -a - [ l - ( - 1 )  It (2.2.47) 

and these a r e  t r i g o n o m e t r i c  expansions o f  t h e  f o r c i n g  terms as func t i ons  

of t ime. 

The ( j  l > (n+3N) l i m i t s  i n  t h e  summations above o r i g i n a t e  i n  t h e  t r u n -  

c a t i o n  o f  t h e  F o u r i e r  s e r i e s  o f  r ( t )  and F 1 ( t )  a t  t h e  frequency o f  N 

c y c l e s  pe r  r e v o l u t i o n  of t h e  s a t e l l i t e  i n  expressions (2.2.16a) and 

(2.2.33-34). T h i s  t r u n c a t i o n  i s  based on t h e  argument g i ven  i n  para- 

graph (2 .7)  f o r  t h e  p e r t u r b a t i o n s  o f  a c i r c u l a r  o r b i t ,  which i s  c o r r e c t  



o n l y  t o  f i r s t  o rde r  i n  A r  and aF1.  For t h i s  reason, t h e  t r u n c a t i o n  may 

n o t  be v a l i d  when t h e  degree n i s  v e r y  h i g h  o r  when t h e  re fe rence  o r b i t  

depar t s  t o o  much f rom a c i r c l e ,  so second o r d e r  and h ighe r  terms i n  A r  

and AF'  become impor tant .  I n  such a s i t u a t i o n  more f requenc ies  may have 

t o  be considered, expanding t h e  range w i t h i n  which j v a r i e s .  I n  t h e  

case considered i n  t h i s  work, t h e  computer s t u d i e s  o f  s e c t i o n  4 suggest 

t h a t  t h e  o r b i t  i s  s u f f i c i e n t l y  c i r c u l a r  and t h e  h ighes t  degree cons i -  

dered l ow  enough ( n  - 300) f o r  a smaller range o f  j t o  be q u i t e  adequate. 

For a l l  p r a c t i c a l  purposes, r e s t r i c t i n g  t h e  expansions t o  terms where 

I j l s (n+5) seems t o  cause no app rec iab le  l o s s  o f  accuracy. 

I n  d e r i v i n g  (2.2.45-46) i t  has been assumed t h a t  a t  t = 0 t h e  s a t e l l i t e  

i s  a t  i t s  per igee, where F = $ r ,  and t h a t  t h e  l o n g i t u d e  o f  t h e  ascending 

node i s  zero. I n  general ,  n e i t h e r  assumption may be t r u e ,  b u t  t h e  

r e s u l t s  ob ta ined  so f a r  can be genera l i zed  w i t h o u t  d i f f i c u l t y  t o  

i n c l u d e  a l l  cases. For  an a r b i t r a r y  t ime  o r i g i n ,  l e t  r, be t h e  moment 

when t h e  s a t e l l i t e  reaches per igee, and l e t  L, be t h e  l o n g i t u d e  of t h e  

node a t  t h i s  t ime.  To t a k e  i n t o  account non-zero r, and L, one can 

rep lace  e ' t  = L w i t h  e l t  + L, = L when making t h e  change i n  v a r i a b l e s  

l e a d i n g  t o  (2.2.36), and r e p l a c i n g  t w i t h  t - T, i n  (2.2.45-46). Th i s  

l eads  t o  t h e  general  f o r m u l a t i o n  o f  t h e  f o r c i n g  terms 

n+3N 
DC, a r ( t )  = c a cos((jno+me')t+im,) 

nm j=-(n+3N) rnmj  

n+3N 
a sin((jno+me')t+im,) 

j=-(n+3N) unmj 

where 

so T, and L, a f f e c t  o n l y  t h e  phase angle.  

2.3 Computing t h e  F o u r i e r  c o e f f i c i e n t s  o f  t h e  f o r c i n g  terms. 

The two main reasons f o r  deve lop ing t h e  p resen t  a n a l y t i c a l  t h e o r y  o f  

t h e  mot ion o f  a spacec ra f t  have been, f i r s t ,  t o  understand t h i s  mot ion 

b e t t e r  and, second, t o  use t h i s  unders tand ing f o r  s o l v i n g  t h e  problem 

o f  process ing s a t e l l i t e - t o  s a t e l l i t e  t r a c k i n g  da ta  t o  map t h e  g r a v i t y  



field. The latter involves very extensive numerical computations; 

a truly vast operation. So it is necessary to find ways of carrying 
out such computations as efficiently as possible. This can be done 
by exploiting any symmetries that may exist in the problem, and 
also by careful programming. One of the most laborious operations 
is that of finding the Fourier coefficients DC, ar and DC, a, in 

nm nm 
expressions (2.2.48-49). Once these are known, the analytical solu- 
tions of the variationals can be obtained with relatively few 
additional operations. In principle it is possible to obtain these 
coefficients by performing the calculations implied by the long 
chain of formulas developed in the previous paragraph, all the way 
from (2.2.7-8) to (2.2.48-50). But while these formulas are needed 
to understand the nature of the problem, they provide a very 
awkward way to numerical results. Fortunately, there is a very 
direct short-cut. Going over the derivation of (2.2.48-50) it 
becomes clear that the Fourier coefficients are independent of 

0  , T and Lo, so they must be the same whatever the value of 
0 

these parameters, including the case where all three are zero. If 

so, according to (2.2.45-47), the formulas become 

Assuming that 0 '  = 0 is the same as saying that the spin rate of the 
Earth has slowed down to the point where it equals that of the nodal 
precession, which is virtual ly zero for near-polar orbits (see expres- 
sion (1.3.10)). With the satellite initially at perigee (T = O), and 
taking an integration step et that is an exact submultiple of the period 
To of the reference orbit (so To = Ket for some integer K) one can 

integrate numerically this orbit with initial conditions chosen as 
explained in paragraph (2.1), and a gravitational force due to the 



f i r s t  N zona ls  and t h e  zero  harmonic alone. Then, a t  each o f  t h e  com- 

puted p o i n t s  one can use t h e  (ro,oo,Xo) coord inates  t o  c a l c u l a t e  t h e  

values o f  D p  ar and D p  au, which depend on these coo rd ina tes  
nm nm 

( t h e  d e t a i l s  s h a l l  be g i ven  l a t e r ) .  T h i s  r e s u l t s  i n  two sequences 

o f  values, one f o r  each f o r c i n g  term, which can now be s u b j e c t  t o  

numerical  harmonic a n a l y s i  S t o  g e t  t h e  c o e f f i c i e n t s  and 

I n  general ,  i t  i s  necessary t o  do t h i s  tw ice ,  f i r s t  f o r  a  = 0 and 

then  f o r  a  = 1, t o  o b t a i n  t h e  F o u r i e r  c o e f f i c i e n t s  accord ing t o  t h e  

formulas  

a  a=o a = l  
rnmj = t(Arnmj+Arnmj ) 

a=o - P = 1  
'mm - j  = -7 (Arnmn rnmj ) 

and s i m i l a r l y  f o r  aunmj, aunm -j, except t h a t ,  f o r  -j, i s  

rep laced  by - ( - l ) ' lm.  The c a l c u l a t i o n  o f  t h e  and i s  bes t  

done w i t h  a  Fast  F o u r i e r  Transform a lgo r i t hm,  as t h i s  i s  a  ve ry  

e f f i c i e n t  t y p e  o f  procedure. There i s  no need t o  use any o f  t h e  i n t e r -  

media te  expressions de r i ved  i n  t h e  l a s t  paragraph, and t h e  programning 

o f  t h e  ope ra t i ons  t h a t  a r e  a c t u a l l y  performed i s  q u i t e  s t r a i g h t f o r w a r d ,  

once a  Fast  F o u r i e r  Transform sub rou t i ne  i s  a v a i l a b l e .  

To c a l c u l a t e  DC, a, and D- au a t  p o i n t s  a long t h e  re fe rence  o r b i t ,  
nm ':m 

t h e  formulas  l i s t e n  below a re  needed. According t o  (2.2.4a-b), t h e  

f o r c i n g  terms can be found by computing f i r s t  t h e  components 

D- a r t  and DC, a, I o f  t h e  v e c t o r  DC, a i n  t h e  l o c a l  geocen t r i c  
':m nm nm 

frame ( r l , u l )  o f  t h e  unperturbed satel l i ' te,  and then  conve r t i ng  these 
+ 

r e s u l t s  t o  t h e  u n i f o r m l y  r o t a t i n g  frame (r ,u) ,  where r goes through 

t h e  s t a r t i n g  p o i n t  (pe r igee )  a t  t = 0. Th is  r e q u i r e s  f i n d i n g  t h e  

ang le  AF' between ? and F ,  which i s  a  s imple  c a l c u l a t i o n  once t h e  

o r b i t  has been i n t e g r a t e d  numer i ca l l y .  As f o r  DC, a,, and DC, a,,, 
nm nm 

they  can be expressed as f u n c t i o n s  o f  t h e  geocen t r i c  spher i ca l  coor-  

d i n a t e s  ( r o , ~ o , ~ o ) :  

GM a  n+2- n DEa ar l  = ("l)-(-) P ( s i n  ~ o ) c o s ( m ~ o - a  -i.) 
nm a 2  ro nm 



because V i s  a f unc t i on  o f  (r,q,h) according t o  (1.2.2-3), and, s i m i l a r l y ,  

m - -  
cos '4 Pnm(sin qo)sin(mho-a :)sin u l  (2 .3-5)  

and 

- 1 = COS (-COS A A  s i n  i) (2.3.6) 

0 0 
where P i s  t he  angle formed i n  t h e  plane o f  so and L, ( po i n t i ng  t o  North 

0 
and East, respec t i ve ly ,  and both normal t o  by t he  vectors  so and 

uO'(remember t h a t  !:'lies i n  t he  o r b i t  plane and po in t s  against  the  
-0 

d i r e c t i o n  o f  mot ion).  The var ious geometrical elements are shown i n  

F ig .  2.3.1. 

While t h e  method proposed here i s  a l ready much simpler and f a s t e r  than 

the  d i r e c t  implementation o f  the  formulas leading t o  (2.2.48-50), the re  

are symmetries i n  t he  problem t h a t  permi t  f u r t h e r  subs tan t ia l  reduc- 

t i o n s  i n  computing. 

AA 
Fig.  2.3.1 Geometry associated w i t h  expressions (2.3.4-6). 



Examinat ion o f  expressions (2.3.1-2) shows t h a t  DCa ar and Dta au a r e  
nm nm 

even o r  odd f u n c t i o n s  o f  t ime, and t h a t  i f  one i s  even t h e  o t h e r  must 

be odd, and v iceversa,  depending on a and m. Th is  he1 ps i n  two ways: 

f i r s t ,  i t  i s  enough t o  compute D- ar and D- aU over  h a l f  t h e  o r b i t ,  
C :m 'nm 

as t h e  values on t h e  o t h e r  h a l f  a r e  t h e  same, except f o r  a  p o s s i b l e  

change i n  s ign;  second, ana lyz ing  t h e  sum o f  t h e  func t i ons ,  i n s t e a d  

of each one separate ly ,  reduces t h e  number o f  t imes t h e  Fas t  F o u r i e r  

Transform has t o  be a p p l i e d  by h a l f  w h i l e  p r o v i d i n g  t h e  same r e s u l t s ,  

because i f  DC, a, i s  even and DC, a, i s  odd, then t h e  F o u r i e r  
nm nm 

c o e f f i c i e n t s  o f  t h e  cos ine  terms i n  t h e  expansion o f  t h e i r  sum a r e  a l s o  

t h e  c o e f f i c i e n t s  o f  DC, a,, w h i l e  those o f  t h e  s i n e  terms correspond 
nm 

t o  DC, a,. The converse i s  t r u e  when DC, a, i s  odd and DCa au i s  
nm nm nm 

even. 

The even-odd symmetry j u s t  d iscussed i s  q u i t e  genera l ,  b u t  t h e r e  a r e  

a d d i t i o n a l  symmetries i n  some spec ia l  cases, such as m  = 0 ( zona ls ) ,  

and when t h e  re fe rence  o r b i t  i s  t r u l y  p o l a r .  

Zonal s  : 

Here t h e r e  a r e  no harmonic terms i n  V, arl  and a", i f  a = 1, so 
- 

DC1 
a, and Dcl a, van ish and, w i t h  them, t h e i r  F o u r i e r  c o e f f i c i e n t s  

nm nm 
i n  (2.3.1-2), i m p l y i n g  t h a t  

a rnmj = - j  = 4 

a= o 
a unmj = -a unm - j  = 4 Aunmj 

T h i s  means t h a t  c a l c u l a t i o n s  w i t h  a = 1 a r e  n o t  needed, and t h e  com- 

p u t i n g  i s  c u t  f u r t h e r  by h a l f .  

P o l a r  re fe rence  o r b i t :  

I f  t h e  t r u e  o r b i t  i s  c l o s e  enough t o  p o l a r ,  t h e  re fe rence  o r b i t  can be 

chosen as t r u l y  po la r ,  because t h e  depar tures  between bo th  w i l l  be 

s u f f i c i e n t l y  smal l  t o  use t h e  l i n e a r  theo ry  developed t h i s  f a r .  Whi le  

t h i s  may n o t  always be t h e  case i n  r e a l i t y ,  i t  i s  impor tan t  i n  



a pre-niission study l i k e  an e r r o r  analys is ,  where the  o r b i t  can 

be assumed t o  be po la r  because t h i s  has l i t t l e  e f f e c t  on t h e  

v a l i d i t y  o f  t he  r esu l t s ,  as long as t he  planned miss ion invo lves a 

near-po lar  o r b i t .  As such a reference o r b i t  l i e s  e n t i r e l y  i n  t h e  

mer id ian plane conta in ing t h e  o r i g i n  of longi tudes,  t he  value o f  X i n  

(2.3.4-5) i s  e i t h e r  0  o r  n. I n  both cases DC, a,, and DC, a,, a re  
nm nm 

zero when a = 1, and regardless o f  m (DEa DXV disappears 
nm 

from (2.3.5) because p = 0) .  So, once more (2.3.7a-b) are t rue ,  

i n d i c a t i n g  t h a t  t h e  spectra o f  t he  f o r c i ng  terms a re  symmetric i n  j 

and on l y  computations w i t h  a  = 0  a re  required, thus ha lv ing  the  number 

o f  a r i t hme t i c  operat ions. 

I n  add i t i on  t o  e x p l o i t i n g  symmetry, i t  i s  essen t ia l  t o  avoid t h e  

unnecessary r e p e t i t i o n  o f  operat ions. When computing DCa a", t o  
nm 

ob ta in  the  f o r c i ng  terms according t o  (2.3.5), one needs a d e r i v a t i v e  

o f  t he  Legendre f unc t i on  Pnm(sin 9) w i t h  respect  t o  l a t i t u d e .  Th is  

could be done us ing spec ia l  recurs ive  formulas, bu t  t h e  e x t r a  operat ions 

these formul as r equ i r e  can be avoided by us ing instead 

a 'nm - -  'om 
acp 

- m t g  cp ',,,,,(sin s)+p  ( s i n  v) [ ( l  - 7)(n-m)(ntmt l ) l  nmt l 

(2.3.8) 
(A,, = 1 i f  m = 0: 6 = 0  otherwise) om 

where s i n  cp and t g  cp a re  t h e  same f o r  a l l  n, m and need t o  be computed 

on ly  once per o r b i t  po in t ,  wh i l e  t he  two Pnmls invo lved have t o  be 

ca lcu la ted  anyway t o f i n d  DC, DrV and DEa D V. Th is  expression i s  
nm nm X 

s i ngu la r  over t h e  poles (and so i s  (2.3.5)), bu t  t h i s  problem can be 

overcomed completely by changing t he  l a t i t u d e  by a f r a c t i o n  o f  a  

second o f  a rc  a t  those c r i t i c a l  po in ts ,  and using a modern computer 

whose double p rec i s i on  words are a t  l e a s t  64 b i t s  long. Th is  simple 

t r i c k  has enabled me t o  ca r r y  ou t  wi thout  d i f f i c u l t y  t he  ca l cu l a t i ons  

repor ted i n  sect ion 4. Some simple add i t i ona l  measures, such as 

computing t h e  powers o f  (+) and o ther  f ac to r s  t h a t  depend on ly  on t he  

degree n once per po in t ,  and s t o r i n g  them f o r  repeated use i n  terms 

w i t h  d i f f e r e n t  order  m, w i l l  ensure t h e  s t reaml in ing  o f  t h e  a r i t hme t i c  



operat ions.  A d d i t i o n a l  savings may be p o s s i b l e  by choosing K, t h e  

number o f  i n t e g r a t i o n  steps,  equal t o  a  power o f  2, as t h i s  a l l o w s  

t h e  use o f  t h e  e f f i c i e n t  Fas t  F o u r i e r  Transform procedures. On 

t h e  o t h e r  hand, K  should be l a r g e r  than  t w i c e  t h e  h ighes t  va lue  

o f  j i n  (2.3.1-2), o r  n t 5  i n  p r a c t i c e  i f  n  i s  n o t  much h ighe r  than 

300. T h i s  cou ld  r e s u l t  i n  a  power o f  2  t h a t  i s  much l a r g e r  than  

t h e  number o f  p o i n t s  needed t o  s a t i s f y  t h a t  minimum sampling r a t e ,  

and an i n t r i n s i c l y  s lower mixed- rad ix  a l g o r i t h m  may do t h e  j o b  

f a s t e r  i n  some cases, because i t  can work w i t h  t h e  sma l les t  

p o s s i b l e  K, even i f  t h i s  i s  n o t  a  power o f  2. T h i s  example shows 

t h e  need f o r  c a r e f u l  p lann ing  a t  a l l  s tages o f  so f tware  development. 

The d i r e c t  computat ion o f  t h e  F o u r i e r  c o e f f i c i e n t s  w i t h o u t  us ing  t h e  

many formulas i n  paragraph (2.3)  i s  an idea t h a t  can be a p p l i e d  more 

genera l l y .  For  example, computing a n a l y t i c a l  p e r t u r b a t i o n s  by t h e  

usual  method o f  " v a r i a t i o n s  o f  constants"  ( t h e  c l a s s i c a l  re fe rence  

f o r  sate1 l i t e  geodesy i s  Kaul a ' s  book, a1 ready mentioned) cou ld  

i n v o l v e  c a l c u l a t i n g  ve ry  many i n c l i n a t i o n  and e c c e n t r i c i t y  f u n c t i o n s  

i f  one f o l l o w s  t h e  standard l ong  formulas:  what i s  known as t h e  

" l i t e r a l "  approach. A1 t e r n a t i v e l y  , one can choose Gauss ' form o f  t h e  

equat ions o f  mot ion (Brower and Clemence, Ch. X I ,  par .  13, 1961), 

which makes t h e  c a l c u l a t i o n s  o f  t h e  d e r i v a t i v e s  o f  t h e  k e p l e r i a n  

elements much e a s i e r  because i t  r e q u i r e s  f i n d i n g  DEa DrlV, DCa DulV, 
nm !m 

and DC, DZV only, as i n  t h e  method j u s t  exp la ined,  and a  few s imp le  
nm 

f u n c t i o n s  o f  t h e  mean o r b i t a l  parameters and t ime.  Computing these 

d e r i v a t i v e s  a t  r e g u l a r  t i m e  i n t e r v a l s  a long t h e  mean e l l i p s e ,  a f t e r  

hav ing s e t  t h e  r a t e  of t h e  argument of pe r igee  ; = 0 ( l ) ,  t h e  same as 

e t ,  T, and L,, r e s u l t s  i n  a  s e r i e s  o f  values f o r  each d e r i v a t i v e  

t h a t  can be analyzed by means o f  t h e  Fast  F o u r i e r  Transform t o  

o b t a i n  t h e  cor responding harmonic c o e f f i c i e n t s .  The F o u r i e r  c o e f f i  - 
c i e n t s  o f  t h e  p e r t u r b a t i o n s ,  which a r e  needed t o  compute them ana ly-  

t i c a l l y ,  a re  s imp ly  those o f  t h e i r  d e r i v a t i v e s  d i v i d e d  by t h e  co r re -  

sponding angu lar  f requenc ies .  T h i s  i s  an ex tens ion  o f  t h e  o l d  

"nwnerical" approach, which t h e  astronomers p r e f e r  t o  t h e  "l i t e r a l "  

one f o r  c e r t a i n  ex tens i ve  c a l c u l a t i o n s ,  made p o s s i b l e  by t h e  

ex i s tence  o f  modern computers and o f  t h e  Fast  F o u r i e r  Transform 

a1 g o r i  thms . 
( l l l f  # 0  i n  r e a l i t y ,  t h e  procedure can be extended e s s e n t i a l l y  by 

r e p e a t i n g  t h e  c a l c u l a t i o n s  w i t h  w = kaw, k  = 0,1,2 ... kmax 
(kmaXaw = 2a),  where k,,,,, = 8 may be enough. 



2.4 The a n a l y t i c a l  s o l u t i o n  o f  t h e  v a r i a t i o n a l  equat ions.  

The v a r i a t i o n a l s  de r i ved  i n  paragraph (1.3) a r e  l i n e a r  d i f f e r e n t i a l  

equat ions w i t h  constant  c o e f f i c i e n t s ;  t h e i r  s o l u t i o n  by t h e  method 

o f  t h e  Laplace t rans fo rm i s  exp la ined  i n  Appendix I. O f  t h e  t h r e e  

equat ions (1.3.7-g), t h e  f i r s t  corresponds t o  p e r t u r b a t i o n s  ak 

normal t o  t h e  re fe rence  o r b i t a l  p lane and i s  comple te ly  independent 

o f  t h e  l a s t  two, which desc r ibe  t h e  f l u c t u a t i o n s  B ~ ,  yk o f  t h e  o r b i t  

i n  t h i s  p lane. Moreover, when bo th  s a t e l l i t e s  i n  t h e  p a i r  move i n  

t h e  same plane, which i s  t h e  case considered here,  o n l y  t h e  i n -p lane  

f i r s t  o rde r  p e r t u r b a t i o n s  appear i n  t h e  l i n e a r i z e d  model, as shown i n  

paragraph (1.4). Fo r  t h i s  reason, t h e  d i scuss ion  t h a t  f o l l o w s  i s  

l i m i t e d  t o  t h e  s o l u t i o n s  o f  (1.3.8-9) (though t h a t  o f  t h e  (1.3.7) 

equat ions can be found i n  Appendix I I ) . T h e s e  s o l u t i o n s ,  because o f  
% 

t h e  t y p e  o f  equat ion,  c o n s i s t  o f  particular integrals  %k, yk ,  which 

s a t i s f y  t h e  equat ions when t h e  f o r c i n g  terms a r e  n o t  zero,  and o f  
0 0 homogeneous parts B ~ ,  yk, which sa - t i s f y  them when t h e  f o r c i n g  terms 

D = Dpk Iu 
= 0. The complete solutions a r e  t h e i r  sums: 

Pk 0 0 % = + ak, yk = yk  + yk. They must s a t i s f y  b o t h  t h e  equat ions 

and t h e  i n i t i a l  c o n d i t i o n s  ~ ~ ( 0 ) .  i k ( 0 ) ,  yk(0) ,  i k ( 0 ) ,  and t h i s  i s  

ensured by t h e  homogeneous p a r t s  alone; t h e  p a r t i c u l a r  i n t e g r a l s  

depend o n l y  on t h e  f o r c i n g  terms. 

The s o l u t i o n  i s  t h e  d e r i v a t i v e  o f  t h e  r a d i a l  p o s i t i o n  o f  t h e  

s a t e l l i t e  w i t h  respec t  t o  t h e  parameter pk, which can be one of 

t h e  p o t e n t i a l  c o e f f i c i e n t s ,  o r  e l s e  a  component o f  t h e  i n i t i a l  

s t a t e  t o  be est imated, w h i l e  yk  i s  t h e  d e r i v a t i v e  of t h e  along- 

t r a c k  displacement ( p o s i t i v e  aga ins t  t h e  mot ion o f  t h e  s n a c e c r a f t )  

w i t h  respec t  t o  pk. So, accord ing t o  t h e  n a t u r e  of pk, two cases 

have t o  be considered: 

(1) pk i s  a component of the i n i t i a l  s ta te  of the s a t e l l i t e .  

I n  t h i s  case D  a, = D  a, = 0, because t h e  g r a v i t a t i o n a l  acce- 
P k  Pk 

l e r a t i o n s  ar and aU a r e  n o t  d i r e c t  f u n c t i o n s  of t h e  i n i t i a l  s t a t e .  

As t h e r e  a r e  no f o r c i n g  terms, t h e  s o l u t i o n s  o f  t h e  v a r i a t i o n a l s  

c o n s i s t  o f  t h e  homogeneous p a r t  on l y .  As shown i n  Appendix I ,  these 

s o l u t i o n s  have t h e  general  fo rm 



- 73 - 

B k ( t )  = Bok + Blk COS n o t  + s i n  n o t  (AI .  17) 

and 

y k ( t )  = Gok  + Glk COS n o t  + s i n  n o t  + G 3 k t  (AI.18) 

where t h e  Bik and Gik constants  a r e  f u n c t i o n s  o f  t h e  i n i t i a l  c o n d i t i o n s  

o f  t h e  v a r i a t i o n a l s .  These a r e  t h e  values o f  B ~ ,  bk and yk, ik a t  

t = to. The t a b l e  below shows t h e  i n i t i a l  c o n d i t i o n s  f o r  each compo- 

nen t  o f  t h e  i n i t i a l  s t a t e  - r ( t o ) ,  - ;( to)  i n  t h e  (z,r,u) coord inates :  

These values a r e  a  consequence of t h e  mutual independence o f  t h e  va r ious  

components o f  t h e  i n i t i a l  s t a t e .  Equat ing t h e  r i g h t  hand s ides  o f  

(AI .17) and (AI .18) and o f  t h e i r  f i r s t  d e r i v a t i v e s  t o  t h e  r e s p e c t i v e  

i n i t i a l  cond i t ions ,  i t  i s  p o s s i b l e  t o  so l ve  f o r  t h e  values o f  t h e  Bik 

and G i k  I f  B  ( t )  stands f o r  D r ( t o ) r ( t ) ,  Y,(~,) 
r ( t O )  ( t )  f o r  D u ( t o ) ~ ( t ) ,  

and so on, then, making t h e  change o f  v a r i a b l e  t '  = t-to t o  s i m p l i f y  

t h e  r e s u l t s ,  

- -3 cos n o t 1  + 4  % ( t o )  - 
- 1 B;(~,) = n o  s i n  n o t 1  

% ( t o )  = O 

% t o )  = 2n i1(cos n o t 1 - 1 )  

Y r ( t O )  
= - 6 ( s i n  n o t 1  - n o t )  

Y + ( t o )  = -2n,l(cos n o t 1  - 1 )  

% ( t o )  = 
- 1 

Y i ( t o )  
= 4n0 s i n  n o t 1  - 3 t '  

(2 .4 . la )  

(2 .4 . lb )  

( 2 . 4 . 1 ~ )  

(2 .4 . ld )  

(2.4. l e )  

( 2 . 4 . l f )  

(2.4.19) 

(2 .4 . lh )  



Mu1 t i p l y i n g  t h e  p a r t i a l  d e r i v a t i v e s  B ~ ,  yk by npk and adding over  a l l  

k  t o  o b t a i n  t h e  t o t a l  r a d i a l  and a long - t rack  v a r i a t i o n s :  

n r ( t l )  = n E ( t o ) n i l  s i n  not1-(3~r(t~)-2~i(t~)n,')cos n o t 1 +  

Therefore  

These expressions a r e  ve ry  u s e f u l  i n  unders tand ing t h e  p e r t u r b a t i o n s  

caused by changes i n  t h e  i n i t i a l  s t a t e .  The constant  te rm 

4 ~ r ( t ~ ) - ~ n ~ ( t ~ ) n ~ ~ ,  i n  p a r t i c u l a r ,  i s  propo. r t iona l  t o  t h e  change i n  

t o t a l  energy ( k i n e t i c  + p o t e n t i a l )  o f  t h e  o r b i t .  So t h e  d r i f t  

( 6 n o n r ( t 0 ) - 3 n i ( t 0 ) ) t  i s  c l e a r l y  a l s o  p r o p o r t i o n a l  t o  t h i s  change. 

( 2 )  pk i s  a p o t e n t i a l  coef f ic ien t .  

Here t h e  f o r c i n g  terms a r e  g i v e n  by (2.3.48-49). The p a r t i c u l a r  i n t e -  

g r a l  i s  a  sum o f  s i n e  and cos ine  terms w i t h  t h e  same f requenc ies  as 

those o f  t h e  f o r c i n g  f u n c t i o n s  DC, ar and DC, au. I f  t h e  phases of 
nm nm 

t h e  f o r c i n g  terms change, b u t  n o t  t h e i r  wnp l i tudes,  then t h e  phases 

of t h e  corresponding terms i n  t h e  i n t e g r a l  change by t h e  same angle, 

b u t  t h e i r  ampl i tudes s t a y  t h e  same; these a r e  p r o p e r t i e s  of t h e  

response o f  any l i n e a r ,  t i m e - i n v a r i a n t  system. .As shown i n  Appendix I, 

t h e  complete s o l u t i o n  i s  



B k ( t )  E B nma ( t )  

= B onmu+B 1 nma COS not+B2nma s i n  n o t +  

n+3N 
+ C bnmj cos ( ( jno+me ) t+Gma) 

j = -  (n+3N) 

~ ~ ( ~ 1  nma ( t )  

= G i nma COS not+G2nma s i n  not+G3nmat+ 

n+3N 
+ C gnmj s in(( jno+me') t+?, ) j=-(n+3N) 

where 

(2.4.8) 

w h i l e  the  constant  phase angle ima i s  given by (2.3.50), and does not 

depend on to. The summations i n  (2.4.6-7) a re  t h e  p a r t i c u l a r  i n t e g r a l s ;  

the  remaining terms represent  t h e  homogeneous response. Expressions 

(2.4.8-9) show c l e a r l y  t h a t  the  bnmj and gnmj a re  independent o f  t h e  

i n i t i a l  cond i t i ons .  Because a change i n  g r a v i t a t i o n  cannot a f f e c t  t h e  

i n i t i a l  s t a t e  vector ,  

o r ,  i n  t h e  "B,y" no ta t ion ,  

so a l l  i n i t i a l  cond i t i ons  a re  0 a t  to. I n  general, to # T,, t h e  t ime  

when t h e  s a t e l l i t e  f i r s t  reaches per igee ( F '  = 0 ) ,  because the  v a r i a -  

t i o n a l ~  a re  solved, i n  p rac t i ce ,  along o r b i t a l  arcs  t h a t  can begin  

and end a t  any t ime  d u r i n g  the  miss ion.  To ensure zero i n i t i a l  



cond i t i ons ,  t h e  homogeneous p a r t  must cancel  t h e  p a r t i c u l a r  i n t e g r a l  

a t  t = to, because, i n  genera l ,  t h i s  i n t e g r a l  i s  n o t  0  a t  t h i s  t ime. 

So, ea l  l i n g  R:, t o  t h e  homogeneous p a r t  o f  B, 

0 

~nm,(~o) = Bonma+Blnna " 0 ~ 0 + ~ 2 n m a  s i n  n o t o  

From t h i s  f o l l o w s  t h a t  t h e  c o e f f i c i e n t s  Binma a r e  a l l  f u n c t i o n s  o f  to, 

t h e  s t a r t i n g  t i m e  o f  t he  arc .  Not so t h e  bnmj, gnmj and I f  one 

a r c  ends and another  s t a r t s  a t  to (perhaps w i t h  s l i g h t l y  d i f f e r e n t  - r 
and - b due t o  a  c o r r e c t i v e  o r b i t a l  manoeuvre, as exp la ined  l a t e r )  t h e  

p a r t i c u l a r  i n t e g r a l s  f o r  t h e  second a r c  a r e  t h e  a n a l y t i c a l  con t i nu -  

a t i o n s  of those f o r  t h e  f i r s t ,  b u t  n o t  so t h e  homogeneous p a r t s .  

For a l l  t, t h e  p a r t i c u l a r  i n t e g r a l s  a r e  

rega rd less  o f  t h e  a r c  i n  which t h e  spacec ra f t  happens t o  be (remember 

t h a t  ima depends on ro  and n o t  on t o ) .  

2.5 Resonance. 

The p a r t i c u l a r  i n t e g r a l  con ta ins  terms o f  angu lar  f requency s m a l l e r  

t han  no, corresponding t o  short period p e r t u r b a t i o n s ,  and o the rs  of 

f requency l a r g e r  than no,  corresponding t o  long period p e r t u r b a t i o n s .  

These terms grow l a r g e r  as t h e i r  f requenc ies  approach 0  o r  no, where 

expressions (2.4.8-9) become i n d e f i n i t e .  Th i s  phenomenon i s  known as 

resonance. 

O s c i l l a t i o n s  w i t h  f requenc ies  v e r y  c l o s e  t o  e i t h e r  o f  t h e  c r i t i c a l  

va lues can have ex t remely  l a r g e  ampl i tudes.  When f o r c e d  e x a c t l y  a t  

a  c r i t i c a l  f requency,  t h e  l i n e a r  dynamic system d e f i n e d  by t h e  

v a r i a t i o n a l s  behaves e s s e n t i a l l y  d i f f e r e n t l y  than a t  any o t h e r  



frequency. A t  zero  frequency, as shown i n  Appendix I, t h e  response 

i s  l i k e  t h a t  t o  p e r t u r b a t i o n s  i n  t h e  i n i t i a l  c o n d i t i o n s  on l y ,  o r  f r e e  

response: a  cons tan t  te rm i n  B, o s c i l l a t i o n s  a t  t h e  system's n a t u r a l  

f requency no,  and a  s e c u l a r  d r i f t  i n  y. A t  n o  t h e  response con ta ins  

a l l  o f  these, b u t  t h e r e  a r e  a d d i t i o n a l  terms o f  t h e  form A t s i n  n o t  

o r  B t cos n o t :  s e c u l a r l y  i n c r e a s i n g  o s c i l l a t i o n s  i n  B and i n  y .  The 

theo ry  developed i n  paragraph (2.2)  shows t h a t ,  i n  general  , f o r  a  

r o t a t i n g  p l a n e t  l i k e  t h e  Earth, where e  ' can never be 0, because i t  

sp ins  t o o  f a s t ,  o n l y  t h e  zonals can produce f o r c i n g  terms w i t h  

f requenc ies  0  and no .  For  n e a r l y  c i r c u l a r  o r b i t s ,  those t h a t  c o n t r i -  

b u t e  most t o  t h e  ze ro  f requency a r e  t h e  even zonals,  w h i l e  t h e  odd 

zonals p rov ide  most o f  t h e  n  o s c i l l a t i o n s .  Th i s  i s  because, as 
0 

shown i n  paragraph (2.5)  f o r  a  g i v e n  degree n, t h e  more c i r c u l a r  

t h e o r b i t , t h e  sma l le r  those terms i n  t h e  f o r c i n g  f u n c t i o n s  co r re -  

sponding t o  odd m u l t i p l e s  o f  no i f  n i s  even, and t o  even m u l t i p l e s  

i f  n i s  odd. 

As l o n g  as t h e  p e r t u r b a t i o n s  i n  t h e  o r b i t  remain smal l  enough 

t o  be cons idered s o l u t i o n s  o f  t h e  l i n e a r  v a r i a t i o n a l s ,  any 

secu la r  d r i f t  a long - t rack  can be due t o  t h e  zonals on l y ,  so t h e  

c o e f f i c i e n t  G,nm, (except  i n  some espec ia l  cases, l i k e  geos ta t i ona ry  

o r b i t s ,  where jno+me1 can be ze ro )  corresponding t o  such a  d r i f t  i n  

t h e  general  express ion (2.4.7) must be n e g l i g i b l e  i f  m # 0, i . e .  f o r  

t e s s e r a l s  and s e c t o r i a l s .  I n  phys i ca l  terms, any a long - t rack  d r i f t  

i m p l i e s  a  change i n  t h e  mean o r b i t a l  energy, which must be l i n k e d  

t o  a  non-zero average value,  a long t h e  whole o r b i t ,  f o r  t h e  anoma- 

l o u s  p o t e n t i a l  t h a t  c rea tes  t h e  pe r tu rba t i ons .  I f  t h i s  p o t e n t i a l  i s  

expanded i n  a  F o u r i e r  se r ies ,  l i k e  DC, a, and DC, a  were i n  
nm nm U 

paragraph (2.2), o n l y  t h a t  p a r t  t h a t  i s  due t o  t h e  zonals c o n t r i -  

bu tes  t o  t h e  mean value,  except i n  t h e  case o f  a  p l a n e t  i n  which 

e '  = 0  i s  poss ib le ,  o r  o f  espec ia l  o r b i t s  where p e r f e c t  resonance 

occurs w i t h  m # 0. 

The resonance a t  n  produces o s c i l l a t i o n s  t h a t  should grow f o r  ever ,  
0 

o r  u n t i l  t h e  s a t e l l i t e  f i n a l l y  crashes aga ins t  t h e  ground i n  one o f  

i t s  downward swings. But such a  c a t a s t r o p h i c  end i s  mere ly  an e x t r a -  

p o l a t i o n  o f  a  behav iour  t h a t  i s  o n l y  v a l i d  f o r  ve ry  smal l  pe r tu rba -  

t i o n s ,  so any conc lus ions on what may happen when they  become ve ry  



l a r g e  a r e  l i k e l y  t o  be wrong. Resonance occurs whenever t h e  s a t e l l i t e  

encounters t h e  same d i s t u r b i n g  g r a v i t a t i o n a l  f e a t u r e  a t  repeated, 

v i r t u a l l y  i d e n t i c a l  i n t e r v a l s  o f  which t h e  o r b i t  p e r i o d  i s  an exact  

m u l t i p l e .  The response t o  t h i s  f e a t u r e  i s  then g r a d u a l l y  r e i n f o r c e d  

and grows w i t h  t ime. I n  t h e  case o f  a  c losed,  p e r i o d i c a l  o r b i t ,  a  

zonal i s  p r e c i s e l y  t h i s  t y p e  o f  f e a t u r e .  The a c t u a l  o r b i t ,  i n  genera l ,  

i s  n o t  p e r i o d i c a l .  The i n c r e a s i n g  o s c i l l a t i o n s  t h a t  separate  i t  f rom 

t h e  r e f e r e n c e  o r b i t ,  a t  l e a s t ,  a r e  n o t  so. Therefore,  once t h i s  sepa- 

r a t i o n  has become s u f f i c i e n t l y  l a r g e ,  t he  s a t e l l i t e  may be passing 

through t h e  same d i s tu rbance  a t  i n t e r v a l s  t h a t  a re  app rec iab l y  

d i f f e r e n t  f rom each o the r ,  i n  t h e  end exper ienc ing  l a r g e  ( b u t  bounded) 

o s c i l l a t i o n s ,  accompanied by secu la r  changes i n  t h e  argument o f  

per igee.  

Whatever t h e  u l t i m a t e  f a t e  o f  d rag - f ree  s a t e l l i t e s  o r b i t i n g  c l o s e  t o  

t h e  Ear th ,  those forming t h e  p a i r  used f o r  t h e  m iss ion  under s tudy  

can be kep t  always s u f f i c i e n t l y  near t h e i r  des i red  t r a j e c t o r i e s  by 

us ing  t h e  same r o c k e t  engines t h a t  t hey  c a r r y  f o r  compensating drag 

and o t h e r  non-grav i  t a t i o n a l  f o rces .  Th i s  would r e q u i r e  some b r i e f  and 

w i d e l y  spaced manoeuvres,in a d d i t i o n  t o  t h e i r  normal ope ra t i on ,  t o  

s imp ly  t u r n  t h e  d r i f t  away f rom t h e  re fe rence  o r b i t  back towards i t, 

w i t h o u t  causing any immediate change i n  p o s i t i o n ,  so f u e l  consumption 

can be kep t  t o  a  minimum. 

The f a m i l i a r  f i r s t  o rde r  p e r t u r b a t i o n  theo ry  based on Lagrange's 

p l a n e t a r y  equat ions,  w i d e l y  used i n  sate1 l i t e  geodesy, regards t h e  

o r b i t  as an e l l i p s e  w i t h  one focus a t  t h e  geocenter,  whose s i ze ,  

shape and o r i e n t a t i o n  i n  space a r e  con t i nuous ly  changing under t h e  

e f f e c t  o f  g r a v i t a t i o n a l  anomalies. These changes a r e  expressed as 

p e r t u r b a t i o n s  o f  t h e  Kep ler ian elements t h a t  d e f i n e  t h e  e l l i p s e ;  

some a r e  secu la r ,  l i k e  t h e  precess ion o f  t h e  l i n e  o f  nodes and 

of t h e  main axes, and some a r e  p e r i o d i c a l .  Resonance occurs near 

t h e  zero  frequency, so ve ry  s low v a r i a t i o n s  tend t o  become a l s o  

l a r g e .  I n  t h e  r o t a t i n g  coord inates  o f  t h e  v a r i a n t i o n a l s ,  changes 

i n  t h e  s i z e  o f  t h e  e l l i p s e  w i l l  show up a l s o  as ve ry  s low o s c i l l a -  

t i o n s ,  b u t  changes i n  t h e  shape ( i .e . ,  i n  t h e  e c c e n t r i c i t y )  w i l l  

be seen as f a s t  o s c i l l a t i o n s  c l o s e  t o  no,  modulated by ve ry  s low 

ones c l o s e  t o  zero.  T h i s  i s  because t h e  per turbed o r b i t  has a  



p e r i o d  ( t h e  t i m e  between consecut ive  c ross ings  o f  t h e  per igee)  t h a t  

i s  s l i g h t l y  d i f f e r e n t  f rom no. As t h e  s a t e l l i t e  t u rns ,  i t s  g e o c e n t r i c  

d i s tance  v a r i e s  f rom a maximum a t  apogee t o  a minimum a t  pe r igee  once 

per r e v o l u t i o n .  A s low change i n  e c c e n t r i c i t y  w i l l  d i s p l a c e  t h e  focus 

w i t h i n  t h e  major  a x i s ,  so t h e  d i f f e r e n c e  between maximum and minimum 

a t  each o s c i l l a t i o n  w i l l  change s lowly ,  w i t h  t h e  same p e r i o d  as t h e  

e c c e n t r i c i t y .  Such v a r i a t i o n s  i n  t h e  argument o f  pe r igee  and i n  t h e  mean 

anomaly m o s t l y  a f f e c t  t h e  o r b i t a l  f requency.  To understand t h e  pre-  

sence of p u l s a t i n g  o s c i l l a t i o n s  i n  terms o f  t h e  theo ry  developed so 

f a r ,  cons ide r  t h e  fo rced  response o f  t h e  v a r i a t i o n a l s  t o  a s imp le  

sinewave o f  f requency no + An, where An i s  a smal l  d i f f e r e n c e  between 

t h e  f requency o f  t h e  p e r t u r b a t i o n  and no .  

According t o  express ion (2.4.10-11) t h i s  response must c o n t a i n  terms 

of t h e  form A s i n  n o t  + B s i n ( n , + ~ n ) t  and C cos n o t  + D cos(n0+an)t ;  

those of f requency n o  belong t o  t h e  homogeneous p a r t ,  and t h e  o the rs  

t o  t h e  p a r t i c u l a r  i n t e g r a l  . Wi thout  l o s s  o f  general  i ty  , they  can be 

w r i t t e n  as 

where c = 0 o r  3n .  Th is  i s  e q u i v a l e n t  t o  

E sin(n,t+s)+F cos $Ant s in((n,+$an)t+c) 

where E = A-B and F = 2B. 

S ince E and F a r e  always such as t o  ensure t h a t  t h e  express ion above 

i s  zero  a t  to, t h e  response begins i n c r e a s i n g  ve ry  g r a d u a l l y  from 

zero, reaches e v e n t u a l l y  a maximum, and goes back t o  ze ro  i n  a l ong  

c y c l e  o f  p e r i o d  $an. I f  an i s  ve ry  small, a s e c u l a r l y  growing o s c i l -  

l a t i o n  a t  n o  and a s l o w l y  growing p u l s a t i o n  a t  n,+$~n l o o k  much t h e  

same a t  t h e i r  i n i t i a l  s tage, when b o t h  a r e  smal l  enough t o  be e x p l i -  

c a b l e  i n  terms of  a f i r s t  o r d e r  theory .  Only a f t e r  t hey  g e t  q u i t e  

l a r g e  do t h e i r  d i f f e rences  become apparent.  

The zonal  resonances exp la ined here  a r e  s i m i l a r  t o  those t h a t  t a k e  

p l a c e  a t  t h e  " c r i t i c a l  i n c l i n a t i o n "  i = When t h e  o r b i t  

i s  p e r i o d i c a l ,  i t s  mean e l l i p s e  i s  " f rozen"  i n  i t s  precess ing plane, 



so t h e  argument of pe r igee  w does n o t  change, and ; = 0. A t  t h e  

c r i t i c a l  i n c l  i n a t i o n ,  a1 l o r b i t s  round a  p l a n e t  c l o s e l y  resembl ing 

an o b l a t e  e l l i p s o i d ,  l i k e  ours,  have a  ve ry  smal l  and are,  

t he re fo re ,  " f rozen"  enough t o  show resonance (some impor tan t  formu- 

l a s  o f  t h e  c l a s s i c a l  f i r s t  o r d e r  theo ry  become s i n g u l a r  a t  t h i s  

i n c l i n a t i o n ) .  

To complete t h e  t o p i c  o f  zonal resonances, I s h a l l  ment ion b r i e f l y  

those t h a t  p e r t u r b  an o r b i t  a t  r i g h t  angles t o  i t s  p lane. They 

a f f e c t  t h i s  p lane by making i t  t u r n  s l o w l y  about t h e  E a r t h ' s  a x i s ,  

as mentioned i n  e a r l i e r  paragraphs and shown i n  Appendix 11. Fo r  

a  nea r -po la r  o r b i t ,  f o rces  normal t o  t h e  o r b i t  p lane a r e  q u i t e  weak, 

so t h i s  e f f e c t  i s  ex t remely  slow. 

Because t h e r e  a re  values o f  t h e  o rde r  m f o r  which me' comes c l o s e  t o  

be ing  a  whole m u l t i p l e  o f  t h e  o r b i t a l  frequency, t h e  c o e f f i c i e n t s  

C:, of such an o rde r  w i l l  c o n t r i b u t e  f requenc ies  ( jno+mel)  t h a t ,  f o r  

some j, w i l l  be ve ry  c l o s e  t o  e i t h e r  0 o r  no.  The r e s u l t i n g  steady 

o s c i l l a t i o n s  i n  t h e  fo rced  response can be ve ry  l a r g e .  C o e f f i c i e n t s  

r e l a t e d  t o  these near-resonances a re  u s u a l l y  r e f e r r e d  t o  as resonant 

coefficients. Whether p e r f e c t l y  o r  n e a r l y  resonant,  some p e r t u r b a t i o n s  

may grow so l a r g e  i n  t h e  absence o f  compensatory manoeuvres, t h a t  t hey  

cannot be t r e a t e d  by a  l i n e a r ,  o r  f i r s t  o rde r  t h e o r y  any longer .  I n  

t h i s  case a  n o n l i n e a r  t reatment  i s  requ i red ;  some examples o f  t h i s  

k i n d  o f  approach a re  g i ven  i n  t h e  book by Kaula a l ready  mentioned. 

2.6 Per tu rba t i ons  o f  a  p e r f e c t l y  c i r c u l a r  o r b i t .  

Assuming t h a t  t h e  re fe rence  o r b i t  corresponds t o  a  c e n t r a l  fo rce f i e l d  

where t h e  p o t e n t i a l  i s  V = GM~-I, so i t  i s  p e r f e c t l y  c i r c u l a r ,  and 

t h a t  t h e  t r u e  o r b i t  r e s u l t s  f rom s l i g h t  p .er turbat ions t o  t h a t  c i r c u l a r  

one i n t roduced  by t h e  ( t h i s  assumption i s  n o t  v a l i d  f o r  t h e  Earth,  

because o f  t h e  l a r g e  "ob la te "  and "pear-shaped" terms r e l a t e d  t o  

C: 0 
- 0 

and C,,, r e s p e c t i v e l y ) ,  t hen  t h e  f o r c i n g  terms of rhe  v a r i a t i o -  

n a l ~  g i ven  as f u n c t i o n s  o f  F and L a re :  



where $a = -a $ and 

'L 
a rnmp = -GM an~-(n t2)  (n+l)~,,(i) 

'L 
a 

U nmp = -GM a " ~ - ( " ~ ) ( n - 2 ~ ) ~ , , ~ ~ ( i )  

These expressions can be de r i ved  d i r e c t l y  f rom (2.2.7-8) i f  r i s  assumed 

t o  be constant  and equal t o  =VG-. Changing f rom F t o  F '  = F-$n 

and reasoning as i n  paragraph 2.2 (except  t h a t  now r i s  a constant )  

leads t o  t h e  equ iva len t  o f  (2.2.27) : 

D- a, = z a ~ o s ( ( n - 2 p ) F ' + m L + $ ~ ~ )  
C Km p=o rnmp 

where 
(n;2p) 

(-1) 
'L 
a rnmp if n i s  even 

I 
arnmp = l (n-2p;2m-l) (2.6.7) 

(-1) 
'L 
a rnmp i f  n i s  odd 

(n;2p) 

(-1) 
'L 

aunmp if n i s  even 

- aunmp = { (n-2p;h-1) 
(2.6.8) 

'L 

(-1) a unmp i f  n i s  odd 

Choosing to = ro  = 0 t o  s i m p l i f y  mat ters ,  and us ing  t h e  r e l a t i o n s h i p s  

L = m e a t  and F '  = n o t  ( t h e  l a t t e r  i s  v a l i d ,  because t h e  re fe rence  

o r b i t  i s  here a c i r c l e ) ,  one ob ta ins  

Dta a u ( t )  = z a ~in(((n-2p)n~+me')tt$~~) (2.6.10) 
nm p=O unmp 



The s o l u t i o n s  t o  t h e  v a r i a t i o n a l s  corresponding t o  p e r t u r b a t i o n s  i n  

t h e  i n i t i a l  s t a t e  have t h e  form g i ven  by (2.4. la-h) i n  a  prev ious 

paragraph. The complete s o l u t i o n s  f o r  g r a v i t a t i o n a l  p e r t u r b a t i o n s  

a f f e c t i n g  t h e  c o e f f i c i e n t s  a r e  go ing t o  resemble (2.4.6-7), 

w i t h  same terms i n  t h e  "homogeneous" response as i n  (2.4. la-h),  and 

terms i n  t h e  p a r t i c u l a r  i n t e g r a l  o f  t h e  same frequency as those i n  

(2.6.9-10): 

Bnma(t ) = Bonm$B inma COS no  t + ~ ~ ~ ~ ~  s i n  n  o t 

n  
+ x b  cos ( ((n-2p)+me ' ) t+$ma) (2.6.11) 

p=O 

ynma( ) = G o  i nma COS not+G2nma s i n  n  t+G3nmat  
0 

where b  and g  a r e  g i ven  by (2.4.8-9) a f t e r  r e p l a c i n g  "j"  by 
nmp 

" (n-2p)'!PNotice t h a t  t h e  terms i n  t h e  p a r t i c u l a r  i n t e g r a l  have f r e -  

quencies t h a t  a r e  even harmonics o f  no i f  t h e  degree n  i s  even, and 

odd harmoni CS i f  n  i s  odd, " s h i f t e d "  by me' . 

2.7 The p e r i o d i c a l  re fe rence  o r b i t  seen as a  per turbed c i r c u l a r  o r b i t .  

The re fe rence  o r b i t  can be regarded as t h e  r e s u l t  o f  p e r t u r b i n g  a  

p e r f e c t l y  c i r c u l a r  o r b i t  w i t h  smal l  changes i n  t h e  i n i t i a l  s t a t e  

v e c t o r  a t  t = 0, and i n  t h e  g r a v i t y  f i e l d  (by  adding zonal  terms o f  

degree n  between 1 and Nil)). The o r b i t  i s  p e r i o d i c a l ,  so t h e  e f fec t  of 

a l l  s e c u l a r  p e r t u r b a t i o n s  and exact  resonances must cancel  ou t .  The 

s o l u t i o n s  t o  t h e  v a r i a t i o n a l s ,  and yk, corresponding t o  changes 

i n  t h e  i n i t i a l  s t a t e  have t h e  same form as before ,  g i ven  by 

(2.4. la-h),  w h i l e  those corresponding t o  pk = E:o a r e  g i ven  by 

(2.6.11-12) w i t h  m  = a  = 0, so $ = 0, and ma 

Bnoo(t) = Bonoo+Binoo cos not+B2noo s i n  n o t  

( l ) ~ h e  non- l i nea r  e f f e c t s  assoc ia ted  w i t h  c:, and can be ignored 
here. 



~ n o o ( ~ )  = Gonoo+Glnoo cos not+B2noo s i n  n o t + B 3 n o o t  

From t h e  l a s t  two expressions and (2.4.1-2) one can see t h a t  Bk and 

yk have t h e  form 

Bk = c Bnj cos j n o t + B i  s i n  n o t  (2.7.3)  
j = - n  

where 

Bnj = Gnj = 0 i f  pk i s  a component o f  t h e  i n i t i a l  s t a t e  

and j # l o r  pk = and j and n have 

d i f f e r e n t  p a r i t i e s .  

C a l l i n g  A r  t o  t h e  r a d i a l  depar tu re  o f  t h e  re fe rence  o r b i t  f rom t h e  

unperturbed c i r c u l a r  one, which has t h e  same per iod,  and Au t o  t h e  

a long - t rack  depar tu re  between b o t h  o r b i t s ,  then, t o  a f i r s t  o r d e r  

approximat ion,  

where apk = pk-pko, as d e f i n e d  i n  paragraph (1 .4) ,  i s  t h e  v a r i a t i o n  

i n  t h e  va lue o f  pk respons ib le  f o r  t h e  p e r t u r b a t i o n .  A l so  

As a l l  yk and c o n t a i n  terms of frequency n , w h i l e  some c o n t a i n  terms 
0 

o f  f requency 0 ( cons tan ts )  and o f  f requenc ies  (n-2p)no, w i t h  -n r p r n 

and 1 r n r N, t h e  sums (2.7.5-7) o f  such terms m u l t i p l i e d  by constants ,  

have t h e  general  fo rm (remember t h a t  t h e  s e c u l a r  terms cancel out ,  

t h a t  t h e  o r b i t  i s  symmetr ical  r e s p e c t  t o  t = 0 ,  and t h a t  B k y  yk have 

t h e  general  f o rm (2.7.3-4) ) 



a r ( t )  = c r .  cos j n o t  
j=O J 

and 

Accord ing ly ,  t h e  o r b i t a l  r a d i u s  i s  

where i s  t h e  mean va lue  of r, and t h i s  i s  t h e  same formula i n  para- 

graph (2.2) t h a t  leads t o  express ion (2.2.15). The t a n g e n t i a l  v e l o c i t y  

a long  t h e  re fe rence  o r b i t  i s  

( n o  i s  t h e  angu la r  v e l o c i t y  a long  t h e  c i r c u l a r  o r b i t )  so, accord ing t o  

(2.7.9), 

N 
i ( t )  - noF + c ii cos i n o t  

i = l  

and 

N 
( t )  = - n o 1  c i. cos i n o t  

r i = l  1 

which i s  t h e  same as (2.2.30). T h i s  completes t h e  p a r t i a l  j u s t i f i c a t i o n  

g i ven  i n  paragraph (2.2) f o r  t h e  "3N" t h a t  appears i n  t h e  upper and 

t h e  l ower  l i m i t s  o f  t h e  summations i n  t h e  f o r c i n g  terms and i n  t h e  

s o l u t i o n s  o f  t h e  v a r i a t i o n a l s .  I n  t h e  case discussed i n  t h i s  paragraph 

t h e  degree of t h e  f i e l d  o f  t h e  " re ference"  c i r c u l a r  o r b i t  i s  0, which 

e x p l a i n s  t h e  absence o f  "3N" i n  expressions (2.7.1) t o  (2.7.4). The 

"N" i n  (2.7.10-11) corresponds t o  t h e  zonals t h a t  d i s t u r b  t h e  c i r c u l a r  

o r b i t ,  which i n  t h i s  paragraph p l a y s  t h e  r o l e  of " re fe rence  o r b i t " .  

So "N1  here  has t h e  same meaning as "Nmax", t h e  degree a t  which t h e  

s p h e r i c a l  harmonic expansion o f  t h e  p o t e n t i a l  r e s p o n s i b l e  f o r  t h e  

p e r t u r b a t i o n s  can be t runca ted .  



Summary. 

The equat ions o f  mot ion and t h e  express ion o f  t h e  r e l a t i v e  l i n e  of s i g h t  

v e l o c i t y  a r e  l i n e a r i z e d  a long  a  re fe rence  o r b i t  t h a t  i s  c losed and 

p e r i o d i c a l  i n  i t s  plane, t o  i n t r o d u c e  symmetries i n  t h e  mathemat ical  

model t h a t  can be e x p l o i t e d  t o  make t h e  e s t i m a t i o n  o f  t h e  p o t e n t i a l  

c o e f f i c i e n t s  ve ry  e f f i c i e n t ,  as exp la ined  i n  s e c t i o n  3. I n s i g h t  gained 

f rom t h e  d i scuss ion  o f  t h e  ex i s tence  and p r o p e r t i e s  o f  such o r b i t s  i n  

a  p u r e l y  zonal f i e l d  can be used t o  f i n d  numerical  methods f o r  o b t a i n i n g  

t h e  i n i t i a l  c o n d i t i o n s  o f  t r a j e c t o r i e s  t h a t ,  when n u m e r i c a l l y  i n t e g r a t e d  

ove r  one r e v o l u t i o n ,  c l o s e  a lmost  p e r f e c t l y ,  r e t u r n i n g  t o  t h e i r  i n i t i a l  

s t a t e ,  and have a  mean r a d i u s  ve ry  near t h e  one s p e c i f i e d  f o r  t h e  

a c t u a l  s a t e l l i t e  o r b i t  ( t h e  method proposed i n  t h i s  chapter  i s  a  

re f inement  o f  Cook's t h e o r y  o f  p e r t u r b a t i o n s  o f  n e a r - c i r c u l a r  o r b i t s ) .  

The f o r c i n g  terms o f  t h e  v a r i a t i o n a l  equat ions a long  t h e  re ference 

o r t j i t c a n  be expressed as f u n c t i o n s  o f  t ime  developed i n  t r i g o n o m e t r i c  

F o u r i e r  s e r i e s  a f t e r  a  l ong  sequence o f  mathemat ical  opera t ions,  as 

i t  i s  common i n  c e l e s t i a l  mechanics. These opera t i ons  produce an 

e q u a l l y  l ong  (and cumbersome) sequence o f  fo rmulas  t h a t  could be used 

t o  o b t a i n  t h e  F o u r i e r  c o e f f i c i e n t s  o f  t h e  f o r c i n g  terms, which a r e  

e s s e n t i a l  t o  t h e  a n a l y t i c a l  s o l u t i o n  o f  t h e  v a r i a t i o n a l s .  To use such 

formulas,  what astronomers c a l  l t h e  "l i t e r a l  " approach (because 

formulas  a r e  w r i t t e n  w i t h  l e t t e r s !  ) would r e q u i r e  ve ry  l eng thy  and 

complex computat ions.  A l t e r n a t i v e l y ,  f i r s t  t h e  f o r c i n g  terms can be 

computed a t  equal t i m e  i n t e r v a l s  a long  t h e  re fe rence  o r b i t  us ing  

t h e  coo rd ina tes  obta ined by numerical  i n t e g r a t i o n ,  and then  t h e i r  

va lues can be s u b j e c t  t o  F o u r i e r  a n a l y s i s  by some e f f i c i e n t  a lgo-  

r i t h m  o f  t h e  Fas t  F o u r i e r  Transform f a m i l y .  T h i s  can be seen as an 

extension,  p o s s i b l e  i n  t h e  "computer age", o f  t h e  "numer ica l "  

approach, o f  which Gauss'method i s  a  well-known example. The idea  

i s  f e a s i b l e  because t h e  c o e f f i c i e n t s  a r e  independent o f  E a r t h ' s  

r o t a t i o n  and o r b i t a l  precession.  Once t h e  F o u r i e r  c o e f f i c i e n t s  have 

been found, expressions (2.4. la-h) and (2.4.6-9) g i v e  t h e  a n a l y t i c a l  

s o l u t i o n s  o f  t h e  v a r i a t i o n a l s  corresponding t o  changes i n  t h e  

i n i t i a l  s t a t e  and i n  t h e  p o t e n t i a l  c o e f f i c i e n t s ,  r e s p e c t i v e l y .  The 

d e t a i l e d  d e r i v a t i o n s  a r e  g i ven  i n  Appendix I. These s o l u t i o n s  

correspond o n l y  t o  p e r t u r b a t i o n s  i n  t h e  o r b i t a l  p lane, which a r e  



a l l  t h a t  i s  needed f o r  t h i s  study.  To complete t h e  o r b i t  theory,  p e r t u r -  

b a t i o n s  normal t o  t h a t  p lane, and non-pe r iod i ca l  re fe rence  o r b i t s ,  a re  

discussed i n  Appendix 11. The a n a l y t i c a l  s o l u t i o n s  show t h e  ex i s tence  

of s e c u l a r  v a r i a t i o n s  i n  p o s i t i o n  and i n  v e l o c i t y ;  o f  o s c i l l a t i o n s  o f  

f requency lower  than n o  ( t h e  angu lar  f requency o f  t h e  re fe rence  o r b i t )  

c a l l e d  long period p e r t u r b a t i o n s ;  o f  o s c i l l a t i o n s  above n  o r  short 
0 , 

period p e r t u r b a t i o n s ;  and o f  s e c u l a r l y  i n c r e a s i n g  o s c i l l a t i o n s  o f  

f requency n o  caused u s u a l l y  by zonal g r a v i t a t i o n a l  anomalies. These 

growing o s c i l l a t i o n s  revea l  t h e  resonant  cha rac te r  o f  t h e  dynamic 

system d e f i n e d  by t h e  l i n e a r i z e d  equat ions o f  mot ion,  o r  v a r i a t i o n a l  S. 

Th i s  system i s  t o t a l l y  undamped, because t h e  s a t e l l i t e  i s  supposed t o  

be drag- f ree.  Resonance i s  a l s o  shown by t h e  f a c t  t h a t  t h e  steady 

fo rced  o s c i  l l a t i o n s  have l a r g e r  amp1 i tudes as t h e i r  f requenc ies  aproach 

0 o r  n o  ( t h e  peak a t  n o  i s  a  consequence o f  t h e  use o f  a  system o f  coor-  

d i n a t e s  t h a t  r o t a t e s  a t  t h i s  f requency).  The zonals can e x c i t e  growinn 

o s c i l l a t i o n s  because t h e  re fe rence  o r b i t  i s  p e r i o d i c a l .  Due t o  a l l  t h e  

s e c u l a r  p e r t u r b a t i o n s ,  t h e  t r u e  ( o r  pe r tu rbed )  o r b i t  moves con t i nuous ly  

away f rom t h e  re fe rence  one, u n t i l  t h e  s o l u t i o n s  o f  t h e  v a r i a t i o n a l s  

become i n a p p l i c a b l e  because t h e  p e r t u r b a t i o n s  have grown t o o  l a r g e  t o  

be exp la ined  by them. The two s a t e l l  i tes  t o  be used f o r  mapping t h e  

geopo ten t i a l  must f o l l o w  reasonably c l o s e l y  t h e  re fe rence  o r b i t ,  so 

t h e  model l i n e a r i z e d  a long i t  remains v a l i d ,  and t h e  mapping can be 

done i n  a  s i n g l e  g l o b a l  ope ra t i on  i n  an e f f i c i e n t  way. T h e i r  t h r u s t e r s ,  

used no rma l l y  f o r  drag-compensation, must a l s o  be f i r e d  o c c a s i o n a l l y  

t o  nudge each spacec ra f t  back towards i t s  proper  course, b e f o r e  i t  

s t r a y s  t o o  f a r .  The c losed re fe rence  o r b i t  can be seen as a  c i r c u l a r  

o r b i t  per turbed by t h e  f i r s t  N zonals,  so t h e  p r o p e r t i e s  o f  d i s t u r b e d  

c i r c u l a r  o r b i t s  must be s t u d i e d  t o  understand t h e  shape of t h e  former,  

which modulates t h e  f o r c i n g  terms o f  t h e  v a r i a t i o n a l s  g i v i n g  them a  

r i c h e r  f requency content .  



THE ADJUSTMENT. 

I n t r o d u c t o r y  remarks and overview. 

A f t e r  having descr ibed t h e  l i n e a r i z e d  model f o r  t h e  s i g n a l  i n  s a t e l l i t e -  

t o - s a t e l l i t e  t r a c k i n g ,  and exp la ined t h e  o r b i t  t heo ry  behind t h a t ,  i t  i s  

t i m e  t o  g e t  on w i t h  t h e  ques t i on  of how t o  use these ideas t o  es t ima te  
5 some 10 unknown c o r r e c t i o n s  t o  t h e  p o t e n t i a l  c o e f f i c i e n t s  o u t  o f  some 

6 10 measurements. C l e a r l y ,  t h i s  r e q u i r e s  a  ve ry  sparse system o f  normal 

equat ions w i t h  a  h e l p f u l  s t r u c t u r e .  Such s t r u c t u r e ,  i n  t h i s  case, i s  

t h a t  o f  an arrow, w i t h  a  " s h a f t "  and " t i p "  made up o f  d iagonal  b locks ,  

and two "wings" ( t h e  r i g h t  and t h e  bot tom edges). The r e s t  o f  t h e  normal 

m a t r i x  i s  a l l  zeros. Th i s  s t r u c t u r e  occurs when t h e  s i t e s  of t h e  obser-  

va t i ons ,  and, thus, t h e  o r b i t s ,  form a s t rong  geometr ical  pa t te rn .  

Imagine t h e  p e r i o d i c a l  o r b i t  o f  t h e  prev ious sec t i on ,  w i t h  a  p e r i o d  

t h a t  f i t s  an exact  number o f  t imes i n  an i n t e r v a l  o f  a  whole number o f  

days. I n  t h a t  i n t e r v a l ,  t h e  o r b i t  must l o o k  t o  an Ear th - f i xed  observer 

l i k e  a  h e l i x  wrapped around t h e  nea r l y -spher i ca l  su r face  swept by t h e  

n e a r - c i r c u l a r  o r b i t  i t s e l f  as i t s  p lane precesses and t h e  Ear th  r o t a t e s .  

A t  t h e  end o f  t h i s  per iod,  t h e  h e l i x  must c lose,  " b i t i n g  i t s  own t a i l " .  

T h i s  makes t h e  whole o r b i t  repea t  i t s e l f  i n d e f i n i t e l y ,  and t h e  measure- 

ments a long i t  too, i f  we i g n o r e  t h e  non-per iod ica l  component o f  t h e  

s igna l ,  due t o  d i s c o n t i n u i t i e s  a t  t h e  s t a r t  o f  t h e  va r ious  arcs  i n  

between o r b i t a l  manoeuvres, and t o  i nc reas ing  o s c i l l a t i o n s  caused by 

zonal resonances. A t  every p o i n t  a long t h i s  o r b i t ,  an observer knowing 

o n l y  where t h e  po les  ( o r  t h e  e q u a t o r i a l  p lane)  are, would be a b l e  t o  

t e l l  h i s  l a t i t u d e ,  b u t  n o t  h i s  longitude,because t h e  shape o f  t h e  o r b i t  

would convey no i n f o r m a t i o n  t o  him on t h i s  respect :  t h e  " t a i l  b i t i n g "  

h e l i x  has r o t a t i o n a l  symmetry about t h e  E a r t h ' s  a x i s ,  and so does t h e  

d i s c r e t e  subset of i t s  p o i n t s  where measurements were taken. The p e r i o -  

d i c a l  p a r t  o f  t h e  s i g n a l  cons i s t s ,  then, o f  harmonics o f  t h e  b a s i c  f requen- 

cy  a t  which t h e  grand sequence o f  measurements repeats  i t s e l f .  If t h e  

coverage i s  f i n e  enough, and t h e  sampling r a t e  o f  t h e  ins t ruments  h igh  

enough, t h e  c o n t r i b u t i o n s  t o  t h e  p e r i o d i c  p a r t  o f  t h e  s i g n a l  coming f rom 



A Z ; ~  w i t h  a  g i ven  m and o a r e  comple te ly  independent (o r thogona l )  t o  

those coming from a l l  o t h e r  AE;,, p rov ided  t h a t  Nmax i s  n o t  t o o  h igh .  

Ass ign ing so -ca l l ed  "a rc  parameters" ( e x t r a  unknowns) t o  t h e  non- 

p e r i o d i c  p a r t ,  as exp la ined  i n  paragraph (3.1) ,  t h i s  independence o f  

t h e  components o f  t h e  p e r i o d i c a l  p a r t  leads t o  t h e  a r row-s t ruc tu red  

normal m a t r i x ,  which makes s o l v i n g  t h e  corresponding equat ions,  i f  

n o t  easy, a t  l e a s t  f e a s i b l e  even w i t h  present-day machines. A t  the 

heart of the method l i e s  the rotational symmetry of the overal 

t ra jec tory ,  and t h e  unbroken n a t u r e  o f  t h e  data  stream. O f  course, 

t h e  o v e r a l l  m i s s i o n  can be d i v i d e d  i n t o  s h o r t e r  p o r t i o n s ,  each one 

" b i t i n g  i t s  t a i l  ", ins tead  o f  a  s i n g l e  grand c y c l e  f rom beg inn ing 

t o  end. The p r a c t i c a l  consequences a r e  t h e  same. I n  each o f  these 

sub - in te rva l s ,  t h e  main parameters o f  t h e  miss ion,  such as s a t e l l i t e s '  

h e i g h t  and separat ion ,  cou ld  be chosen t o  r e i n f o r c e  t h e  e s t i m a t i o n  

o f  a  p a r t i c u l a r  p a r t  o f  t h e  spectrum, o r  f o r  o t h e r  reasons. I n  a  

r e a l  m i s s i o n  t h e r e  may be, f rom t i m e  t o  t ime, i n t e r r u p t i o n s  i n  t h e  

stream o f  measurements caused by  ma l func t i ons ,  ionospher ic  d i s t u r -  

bances, o r b i t a l  manoeuvres, and so on. Planned i n t e r r u p t i o n s  must 

be b r i e f ,  so i n t e r p o l a t i o n  f rom measurements ad jacent  t o  t h e  break 

may " s e a l "  t h e  gaps w i t h o u t  much harm t o  t h e  r e s u l t s .  Large, 

unplanned breaks would make t h e  method descr ibed here  i n a p p l i c a b l e .  

As an a1 t e r n a t i v e ,  one may cons ide r  l o c a l  maps, o r  s o l u t i o n s ,  t o  

recover  i n f o r m a t i o n  wherever t h e r e  i s  enough da ta  coverage. A t h i r d  

p o s s i b i l i t y ,  sketched i n  paragraph (3.11), i s  t o  i g n o r e  t h e  non- 

p e r i o d i c a l  p a r t  o f  t h e  s i g n a l ,  and then regard  t h e  measurements, 

separated accor-ding t o  whether they  belong t o  ascending o r  t o  

descending passes ( h a l f - o r b i t s  c o n t a i n i n g  t h e  node a f t e r  which they  

a r e  named), as " p o i n t "  measurements o f  a  f u n c t i o n  o f  p o s i t i o n .  Then, 

t h e  measurements can be processed i n  t h e  same way as, say, g r a v i -  

meter  o r  s a t e l l i t e  a l t i m e t e r  measurements. By averaging t h e  obser- 

v a t i o n s  w i t h i n  t h e  b locks  o f  a  r e g u l a r  g r i d  l a i d  over  t h e  su r face  

swept by t h e  re fe rence  o r b i t ,  v e r y  e f f i c i e n t  procedures t h a t  e x p l o i t  

t h e  r o t a t i o n a l  symmetry o f  t h i s  g r i d  become a p p l i c a b l e .  Th i s  i s ,  

o f  course, l e s s  s a t i s f a c t o r y  than t h e  more r i g o r o u s  adjustment o f  

t h e  u n i n t e r r u p t e d  da ta  stream, which i s  t h e  main t o p i c  o f  t h i s  

sec t i on .  



Because t he  model i s  obtained by l i n e a r i z i n g  along t he  pe r i od i c  re ference 

o r b i t ,  which i s  t oo  r i g i d l y  def ined t o  f o l l o w  t he  actua l  t r a j e c t o r i e s  

very c lose ly ,  nonl inear  e f f e c t s  w i l l  become progress ive ly  la rger ,  as t r u e  

and reference o r b i t s  diverge, and they could i n v a l i d a t e  very  soon t h e  

whole idea. Instead, numer ica l ly  in tegra ted  o r b i t s  should be f i t t e d  t o  

a l l  the  data ( i n c l ud i ng  t r ack i ng  from t e r r e s t r i a l  s t a t i ons )  us ing models 

f o r  a l l  impor tant  forces ac t i ng  on t he  s a t e l l i t e s  not  inc luded i n  t he  

c a l c u l a t i o n  o f  the  re ference o r b i t .  From the  v e l o c i t i e s  of these so- 

c a l l e d  nominal o r b i t s ,  a  reference l i ne -o f - s i gh t  v e l o c i t y  should be com- 

puted and substracted from t he  data, t o  form residuals. Eventual l y ,  when 

t he  separat ions grow too  large,  t he  t h rus te r s  i n  the  s a t e l l i t e s  should 

be used t o  b r i ng  them back t o  t h e i r  proper courses. I n  t h i s  way, non- 

l i n e a r i t i e s  and o ther  unwanted e f f e c t s  can be e l iminated o r  g r e a t l y  

reduced, d imin ish ing t h e b i a s  i n  t h e  l i n e a r  est imates o f  t he  po ten t i a l  

coe f f i c i en t s .  

The f i r s t  paragraph considers t he  advantage of us ing res idua l  obser- 

vat ions as data, f o r  the  reasons ou t l i ned  above, and introduces t he  

concept o f  a rc  parameters. The two paragraphs t h a t  f o l l o w  discuss 

es t imat ion  methods. F i r s t ,  i t  i s  ord inary ,  l inear  l e a s t  squares ad jus t -  

ment; then, "cond i t i on ing"  i n  general, and l e a s t  squares co l  l o c a t i o n  

i n  p a r t i c u l a r .  This i s  fol lowed by a  d e t a i l e d  d e r i v a t i o n  o f  the obser- 

va t i on  equations, p a r t i c u l a r l y  o f  the  pe r i od i ca l  pa r t ,  which r e t a i ns  

the  Four ie r -se r ies  s t r uc tu re  o f  t he  per turbat ions o f  sec t ion  2. 

S t a r t i n g  w i t h  t he  l i nea r i zed  model f o r  t he  instantaneous l i ne -o f - s i gh t  

ve l oc i t y ,  t h e  formulas a re  modi f ied t o  cover the  case o f  p r a c t i c a l  

i n t e r e s t :  averaged l i ne -o f - s i gh t  ve l oc i t y .  The next  two paragraphs 

look a t  the  o v e r a l l  pe r iod ic  s t r uc tu re  o f  t he  t r a j e c t o r i e s ,  and 

exp la i n  how t h i s  s t r u c t u r e  br ings about a  sparse normal mat r i x .  

De ta i led  formulas f o r  s e t t i n g  up t h i s  mat r i x  a re  given, and a  method 

f o r  so l v i ng  them and then ob ta in ing  formal variances and covariances 

f o r  t he  so lu t ion ,  i s  ou t l i ned .  Several important d e t a i l s ,  i n c l ud i ng  

a1 ias ing ,  t he  idea o f  i t e r a t i n g  t h e  so lu t ion ,  downward con t inua t ion  

o f  the r e s u l t s  t o  t he  Ear th ' s  surface, and how t o  compute o r b i t s  

w i t h  a  very  h igh degree and order  f o r ce  f i e l d ,  come next.  The sec t ion  
. 

c loses w i t h  an o u t l i n e  o f  how t o  t r e a t  res idua l  measurements as " po i n t "  

observat ions o f  a  f unc t i on  def ined i n  space, r a t he r  than i n  t ime; and 

w i t h  a  d iscuss ion o f  l o ca l  so lu t ions ,  and on how they can complement 

g loba l  ones. 



3.1 Observations, nominal o rb i t s ,  and res idua ls .  

I n  sec t ion  1, t he  model f o r  t h e  per tu rba t ion  As o f  t he  l i n e - o f - s i g h t  

r e l a t i v e  ve l oc i t y ,  t h e  d i f f e rence  between t he  s igna l  S and i t s  re ference 

value so, was obtained by l i n e a r i z i n g  t he  mathematical expression o f  S 

along a  re ference o r b i t  def ined by a  s e t  o f  re ference parameter values 

Pko. I f  t h e  pk a re  t he  t r u e  values, t h e  per tu rba t ions  AS, an a n a l y t i c  

f unc t i on  o f  the  parameters, can be developed i n  a  Tay lor  se r ies  t h a t  

converges f o r  smal l d i f fe rences  (pk-pko),  as fo l l ows :  

where AS i s  t h a t  p a r t  o f  As t h a t  i s  no t  due t o  t he  Apk (d i f fe rences  i n  

p o t e n t i a l  c o e f f i c i e n t s  and i n i t i a l  s t a t es )  bu t  t o  o ther  causes, such as 

t h e  a t t r a c t i o n  o f  t h e  Sun and t h e  Moon, etc., no t  accounted f o r  i n  t he  

re ference o r b i t .  

* * 
Le t  pk, AS represent parameter values and est imates o f  AS obtained a  

p r i o r i ,  t he  ones from some a l ready e x i s t i n g  model o f  t h e  g r a v i t a t i o n a l  

f i e l d ,  t h e  o ther  from tab les o f  ephemerides, t i d a l  models, etc. ,  which * * 
should be good enough t o  ensure t h a t  both (pk-pk) f o r  a l l  pk and * 
(AS-AS) a re  q u i t e  small. I n  general, as the  maximum dearee 

N i n  t he  re ference f i e l d  def ined by t h e  pko  i s  low, one can take t h e  * * * 
h ighest  degree N f o r  t he  pk t o  be l a r g e r  than N, so t he  pk may inc lude  * 
t he  values o f  more po ten t i a l  c o e f f i c i e n t s  FP, than do t he  pk, I f  S 

i s  the  r e l a t i v e  l ine-o f -s igh t  v e l o c i t y  corresponding t o  t he  fit, then 



* 
( f o r  both as and as t he  p a r t i a l  de r i va t i ves  a re  taken a t  t he  same 

po in ts  along t he  re ference o r b i t ) .  * 
I n  what fol lows, i t  s h a l l  be assumed t h a t  AS corresponds t o  a p a i r  o f  

o r b i t s  t h a t  t h e  s a t e l l i t e s  would f o l l ow ,  i n  a f i e l d  whose are equal * 
t o  t he  respec t i ve  pk, from i n i t i a l  s ta tes  ad justed t o  f i t  a l l  t r ack i ng  data 

ava i l ab l e  over a long period, o r  arc. These adjusted i n i t i a l  s ta tes  * 
complete t h e  se t  o f  pk. The f i t t e d  o r b i t s ,  b e t t e r  approximations t o  

t he  t r u e  ones than t h e  common reference o r b i t  in t roduced i n  paragraphs 

(1.4) and (2.1), s h a l l  be c a l l e d  t h e  nominal o r b i t s .  Subst ract ing t h e  * 
expansions o f  AS and AS term by term (Tay lor  se r ies  converge abso- 

l u t e l y )  

* 
I f  t h e  pk a re  c lose  enough t o  t h e  t r u e  values, then those terms 

* 
i nc l ud i ng  on l y  t h e  known parameters ( t h e  pk and p f o r  unknown ones 

ko 
a re  a1 l zero) must be very small. This i s  t rue,  n o t  on ly  f o r  l inear  

terms, t h a t  have t h e  form 



b u t  a l s o  f o r  n o n l i n e a r  ones i n v o l v i n g  h i g h e r  powers and cross-products  * 
o f  t h e  ( p k - p k o )  Also,  i f  t h e  models used t o  c a l c u l a t e  AS a r e  s u f f i -  

* 
c i e n t l y  good, t h e  d i f f e r e n c e  As-As can be neg lec ted,  except f o r  s l o w l y  * 
growing secu la r  e f f e c t s  improper l y  accounted f o r  i n  AS. AS t h e  s a t e l -  

l i t e s  a r e  prevented f rom d r i f t i n g  t o o  f a r  away f rom t h e i r  common 

re fe rence  o r b i t  by c o r r e c t i v e  manoeuvres, t h e  b u i l d u p  o f  secu la r  

e f f e c t s  i s  kep t  f rom becoming l a r g e  enough t o  ma t te r .  There fore ,  w i t h  * 
good va lues pk and good models t o  approximate AS, t h e  r e l a t i o n s h i p  

cou ld  be a  c l o s e r  approx imat ion t o  ss than 

i s  t o  AS. I n  o t h e r  words, t h e  use o f  good nominal o r b i t s  may r e s u l t  i n  * 
r e s i d u a l  p e r t u r b a t i o n s  ss = S-S t h a t  a r e  f r e e r f r o m n o n l i n e a r  and o t h e r  

e f f e c t s  than  AS = S-so.  The c a n c e l l a t i o n  o f  n o n l i n e a r i t i e s  by us ing  

nominal o r b i t s  i s  ve ry  impor tant ,  as t h e  common re fe rence  o r b i t  a long 

which t h e  problem i s  l i n e a r i z e d  does n o t  n e c e s s a r i l y  p rov ide  a  good 

f i t  t o  t h e  t r u e  ones. Th i s  i s  so because t h e  re fe rence  o r b i t  i s  r i g i d l y  

def ined,  t o  g i v e  a  s p e c i a l  s t r u c t u r e  t o  t h e  normal equat ions o f  t h e  

adjustment,  as i t  w i l l  be exp la ined i n  paragraphs (3.5) and (3.6) .  I f  

t h e  adjustment i s  i t e r a t e d ,  t h i s  r i g i d  o r b i t  i s  n o t  l i k e l y  t o  be 

changed, as i t  i s  by na tu re  impervious t o  any s i g n i f i c a n t  improvement. 

T h i s  c rea tes  a  s i t u a t i o n  n o t  unusual i n  t h e  adjustment o f  geodet ic  

networks, where t h e  same normal m a t r i x  i s  used i t e r a t i o n  a f t e r  

i t e r a t i o n  t o  save computing e f f o r t  and w i t h o u t  r e a l  i l l - e f f e c t s .  

It i s ,  however, n o t  done i n  s a t e l l i t e  geodesy, where t h e  problem i s  

always l i n e a r i z e d  a long t h e  bes t  f i t t i n g  o r b i t s  t h a t  can be obta ined 

us ing  t h e  bes t  a  p r i o r i  values of t h e  parameters and as much t r a c k i n g  

data as poss ib le .  T h i s  improves convergence and, as most p o t e n t i a l  

c o e f f i c i e n t  adjustments a r e  done w i t h o u t  i t e r a t i o n ,  because o f  t h e  

massive computat ions invo lved,  s t r o n g  convergence i s  needed t o  secure 

good r e s u l t s  i n  a  s i n g l e  step.  Here it, i s  necessary t o  depar t  f rom 

t h i s  p r a c t i c e ,  as t h e  ga ins  i n  do ing so a r e  l i k e l y  t o  outweight  t h e  



losses.  The main g a i n  i s  t h a t ,  i n  t h i s  way, some k i n d  o f  g l o b a l  so lu -  

t i o n  becomes p o s s i b l e  a t  a l l !  By e l i m i n a t i n g  many o f  t h e  unwanted 

e f f e c t s ,  so l i n e a r  terms w i t h  t h e  D  S computed on the reference 
p  k  

o r b i t  can account f o r  most o f  t h e  r e s i d u a l  s i g n a l  &S,  t h e  use o f  

nominal o r b i t s  extends t h e  v a l i d i t y  o f  t h e  l i n e a r i z e d  model o f  sec- 

t i o n  1 t o  p e r t u r b a t i o n s  t h a t  a r e  much t o o  l a r g e  t o  be desc r ibed  as 

f i r s t  o r d e r  v a r i a t i o n s  a1 ong t h e  re fe rence  o r b i t .  

According t o  (3.1.4a-b), one can use t h e  same p a r t i a l  d e r i v a t i v e s  

t o  model 6s and AS; such d e r i v a t i v e s  a r e  t h e  b racke ts  c o n t a i n i n g  

combinat ions o f  ik, ik t h a t  appear i n  express ion (1.4.12). The ik, 
i ik c o n s i s t  o f  p e r i o d i c a l  p a r t s  ak, Yk, corresponding t o  t h e  p a r t i -  

c u l a r  i n t e g r a l s  o f  t h e  v a r i a t i o n a l s ,  q u i t e  independent f rom t h e  s t a r t -  

i n g  t i m e  t o f  any g i ven  arc ,  and o f  terms o f  t h e  form A  s i n  n o t  + 
0 

+ B  cos n o t  + C t s i n  n o t  + D  t cos n o t  where A, B, C, D  depend on 

to (see paragraph (2.5)  and Appendix I ) .  These l a t t e r  terms a r e  due 

bo th  t o  t h e  p a r t i c u l a r  i n t e g r a l  and t o  t h e  f r e e  response. S i m i l a r l y ,  

t h e  r e s i d u a l  s i g n a l  6s can be separated i n t o  a  p e r i o d i c a l  p a r t  65, 

and an a p e r i o d i c a l  p a r t  6sa o f  t h e  form shown above ( t h e  changes i n  A  

and B  f rom a r c  t o  a r c  des t roy  t h e  p e r i o d i c i t y  o f  t h e  s i n e  and t h e  cos ine ) .  
'L 

T h i s  s p l i t  extends a l s o  t o  t h e  d e r i v a t i v e s  DCa S, as D-a s=D-a s+DCa S,. 
nm C nm C nm nm 

Grouping t h e  p e r i o d i c a l  e f f e c t s  o f  t h e  AC;,,, a p a r t  f rom a l l  a p e r i o d i c  ones, 

and hav ing t h e  l a t t e r  accounted f o r  by a  few terms w i t h  c o e f f i c i e n t s  l i k e  
A, B  and C t h a t  change from a r c  t o  arc ,  and are,  t he re fo re ,  c a l l e d  a r c  

parameters, t h e  l i n e a r i z e d  model adopts t h e  e q u i v a l e n t  form 

6s = I Dta bea + a p e r i o d i c  terms + unknown and ignored 
nma nm nm 

e f f e c t s  (3.1.5) 
* 

where AS - AS = unknown and ignored e f f e c t s ,  and t h e  ACOm a r e  now * 
t h e  d i f f e r e n c e s  between t h e  t r u e  C:,,, and t h e i r  ? Z O ~ M ~  values c:,,,. 
The e s t i m a t i o n  o f  t h e  AC:, i s  based on r e s i d u a l  measurements, o r  

"residuaZs" s(observed) ( t ' )  , - S(computed) ( t  i ). A  complete d e s c r i p t i o n  o f  

t hese  shou ld  i n c l u d e  t h e  random p a r t  o f  t h e  measurement e r r o r ,  n, t h e  

sys temat ic  e r r o r s ,  and a l s o  t h e  e r r o r s  i n  s ( ~ ~ ~ ~ ~ ~ ~ ~ )  caused by t h e  

numerical  i n t e g r a t i o n  o f  t h e  o r b i t s .  T h e i r  complete express ion 

o r  ~ b s e r v a t i o n  equat ion,  i S 



S (observed)-s(computed) 

= r DEa S AE:~ + a p e r i o d i c  terms ( a r c  parameters) + n  
nma nm 

+ sys temat ics  + numerical  i n t e g r a t o r  e r r o r s  + unknown and 

ignored e f f e c t s  ( i n c l u d i n g  model e r r o r s )  (3.1.6) 

A d e t a i l e d  fo rm o f  t h i s  equat ion,  needed t o  c a r r y  o u t  numerical  ca l cu -  

l a t i o n s ,  s h a l l  be g i v e n  i n  paragraph (3.4) .  

The a r c  parameters have an i n d i r e c t  r e l a t i o n s h i p  w i t h  t h e  i n i t i a l  s t a t e  

e r r o r s ,  whose p lace  t h e y  t a k e  i n  express ion (3.1.6). I n  f a c t ,  t h e y  

depend on t h e  AC;, as w e l l  as on t h e  s t a t e  e r r o r s ,  r e p r e s e n t i n g  i n  

lumped form t h e  a p e r i o d i c  e f f e c t s  due t o  a l l  parameters. The reason 

f o r  r e p l a c i n g  s t a t e  c o r r e c t i o n s  w i t h  a rc  parameters i s  two fo ld :  ( a )  i t  
perm i t s  e x p l o i t i n g  t h e  p e r i o d i c a l  n a t u r e  o f  6 5  t o  c r e a t e  a  s p e c i a l  

s t r u c t u r e  i n  t h e  normal m a t r i x ,  as exp la ined l a t e r ;  ( b )  i t  e l i m i n a t e s  

i l l - c o n d i t i o n i n g  i n  t h i s  m a t r i x  due t o  t h e  v i r t u a l  n o n - e s t i m a b i l i t y  

o f  t h e  s t a t e  e r r o r s  (when bo th  s a t e l l i t e s  a r e  c l o s e  t o  each o t h e r )  

f rom s a t e l l i t e - t o - s a t e l l i t e  t r a c k i n g  data  alone. What can be es t ima ted  

a r e  t h e  d i f f e r e n c e s  between those e r r o r s ,  b u t  n o t  t h e  e r r o r s  themselves. 

One way o f  see ing why t h i s  i s  so i s  t o  n o t i c e  t h a t ,  when n e a r l y  on t h e  

same o r b i t ,  a l l  p e r t u r b a t i o n s  due t o  s t a t e  e r r o r s  a r e  v i r t u a l l y  a t  t h e  

same f requenc ies  (ma in l y  0  and n o ) .  From now on, t h e  at:, a r e  t h e  

p o t e n t i a l  c o e f f i c i e n t s  o f  t h e  d i f f e r e n c e  between t h e  true and t h e  

naninal f i e l d  ( d e f i n e d  by t h e  E:,), which s h a l l  be c a l l e d  t h e  d i s t u r b -  
f 

ins field: AER = E&, - C&. 

3.2 Leas t  squares adjustment.  

I f  e v e r y t h i n g  besides t h e  l i n e a r  terms i n  t h e  s i g n a l  and t h e  random 

n o i s e  can be ignored i n  a  model o f  t h e  r e s i d u a l  measurements, then t h e  

s e t  o f  a l l  obse rva t i on  equat ions can be w r i t t e n  i n  m a t r i x - v e c t o r  nota-  

t i o n  as f o l l o w s :  



where - X i s  the vec to r  o f  unknowns xk (here, the  co r rec t ions  AC;,,, 
and t he  a rc  parameters), V n t he  vector  o f  random measurement e r ro rs ,  and 

( t . ) :  d the  vec to r  o f  res idua l  measurements S (observed) ( t i  ) -S  (computed) , - 

( t  ) Ls (obs) ( tNM)-s (comp) NM ] 
The dimension o f  5 i s  L, t he  number o f  unknown parameter co r rec t ions ,  t he  

dimension o f  - n and - d i s  NM, the  number o f  measurements, and A i s  a NMxL 

ma t r i x  whose elements are t he  c o e f f i c i e n t s  o f  the  unknowns i n  t he  l i n e a r i z e d  

observat ion equat ions.In t h e  case considered here L < N),, SO t h e  system 

o f  equations i s  overdetermined, o r  redundant, assuming t h a t  A has f u l l  

rank. I n  f ac t ,  NM i s  more than one order  o f  magnitude l a r g e r  than L. 

A i s  usua l l y  known as t he  design mat r i x ,  o r  ma t r i x  o f  p a r t i a t s ,  o r  m a t r i x  

o f  t he  observat ion equations. 

I f  - n i s  a se r ies  o f  samples o f  an s tochas t i c  process o f  zero mean E(n) 

and known covariance E(n.n.1 (where E( ) i s  t h e  operator  corresponding 
1 J 

t o  averaging over a l l  outcomes o f  t h e  process) and i f  W i s  t h e  inverse  

o f  t h e  variance-covariance ma t r i x  P o f  n: 
v 

(yT i nd i ca tes  t he  transpose o f  vec to r  o r  ma t r i x  y ) ,  then t he  l i n e a r  

unbiased est imator  o f  t he  form 

(where F i s  t he  L X NM es t imato r ' s  ma t r i x )  t h a t  minimizes t h e  main 

diagonal elements o f  t h e  variance-covariance ma t r i x  o f  t h e  e r r o r  vec to r  

e = (i - 5 )  i n  t h e  est imate j , 
-X 



T -1 T so F = (A W A) A W. The vector of estimates has t h e  same dimension 

L  as - X, and i s  a l s o  t h e  s o l u t i o n  t o  another  v a r i a t i o n a l  problem, t h e  

m i n i m i z a t i o n  o f  t h e  q u a d r a t i c  fo rm 

where 

i s  t h e  v e c t o r  o f  misclosures. I n  o t h e r  words: l e a s t  squares ad jus tment  

min imizes t h e  va r iance  o f  t h e  e s t i m a t i o n  e r r o r s  and a l s o  g i ves  t h e  b e s t  

weighted f i t  t o  t h e  data. T h i s  t y p e  o f  e s t i m a t o r  i s  unbiased, because t h e  

mean o f  t h e  e r r o r ,  E{%,), i s  t h e  ze ro  L-vector .  Another way o f  under- 

s tand ing  unbiased e s t i m a t i o n  (which i s  e q u i v a l e n t  t o  t h e  s t a t i s t i c a l  

d e f i n i t i o n  under t h e  assumptions made he re )  i s  t h a t ,  i f  t h e  e s t i m a t o r  

i s  as i n  (3.2.5), b u t  t h e  da ta  i n  - d a r e  a c t u a l l y  f r e e  o f  e r r o r s ,  i .e. 

n  = 2, then = x. So perfect data yield perfect estimates. T h i s  can - 
be v e r i f i e d  e a s i l y  by r e p l a c i n g  - d = A - X (because - n = - 0 )  i n  (3.2.5). 

Moreover, i f  t h e  no i se  i s  a  normal, o r  Gaussian, s t o c h a s t i c  process, 

t hen  - x i s  n o t  o n l y  unbiased, b u t  a l s o  o f  ma;cirmun likelihood. O f  course, 

a l l  t hese  good q u a l i t i e s  o f  t h e  e s t i m a t o r  depend on t h e  l i n e a r  model 

d  = A X + n  be ing  t r u e .  I n  general ,  t h e  ex i s tence  o f  non - l i nea r  terms, - - - 
systemat ics ,  etc. ,  and a  more o r  l e s s  non-gaussian - n, robs t h e  e s t i -  

mator  o f  those q u a l i t i e s ,  a t  l e a s t  i n  a  narrow sense. But  t h e  reason 

why l e a s t  squares adjustment i s  so w i d e l y  used, besides i t s  r e l a t i v e  
s i m p l i c i t y  i n  t h e o r y  and i n  p rac t i ce ,  i s  t h a t  i t  u s u a l l y  i s  s u f f i c i e n t l y  

" robus t "  t o  p r o v i d e  es t imates  which a r e  a lmost  f r e e  o f  b ias ,  o f  h igh,  

i f  n o t  maximum, l i k e l i h o o d ,  e tc . ,  even when t h e  s t a t i s t i c a l  assumptions 

on which t h e  method i s  founded a r e  n o t  e x a c t l y  f u l f i l l e d  by t h e  data .  

Another way t o  l o o k  a t  i t  i s  t o  see i t  as a  s e n s i b l e  method, which 

takes more account, through t h e  we igh t i ng  w i t h  W, o f  good measurements 

than o f  bad ones. 



I n  t h e  p a r t i c u l a r  case where 1 comes f rom a  random stationary process 

(E {n .n . l  = 0 i f  i # j, ~ l n y l  = a2 f o r  a l l  i ) ,  W becomes 
1 J  

2 
where I i s  t h e  u n i t  m a t r i x  o f  dimension NM, a i s  t h e  variance o f  t h e  

noise,  w h i l e  a i s  i t s  standard deviation. I n  (3.2.5), t h e  m a t r i x  

o f  dimension L, i s  known as t h e  normal matrix. Accord ing l y ,  

o b t a i n i n g  t h e  es t ima te  - i i s  equ iva len t  t o  s o l v i n g  t h e  system o f  normal 

equations 

where - b, t h e  vector of the right-hand sides of the normals, i s  

I n  t h e  p a r t i c u l a r  adjustment d iscussed i n  t h i s  sec t i on ,  t h e  unknowns ' 
v e c t o r  - i s h a l l  be p a r t i t i o n e d  i n t o  - E ,  t h e  v e c t o r  o f  c o r r e c t i o n s  

t o  t h e  p o t e n t i a l  c o e f f i c i e n t s ,  and - a ,  a  v e c t o r  o f  a u x i l i a r y  v a r i a b l e s  

r e l a t e d  t o  t h e  nominal o r b i t a l  e r r o r s  and t o  t h e  i nc reas ing  o s c i l l a -  

t i o n s  of f requency no  due t o  zonal  c o e f f i c i e n t s '  resonances ( t h e  " - "  
denotes " t h e  es t ima te  o f " ) .  The c o r r e c t i o n s  t o  t h e  i n i t i a l  s t a t e s  o f  

t h e  nominal o r b i t s  w i l l  n o t  appear d i r e c t l y  i n  t h e  obse rva t i on  equa- 

t i o n s ,  b u t  th rough some o f  these a u x i l i a r l y  parameters. The reason 

i s  t h a t  these a r e  n o t  f u l l y  observable f rom sate1 l i te- to -sa te1  l i t e  

t r a c k i n g  da ta  alone, and t h e i r  d i r e c t  i n c l u s i o n  would cause A, and 

thus G, t o  be v i r t u a l l y  r a n k - d e f i c i e n t .  As a  r e s u l t  o f  t h i s  separa- 

t i o n  o f  t h e  unknowns, t h e  system o f  obse rva t i on  equat ions i s  p a r t i -  

t i o n e d  as f o l l o w s :  



where A, i s  a NM X [(Nmax + 1 ) ~ - 6 ]  m a t r i x  ( l ) ,  I a a N M X [ L - ( N ~ , ~ + ~ ) ~ + ~ I  

m a t r i x ,  and - i and a r e  ( ~ , ~ + 1 ) ~ - 6  and ~-(~,,+1)~+6 dimensional  

vec to rs .  The normal equat ions a r e  p a r t i t i o n e d  acco rd ing l y :  

I 
T G,, = AcWAc b = AcW -c T ; G,, = AaWAa 
T 

(3.2.13) 

D e t a i l s  o f  t h e  s o l u t i o n  o f  t h i s  p a r t i t i o n e d  system a r e  g i ven  i n  para- 

graph (3.8) .  

3.3 Cond i t i on ing  and l e a s t  squares c o l l o c a t i o n .  

Given t h e  system o f  obse rva t i on  equat ions A - x t - n = - d, t h e  e s t i m a t o r  

t h a t  min imizes 

f o r  a g i v e n  p o s i t i v e  m a t r i x  K, i s  

and t h e  cor responding normal equat ions and normal m a t r i x  a r e  

Th is  i s  a b i a s e d  es t ima to r ,  as can be v e r i f i e d  by r e p l a c i n g  - d = Ax - i n  

(3.3.2) ; because o f  t h e  presence o f  K, - i + - X, so p e r f e c t  da ta  do n o t  

r e s u l t  i n  p e r f e c t  es t imates .  The d i f f e r e n c e  i s  t h e  b i a s  o f  t h e  es t ima to r .  

B ias  e s t i m a t i o n  i s  used m o s t l y  t o  improve t h e  c o n d i t i o n  o f  t h e  normal 

m a t r i x ,  so i t s  i n v e r s i o n  i s  n u m e r i c a l l y  s tab le ,  and t o  reduce t h e  

var iances E { ( ~ - X ) ~ }  o f  t h e  i n d i v i d u a l  est imates.  I f  t h e  l a t t e r  purpose 

i s  t h e  main one, t h e r e  a r e  severa l  cho ices o f  K corresponding t o  t h e  

va r ious  methods f o r  b iased e s t i m a t i o n  now f n  use (such as Bayesian, 

q u i t e  common i n  sa te1 l i t e  geodesy, r i d g e  regress ion,  e t c .  ) . 

 he c o e f f i c i e n t s  o f  t h e  zero  and o f  a l l  t h e  1 s t  harmonics,as w e l l  as 
t h e  2nd and 3 r d  zonals,  a r e  n o t  ad jus ted  (see par .  (3 .8 ) ) .  



I n  t h e  problem a t  hand, t h e  unknowns have been p a r t i t i o n e d  i n t o  t h e  co r -  

r e c t i o n s  t o  p o t e n t i a l  c o e f f i c i e n t s ,  grouped i n  - E, and t o  t h e  a r c  para- 

meters, grouped i n  3, as i n d i c a t e d  i n  express ion (3.2.12), which can 

a l s o  be w r i t t e n  

L e t  C- '  be t h e  d iagona l  m a t r i x  o f  t h e  same dimension as - c, and where t h e  

d iagona l  element cnma corresponding t o  t h e  column assoc ia ted  w i t h  a  g i ven  

- 2 
Here a, i s  known as t h e  degree variance o f  t h e  disturbing f i eM whose 

p o t e n t i a l  c o e f f i c i e n t s  a r e  t h e  c o r r e c t i o n s  nt:, t o  t h e  nominal f ie ld  

a  L 
n  - - 1 in t roduced  i n  paragraph (3.1); m - cnma i s  t h e  global r.m.s. of the 

average coef f ic ient  of degree n. I f  K i s  chosen 

then, g i ven  t h a t  t h e  number of p o t e n t i a l  c o e f f i c i e n t s  d e f i n i n g  t h e  

d i s t u r b i n g  f i e l d  i s  t h a t  of t h e  elements o f  - c, and, t he re fo re ,  f i n i t e ,  

and i f  t h e  parameters i n  - a  can be regarded as independent f rom t h e  

d i s t u r b i n g  f i e l d ,  t h e  l i n e a r  e s t i m a t o r  r e s u l t i n g  f rom t h i s  cho ice  

o f  K i s  t h a t  o f  t h e  techn ique known as leas t  squmes collocation 

with parameters ( M o r i t z ,  1972). The p r o o f  o f  t h i s  has been g i v e n  by 

K.-P. Schwarz (1976), who discusses t h i s  ques t i on  a t  l e n g t h  i n  h i s  

a r t i c l e  i n  a  book e d i t e d  by  M o r i t z  and SUnkel (1978). So, c o l l o c a t i o n ,  

i n  t h i s  p a r t i c u l a r  a p p l i c a t i o n ,  i s  e q u i v a l e n t  t o  t h e  c o n d i t i o n i n g  o f  

G by  w e i g h t i n g  t h e  unknown A$, w i t h  t h e  e x t r a  q u a d r a t i c  t e n  - tT C - i 
i n  t h e  f u n c t i o n a l  t o  be minimized by t h e  es t imates .  As a l r e a d y  noted, 

t h e  elements o f  - a  a r e  r e l a t e d  t o  some e x t e n t  t o  t h e  AE;,, and, t he re -  

f o r e ,  c o n d i t i o n i n g  as descr ibed here  i s  n o t  e q u i v a l e n t  t o  c o l l o c a t i o n  

i n  a  r i g o r o u s  sense. I n c l u d i n g  t h e  c o r r e l a t i o n s  between a l l  t h e  

unknowns would r e s u l t  i n  a  f u l l  normal m a t r i x ,  w h i l e  l e a v i n g  these  



c o r r e l a t i o n s  o u t  b r i n g s  about t h e  ve ry  conven ient  sparse s t r u c t u r e  t o  

be descr ibed i n  paragraph (3 .7) .  Be as i t  may, I am happy t o  l e t  t h e  

reader  dec ide what t o  c a l l  t h i s  form o f  c o n d i t i o n i n g .  I s h a l l  r e f e r  

t o  i t  as " c o l l o c a t i o n "  f o r  convenience, be ing j u s t  one word, and 

because I l i k e  t h e  sound o f  it. Those i n t e r e s t e d  i n  t h e  o r i g i n s  o f  

t h e  i dea  o f  c o l l o c a t i o n  may read Kaula (1963, 1976), M o r i t z  (1966), 

and Krarup (1969).  

The cho ice  o f  C as t h e  c o n d i t i o n i n g  m a t r i x  must r e s u l t  i n  es t imates  t h a t  

have t h e  main p r o p e r t i e s  t y p i c a l  o f  c o l l o c a t i o n .  The idea  behind t h i s  

method i s  t o  min imize a  c e r t a i n  quadra t i c  measure o f  t h e  e s t i m a t i o n  

e r r o r .  Perhaps i t  i s  e a s i e r  t o  e x p l a i n  t h i s  i n  t h e  case when t h e  e s t i -  

mate i s  t h a t  o f  a  s i n g l e  q u a n t i t y ,  f o r  example a  s i n g l e  p o t e n t i a l  c o e f f i -  

c i e n t .  The general  l i n e a r  es t ima to r  f o r  a  s c a l a r  s  o u t  o f  a  v e c t o r  o f  

measurements - d  i s  

where - f i s  t h e  estimator vector. The e r r o r  i n  t h e  es t imate ,  assuming 

t h a t  - d  has t h e  form Ac + n  = d, i s  - - - 

T  = f (Ac + n ) -S  - - -  

e  can be separated i n  two p a r t s :  t h e  bias 



and t h e  propagated data error 

Unbiased l e a s t  squares minimizes t h e  e r r o r  measure ~ { e i )  under t h e  con- 

s t r a i n t  t h a t  eb = 0. C o l l o c a t i o n  minimizes,  w i t h o u t  c o n s t r a i n t s ,  

which i s  c a l l e d  t h e  ( h y b r i d )  va r iance  o f  t h e  es t ima te  : ( l o o k i n g  back 

a t  express ions (3.3.1-7) t h e  connect ion w i t h  (3.3.12) i s  by no means 

obvious,  neve r the less  t h e y  a r e  e q u i v a l e n t  i n  t h i s  case).  The o p e r a t o r  

M{ 3 i n d i c a t e s  t h e  average o f  eb,over a l l  p o s s i b l e  r o t a t i o n s  about 

t h e  geocenter, o f  t h e  s e t  o f  p o i n t s  where t h e  measurements a r e  taken. 

One c o u l d  t h i n k  o f  t h i s  as f o l l o w s :  t h e  f i e l d  o f  t h e  f i r s t  N zonals 

t h a t  d e f i n e  t h e  r e f e r e n c e  o r b i t  s tays  f i x e d  i n  space and t h e  d i s t u r b i n g  

f i e l d  o f  t h e  can r o t a t e .  Wi th  t h e  d i s t u r b i n g  f i e l d  i n  one p o s i t i o n ,  

t h e  m i s s i o n  i s  " f lown" ,  da ta  i s  c o l l e c t e d ,  ana l ized,  and t h e  r e s u l t s  

obtained, w i t h  t h e i r  b iases eb. Then t h e  d i s t u r b i n g  f i e l d  r o t a t e s  t o  a  

new p o s i t i o n ,  a  new m iss ion  i s  f lown,  w i t h  t h e  same i n i t i a l  s t a t e s ,  

new da ta  and new r e s u l t s  w i t h  t h e i r  b iases ensue (as  shown by (3.3.10), 

eb depends on t h e  f i e l d  th rough - c ) .  Th i s  i s  repeated t i m e  and again,  

ove r  a l l  p o s s i b l e  r o t a t i o n s ,  and then  t h e  term MI~~I i s  t h e  average 

o f  a l l  t h e  corresponding values o f  e i .  C o l l o c a t i o n  t r i e s  t o  min imize 

t h i s  average w h i l e  keeping t h e  more convent iona l  E t e i I  a l s o  smal l .  The 

i d e a  may sound strange, b u t  i t  i s  n o t  s t r a n g e r  than  m in im iz ing  e i  

averaged "over  a l l  outcomes o f  a  s t o c h a s t i c  process", which i s  t h e  

goal  o f  o r d i n a r y  l e a s t  squares es t ima t ion .  The es t ima tes  produced by 

c o l l o c a t i o n  have some convenient  p r o p e r t i e s .  I n  t h e  f i r s t  p lace,  t h e  

propagated e r r o r  cannot be l a r g e r  than f o r  l e a s t  squares adjustment,  

and i t  can be s m a l l e r  ( t h i s  f o l l o w s  f rom C be ing  a  p o s i t i v e  m a t r i x ) .  

Moreover, t h e  h y b r i d  s tandard d e v i a t i o n  ('Eol cannot exceed 100% o f  

t h e  rms va lue  o f  S, o the rw ise  t h e  optimal es t ima te  o f  c o l l o c a t i o n  

would be worse than  t h a t  o f  an e s t i m a t o r  t h a t  always ass igns t o  S 

t h e  va lue  zero  ( i .e . ,  where - f = 0) .  I have d iscussed these  quest ions 

a t  some l e n g t h  i n  (Colombo, 1981a, and 1981b). For genera l  i n f o r m a t i o n  



on c o l l o c a t i o n ,  t h e  reader can c o n s u l t  t h e  book by M o r i t z  (1980).  Con- 

d i t i o n i n g  based on c o l l o c a t i o n  has been used i n  s a t e l l i t e  geodesy t o  

o b t a i n  f i e l d  models such as GEM9 (Lerch e t  a l . ,  1977). 

A  good p r o p e r t y  o f  c o l l o c a t i o n  i s  t h a t  i t  produces smooth es t imates .  

I n  t h e  present  case t h i s  means t h a t  t h e  h ighe r  degree c o e f f i c i e n t s ,  

whose s i g n a l  i s  weaker because o f  i t s  a t t e n u a t i o n  w i t h  h e i g h t  ( s o  

o r d i n a r y  l e a s t  squares may g i v e  r a t h e r  w i l d  est imates,  mos t l y  propa- 

gated no i se )  a r e  go ing t o  be assigned smal l  values by c o l l o c a t i o n .  

T h i s  damping down o f  t h e  h ighe r  s p a t i a l  f requenc ies  r e s u l t s  i n  a  

smoothed f i e l d .  Whi le  some f i n e  d e t a i l  may be l o s t ,  problems asso- 

c i a t e d  w i t h  t h e  t r u n c a t i o n  o f  t h e  s e r i e s  a t  Nmax, such as Gibson's 

phenomenon, a r e  l e s s  l i k e l y  t o  occur when mapping t h e  f i e l d  on t h e  

E a r t h ' s  s u r f a c e  u s i n g  t h e  es t imated AC;,, p a r t i c u l a r l y  i n  t h e  neigh- 

bourhood o f  s t r o n g  g r a v i t a t i o n a l  anomalies. Another consequence o f  

t h i s  smoothing can be seen i n  t h e  r e s u l t s  o f  my e r r o r  a n a l y s i s  o f  a  

s a t e l l  i t e - t o - s a t e l l  i t e  t r a c k i n g  m iss ion  (Colombo, 1981a). The s tan-  

dard  d e v i a t i o n s  f o r  unbiased l e a s t  squares es t imates  increases 

suddenly, exceeding 100% o f  t h e  rms o f  t h e  c o e f f i c i e n t s ,  a t  degrees 

assoc ia ted w i t h  t h e  a t t e n u a t i o n  bands discussed i n  paragraph (3 .5) .  

The e r r o r s  f o r  l e a s t  squares c o l l o c a t i o n  a r e  smal le r ,  change more 

g r a d u a l l y  w i t h  degree, and never exceed 100%. As f o r  t h e  l o s s  o f  f i n e  

d e t a i l s ,  i t  i s  b e t t e r  t o  map these  by l o c a l  methods, r a t h e r  than by 

g l o b a l  ones i n v o l v i n g  p o t e n t i a l  c o e f f i c i e n t s ,  as argued i n  paragraph 

(3.12).  

To implement c o l l o c a t i o n  one needs t o  know t h e  degree var iances a: i n  

o r d e r  t o  s e t  up C. I n  t h e  case o f  t h e  Earth,  t h i s  var iances have been 

es t imated f rom g r a v i t y  measurements and s a t e l l i t e  a l t i m e t r y ,  as w e l l  

as f rom models o f  t h e  geopo ten t i a l  ob ta ined f rom o r d i n a r y  s a t e l l i t e  

t r a c k i n g  data.  Perhaps t h e  most up-to-date models f o r  t h e  o i  as 

f u n c t i o n s  o f  n  a r e  those proposed by Rapp (1979).  Wagner and Colombo 

(1979) have used a  method f o r  e s t i m a t i n g  U; f rom a l t i m e t r y  passes t h a t  

can be general  i z e d  t o  p l a n e t a r y  probes'  t r a c k i n g  data  (Wagner, 1979) 

and a l s o  t o  s a t e l l i t e - t o - s a t e l l i t e  t r a c k i n g .  I n  t h i s  method t h e  U: a r e  

d e r i v e d  f rom t h e  autocovar iance f u n c t i o n  o f  t h e  stream o f  data,  

t r e a t e d  as a  s t a t i o n a r y  process, a f t e r  c o r r e c t i p  f o r  w h i t e  measure- 
-a 2 2 ment no ise .  The C,, w i t h  known a  p r i o r i  values C' have on = 

n!! 'nma, ma 
where i s  t h e  a  p r i o r i  s tandard d e v i a t i o n  o f  ER (see Colombo 1981a). 



3.4 The obse rva t i on  equat ion.  

The s i g n a l  i s  t h e  average over  a f i x e d  t i n e - i n t e r v a l  ~h o f  t h e  

r e s i d u a l  r e l a t i v e  l i n e - o f - s i g h t  v e l o c i t y  6s. To a r r i v e  t o  t h e  c o r r e -  

sponding equa t ion ,  I s h a l l  f i r s t  cons ider  t h e  ins tantaneous 

va lue  o f  ss accord ing t o  t h e  approximate l i n e a r i z e d  model de f i ned  by 

express ion (1.4.12), and a l s o  t o  (3.1.4a), 

where now * 
values pk 

t h e  bpk a r e  t h e  c o r r e c t i o n s ,  t o  be est imated, t o  t h e  known 

o f  t h e  p o t e n t i a l  c o e f f i c i e n t s  and of t h e  i n i t i a l  s t a t e  com- 

ponents o f  t h e  nominal o r b i t s  ( o r ,  r a t h e r ,  t o  some l i n e a r  combinat ions 

o f  t h e  components, as these a r e  n o t  f u l l y  es t imab le  f rom r e l a t i v e  

v e l o c i t y  measurements). When deve lop ing t h e  o r b i t  theory ,  t i m e  was 

counted f rom T ~ ,  t h e  moment when t h e  s a t e l l i t e  a long t h e  unper turbed 

re fe rence  o r b i t  reached pe r igee  ( F '  = 0 )  f o r  t h e  f i r s t  t ime. Here a 

smal l  change i s  convenient :  T s h a l l  be now t h e  i n s t a n t  when t h e  
0 

unper turbed p o s i t i o n s  of bo th  s a t e l l i t e s  do stand, f o r  t h e  f i r s t  

t ime, a t  symmetr ical  p o i n t s  w i t h  respec t  t o  t h e  per igee.  Since t h e  

r e f e r e n c e  p o s i t i o n s  r a n  backwards a long  t h e  same pa th  when t h e  ve lo -  

c i t i e s  a r e  reversed, and s i n c e  t h e  re fe rence  o r b i t  i s  symmetr ical ,  

i n  i t s  p lane, w i t h  respec t  t o  t h e  l i n e  where F '  = O,a, i t  f o l l o w s  

t h a t  

where t '  = t - ~ ~ .  The angles nIo(t1) ,  n2 , ( t1 )  and t h e i r  s ines  a r e  

p e r i o d i c a l  o f  p e r i o d  T = 2a n i l ,  t h e  same as t h e  o r b i t ,  and be ing 
0 

cont inuous and bounded f u n c t i o n s  o f  t ime, can be expanded i n  F o u r i e r  

s e r i e s  which, because o f  (3.4.1) above, have t h e  form 

s i n  n l0( t1)  = s i n  + ? ak cos kn0t1+bk s i n  k n o t 1  (3.4.2a) 
n l o  k = l  

and 

s i n  ~ , , ~ ( t ' )  = - s i n  n + F -ak,cos knot l+bk s i n  k n o t 1  (3.4.2b) 
l0 k = l  



7 where s i n  nlo ind ica tes  t h e  time-average o f  s i n  n, o ( t l )  over one o r b i t a l  

per iod To. As t he  numerical s tud ies o f  sec t ion  4  ind ica te ,  t h e  s izes o f  

t he  coe f f i c i en t s  ak and bk decrease very  r a p i d l y  w i t h  k, because 

s i n  v lo ( t1 )  i s  a  very smooth f unc t i on  f o r  a  nea r l y - c i r cu l a r  o r b i t .  As 

a  r e s u l t ,  on ly  two terms i n  each formula must be re ta ined  t o  achieve 

s a t i s f a c t o r y  accuracy, as shown below, 

s i n  n  ( t ' )  = s i n  nlo + b, s i n  n o t 1  
1 0  (3.4. 3) 

and 

s i n  n,,(tl) = - s i n  nlo + b, s i n  n o t 1  (3.4.4) 

As shown i n  paragraph (2.4), t h e  p a r t i c u l a r  i n t e g r a l s  i n  t he  so lu t ions  

o f  t h e  va r i a t i ona l s ,  when 6pk i s  a  co r rec t i on  t o  a  po ten t i a l  c o e f f i -  
f 

c i e n t  C;,, c ons i s t  o f  t r i gonomet r i c  sums f o r  a l l  f requencies 

U = jno+me 
m j 

l, except 0  and n  , which a re  replaced by aper iod ic ,  secu- 
O% 

l a r  e f f ec t s .  Le t  I n m a ( t 1 )  and y ( t ' )  be t he  pe r i od i c  par ts  o f  $,,(tl) nnia 
and ynma( t l ) .  The leading s a t e l l i t e ,  s a t e l l i t e  1, i s  i n i t i a l l y  ahead o f  

perigee by an angle 

- - 
where p, r are t h e  average i n t e r s a t e l l i t e  d is tance and o r b i t a l  rad ius,  

respec t i ve ly ,  wh i l e  c  i s  the  t ime i t  takes t he  s a t e l l i t e  t o  move between 

per igee and i t s  i n i t i a l  pos i t i on .  S a t e l l i t e  2  i s  behind perigee by t h e  

same angle and t ime i n t e r v a l ,  so t h e  Fou r i e r  expansions o f  3 and ;, 
rep lac ing  t w i t h  t '  = t - ~ ~ ,  can be obtained by a  simple change i n  t h e  

phase angles i n  (2.4.10-11) t o  g i ve  (assuming L. = 0  i n  (2.2.50)) 

where i = 1, 2, and the  c o e f f i c i e n t s  bnmj and gn, a re  as shown i n  

expressions (2.4.8-g), wh i l e  $,,a, because o f  t he  change from t t o  tl, 

i s  as i n  (2.2.47). D i f f e r e n t i a t i n g  w i t h  respect  t o  t ime, 



and 

i i 
Replacing Bnmai 3 vnmai and s i n  nlo(t), s i n  n 2 0 ( t )  i n  t h e  l i n e a r i z e d  
model (1.4.12) accord ing t o  (3.4.3 -4) and (3.4.7a-b) , and a p p l y i n g  t h e  

t r i g o n o m e t r i c  i d e n t i t i e s  f o r  t h e  s i n e  and cos ine o f  t h e  sum and d i f f e -  

rence o f  two anqles a  few t imes, leads t o  

'l, Nmax n  1 n t3Nt1  
a s ( t l )  = c c z A Z : ~  z 12wmj[sin not bnmj 

n=O m=O a=O j = -  (n t3Nt1)  

cos W .c-cos noc g  s i n  W . c l t b l  nm(j-l) 
mJ nm j mJ 

b  

s i n  W m ( j - l ) c - W m ( j t l )  b  nm(j t l )s in Wm(jtl)cl' 

X sin(~~.~t '+$,,,~) (3.4.8) 

where 2s denotes t h e  p e r i o d i c a l  p a r t  o f  &S, exc lud ing  terms of f requency 

0  o r  no. The term i n  b racke ts  m u l t i p l y i n g  bl, as w e l l  as t h e  new sum 
4 4 

l i m i t s  + ( n t 3 N t l ) ,  r e s u l t  f rom t h e  modula t ion  o f  Bnmai, ynmai by 

s i n  n l0( t1) ,  s i n  ~ , ~ ( t ' ) .  Changes i n  t h e  i n i t i a l  c o n d i t i o n s  o f  t h e  

s a t e l l i t e s ,  as w e l l  as zero  f requency terms i n  t h e  f o r c i n g  f u n c t i o n s  

o f  t h e  v a r i a t i o n a l s ,  produce components o f  f requenc ies  0  and no  i n  ik 
and Yk (see expressions (2.4. l a - h ) )  which, i n  t u r n ,  a r e  r e f l e c t e d  by 

e x t r a  terms o f  t h e  same f requenc ies  i n  t h e  r e l a t i v e  l i n e - o f - s i g h t  

s i g n a l .  The components o f  t h e  f r e e  response a r e  modulated, l i k e  

those o f  t h e  p a r t i c u l a r  i n t e g r a l  by s i n  n l o ( t l )  and s i n  ~ , , ~ ( t ' ) .  S ince 

t h e  i n i t i a l  s t a t e  e r r o r s  can be r e l a t i v e l y  l a rge ,  producing s t r o n g  

p e r t u r b a t i o n s  a t  no  ( t h e  n a t u r a l  f requency o f  t h e  system), t h e i r  modu- 

l a t i o n  by t h e  components o f  s i n  n lo ( t ' )  and s i n  n Z o ( t 1 )  a t  f requenc ies  

h i g h e r  t h a n  no, neg lec ted i n  t h e  development so f a r ,  cannot be ignored 

a l t o g e t h e r .  I n  p a r t i c u l a r ,  t hey  can produce second and t h i r d  harmonic 

components i n  ss  t h a t  a r e  comparable t o  those i n  t h e  " p e r i o d i c "  p a r t  
'l, 
as. To a l l  t h i s  i s  added t h e  c o n t r i b u t i o n ,  a t  f requency no,  f rom t h e  



homogeneous p a r t s  o f  t h e  fo rced  responses, as i n d i c a t e d  by  (2.4.6-7), 

t h a t  a r e  a l s o  modulated by  s i n  nlo and s i n  n,,, c o n t r i b u t i n g  t o  2n0 

and 3n0. Also, t h e r e  a r e  t h e  s e c u l a r  p e r t u r b a t i o n s  due t o  t h e  zonals,  

c o n t r i b u t i n g  t o  an o v e r a l l  te rm o f  t h e  form A t  cos n o t .  Moreover, 

t h e r e  i s  a  te rm o f  t h e  form B t  s i n  n o t  caused by  p e r t u r b a t i o n s  i n  t h e  

i n i t i a l  s t a t e s  a f f e c t i n g  ri o r  ii. T h i s  l a s t  e f f e c t  comes f rom those 

terms i n  t h e  express ion o f  t h e  f u l l  l i n e a r i z e d  model, (1.4.11), t h a t  

were neg lec ted t o  o b t a i n  (1.4.12). P e r t u r b a t i o n s  i n  r and Q produce 

d r i f t  i n  v, accord ing t o  (2.4. le)  and (2.4. lh) ,  and t h e  r e s u l t  i s  a  

q u a n t i t y  At, coming f rom +yik(t) s i n  nio(t), m u l t i p l i e d  by s i n  n o t ,  

m o s t l y  f rom 1 i l o l c ~ ~  6 1 0 - l i , o l  cos s,, ( t h i s  can be v e r i f i e d ,  t o  t h e  

o r d e r  o f  t h e  e c c e n t r i c i t y ,  by rega rd ing  t h e  o r b i t  as s l i g h t l y  e l l i p -  

ti c a l  and us ing  t h e  corresponding formulas  f o r  i ( t + c ) - i ( t - c )  , when 

t h e  s a t e l l i t e s  a r e  n o t  v e r y  f a r  f rom each o t h e r ) .  Lumping t o g e t h e r  

t h e  v a r i o u s  c o n t r i b u t i o n s  t o  t h e  f r e e  and t h e  s e c u l a r  pe r tu rba t i ons ,  

t h e  complete express ion f o r  t h e  r e s i d u a l  r e l a t i v e  l i n e - o f - s i g h t  

instantaneous v e l o c i t y  i s  

s s ( t l )  = c ck COS kno t l+sk  s i n  k n o t l + A t  cos n o t +  
k=O 

+Bt s i n  n o t ' + ~ s ( t l )  (3.4.9) 

N o t i c e  t h a t ,  when m = a = 0, i . e .  t h e  case o f  t h e  zonals,  both  t h e  

zero  frequency term and t h e  B t  s i n  n  t disappear,  un less  t h e y  a r e  
0 

caused by  p e r t u r b a t i o n s  i n  t h e  i n i t i a l  s t a t e  ( t h e  c o n t r i b u t i o n s  o f  

t h e  zona ls  t o  t h e  ze ro  f requency a r e  equal i n  bo th  s a t e l l i t e s ,  and 

cancel  o u t  when t h e i r  v e l o c i t i e s  a r e  subs t rac ted ) .  S ince +mo = 0  as 

w e l l ,  accord ing t o  (2.2.47), s s ( t l )  due t o  zona ls  i s  an odd f u n c t i o n  

of t i m e  (see (3.4.8-9)). T h i s  agrees w i t h  what one would expect  f rom 

t h e  symmetry o f  t h e  o r b i t  i n  a  p u r e l y  zonal f i e l d ,  when t h e  i n i t i a l  

s t a t e s  o f  t h e  s a t e l l i t e s  a r e  symmetr ical  respec t  t o  a  m e r i d i a n  plane, 

as i n  t h e  p resen t  case. Changing f rom t '  back t o  t, m o d i f i e s  t h e  

va lues o f  t h e  c o e f f i c i e n t s  Ck, Sk, A, B, b u t  n o t  t h e  form o f  t h e i r  

terms, and t u r n s  + i n t o  +ma accord ing t o  (2.2.50), so ma 



3  
6s ( t )  = r tk cos k n o t t i k  s i n  k n o t t A t  cos n o t t i t  s i n  n o t  

k=O 

COS W .C-COS noc g  s i n  W . c l t b  [ W  
mJ nm j 

b  m j  I m ( j - l )  nm( j - l )  

s i n  W m ( j - l ) c - W m ( j t l )  b  nm( j t1)  s i n  W m ( j t l ) c l )  

The s igna l  i n  the actual  res idua l  measurements i s  time-averaged: 

t 
- 
6s( t )  = X I 6s(t)dE (3.4.11) 

t-Ah 

( t he  "'" dis t ingu ishes  the i n t eg ra t i on  var iab le  from the  i n t e g r a t i o n  

l i m i t )  where ~h  i s  o f  the order o f  a  few seconds, so the  averaging 

operat ion has very l i t t l e  e f f e c t  i n  the  shape o f  t he  secular and " f r ee  

response" terms i n  (3.4.10), and they can be assumed t o  transform i n t o  

terms o f  the same form, w i t h  n e g l i g i b l e  e r ro r ,  because o f  t h e i r  much 

longer periods (thousands o f  seconds) : 

- 3 
s s ( t )  = i tk COS knot tSk s i n  k n o t t i t  cos n,ttEt s i n  n o t  

k=O 

1 $ ( i ) d i  + X  (3.4.12) 

t-Ah 
1 1 %  To f i n d  X 6s d t ,  consider t he  time-average of a  s i ng le  term o f  

t-Ah 
t he  form F  s i n (~ ,~ t t $ ,~ ) :  

m j  

- .. 
Fmj s i n  W .tt(,)di = 

mJ W 

t-Ah ]L t-Ah 

where 

1 d  . ( ~ h )  = [(cos W ~ h - l ) ~ t s i n ~  umjAhl 4 (3.4.14) 
mJ A W m j  m j 



and 

- 1 COS W . ~ h - l  
mJ 1 ima = ;mattan ( s i n  w .ah  

mJ 

Replac ing t h i s  l a s t  r e s u l t  i n  (3.4.1) 

- 3 
& ( t )  = n Ek cos k n o t + %  s i n  knot+At  cos no t+B t  s i n  n o t  

k=O 

(3.4.16) 

where 

1 2 2 3 inmj = x T i [ ( ~ ~ ~  W a h - l )  + s i n  W a h l  ( 2 l s i n  n o c  bnmj 
mj  m j  

cos W c-cos n o c  g  s i n  W .cl+.-!b [ W  
m j  nmj m~  m~ 1 m ( j - l )  

s i n  W b  s i n  W bnm( j - l )  m ( j - l ) C - W m ( j + l )  n m ( j + l )  m(j+l)cll 

(3.4.17) 

wh ich i s  t h e  complete express ion o f  t h e  time-averaged s i g n a l .  To w r i t e  

t h e  obse rva t i on  equat ion f rom t h i s ,  t h e  measurement no i se  n ( t )  must be 

added; t i t s e l f  has t o  be rep laced by ti, t h e  a c t u a l  i n s t a n t  i n  which 

t h e  i t h  obse rva t i on  takes place; moreover, t h e  c o e f f i c i e n t s  ck, Sky R, 
B must be w r i t t e n  us ing  t h e  n o t a t i o n  c:, S!, AW, BW, where t h e  super- 

s c r i p t  W i s  a  p o s i t i v e  i n t e g e r  t h a t  i n d i c a t e s  i n  which orbital arc t h e  

obse rva t i on  i s  taken. The o r b i t a l  a rcs  s t a r t  j u s t  a f t e r  an o r b i t a l  

manoeuvre t o  b r i n g  t h e  s a t e l l i t e s  c l o s e r  t o  t h e  re fe rence  o r b i t ,  o r  a t  

t h e  beg inn ing o f  a  p e r i o d  o f  t ime  over  which a  nominal o r b i t  i s  f i t t e d  

t o  t h e  da ta  t o  o b t a i n  t h e  res idua ls ;  a l s o  a f t e r  bo th  events, if t h e y  

c o i n c i d e  (wh ich i s  des i rab le ,  t o  reduce t h e  number o f  unknowns i n  t h e  

problem). There are,  t he re fo re ,  n i n e  unknown arc parameters per  arc ,  

i n  a d d i t i o n  t o  t h e  p o t e n t i a l  c o e f f i c i e n t s .  These a r c  v a r i a b l e s  w i l l  

depend on t h e  s t a r t i n g  t ime  o f  t h e i r  a rc ,  t:. I n i t i a l  s t a t e  e r r o r s  

i n  r and i w i l l  produce a  term o f  t h e  form a ( t - t y ) s i n  n o ( t - t y )  = 

a [ - t y  s i n  no( t - t ! )+ t (s in  not: cos not+cos not: s i n  n o t ) ] ,  so RW w i l l  

n o t  be determined by t h e  p a r t i c u l a r  i n t e g r a l  e x c l u s i v e l y ,  b u t  w i l l  



depend on t h e  o r b i t  e r r o r s  a t  t y  as w e l l  th rough a  t s i n  not: cos n o t ,  

and t h e  same a p p l i e s  t o  BW. According t o  a l l  t h i s ,  t h e  obse rva t i on  

equa t ion  i s  ( t h e  lower  l i m i t  f o r  n  s h a l l  be exp la ined  s h o r t l y )  

3  
( t  ) = P E; cos kno(ti-t:)+ ' (observed) ( t i  )-'(nominal ) i k=O 

W W  +S; s i n  kno(ti-to)+A (ti-t:)cos no(ti-t!)+ 

Nmax n  1 n+3N+1 
+k(t i - t : )s in n  o ( t i - tW)+  r r I AE C 

O n=2 m=O a=O nmj=-(n+3~+1) 

i ~ i n ( % ~ t ~ + i . ~ ) + n ~ +  sys temat ics  + numeric e r r o r s  
nmj 

+ l i n e a r  model e r r o r s  + n o n l i n e a r  p e r t u r b a t i o n s  + 

unknown and neg lec ted e f f e c t s  ( t i d e s ,  e t c . )  

where mma i s  g i ven  by  (3.4.15), inmj by (3.4.17), and umj = jno+m' .  

Whi le t h e  a r c  parameters convey i n f o r m a t i o n  on t h e  c o r r e c t i o n s  t o  t h e  

i n i t i a l  s t a t e s  of  t h e  nominal o r b i t s  o f  t h e  s a t e l l i t e s ,  t h e y  a l s o  

c o n t a i n  i n f o r m a t i o n  about t h e  p o t e n t i a l  c o e f f i c i e n t s  and bo th  cannot 

be unscrambled. Even i f  they  could,  t h e  p e r t u r b a t i o n s  i n  t h e  r e l a t i v e  

v e l o c i t y  o f  t h e  s a t e l l i t e  c o n t a i n  o n l y  i n f o r m a t i o n  on t h e  i n -p lane  

s t a t e s  ' e r r o r s ,  and even those  cannot be observed f u l  ly, because of 

t h e  d i f f e r e n t i a l  n a t u r e  o f  t h e  measurement; o n l y  d i f f e r e n c e s  i n  e r r o r s  

can be es t imated p r o p e r l y  and, accord ing t o  (2.4.la-h), t h i s  i s  n o t  

even t r u e  f o r  a long - t rack  e r r o r s ,  which have no e f f e c t  i n  B ,  ; and, 

thus,  i n  6s. The only purpose of the arc parameters i s  t o  absorbe 

the influence of errors i n  the i n i t i a l  conditions of the nominal 

orbi t s ,  not t o  estimate these errors. The l a t t e r  can be done once 

t h e  p o t e n t i a l  c o e f f i c i e n t s  have been ad jus ted,  by us ing  t h e  c o r r e c t e d  

c o e f f i c i e n t s  t o  c a l c u l a t e  b e t t e r  nominal o r b i t s  f i t t e d  t o  a l l  a v a i l -  

a b l e  t r a c k i n g  data, i n c l u d i n g  t h a t  f rom t r a c k i n g  s t a t i o n s .  Because 

of  t h e  a u x i l i a r y  r o l e  o f  t h e  a rc  parameters, t h e  computing e f f o r t  

should be d i r e c t e d  t o  e s t i m a t i n g  t h e  AC;, i n  t h e  f i r s t  p lace,  i f  

p o s s i b l e  a v o i d i n g  t h e  de te rm ina t i on  o f  t h e  o t h e r  unknowns a l t o g e t h e r .  



3 
The e x t r a  terms r c; cos knot+% s i n  k n o t  con ta in  p r a c t i c a l l y  the  

k=O 
same frequencies as those i n  t h e  p e r i o d i c a l  p a r t  o f  as corresponding 

t o  f o r  0 I n 5 3 ( f o r  near c i r c u l a r  o r b i t s  and low degrees, t h e  

l i m i t s  *(n+31\+1) can be replaced by *n w i thou t  apprec iab le  e r r o r ) ,  so 

t h e  respec t i ve  columns i n  t h e  m a t r i x  A o f  the  observat ion equat ions 

w i l l  be almost l i n e a r l y  re la ted ,  making t h i s  m a t r i x  v i r t u a l l y  rank- 

d e f f i c i e n t .  To avoid t h i s  problem, t h e  equat ion can be modi f ied by 

"dropping" AE:~, A E ~ ~  and as unknowns, thus assuming t h a t  the  

second and t h i r d  zonals a r e  known p e r f e c t l y .  Th is  i s  a reasonable 

assumption, because they are, even today, very  w e l l  known q u a n t i t i e s .  

Improvements t o  these zonals could be attempted separately,  by ana- 

l y z i n g  t h e  r e s i d u a l s  o f  t h e  adjustment o f  t h e  o the r  c o e f f i c i e n t s ,  

f o r  example. The same can be done t o  e x t r a c t  i n fo rmat ion  about cer -  

t a i n  phenomena, such as ocean t i des ,  which may have a small b u t  

de tec tab le  e f f e c t  on t h e  measurements over extended per iods o f  t ime, 

d i f f e r e n t  f rom t h e  most ly  "h igh"  frequency per tu rba t ions  considered 

here. I n  add i t i on ,  = 0 i n  a geocent r ic  system, so t h e  correspond- 

i n g  unknowns AC~, a r e  a l s o  "dropped", which exp la ins the  l i m i t  n = 2 

i n  t h e  sum i n  (3.4.18). 

I f  an a r c  i s  s u f f i c i e n t l y  l ong  t o  con ta in  n e a r l y  over lapp ing passes, 

then t h e  d i f f e r e n c e  o f  t h e  res idua l  measurements along such passes 

w i l l  c o n s i s t  p r i m a r i l y  o f  t h e  d i f f e r e n c e s  between t h e  s e c u l a r l y  

i nc reas ing  o s c i l l a t i o n s  i n  as, because two po in ts  corresponding t o  

d i f f e r e n t  passes and c l o s e  t o  each o the r  (by comparison t o  t h e  

s h o r t e s t  s p a t i a l  wave-length c l e a r l y  de tec tab le  i n  t h e  s i g n a l )  w i l l  

correspond t o  epochs t and t2 d i f f e r i n g  by a whole number o f  revo- 
1 

l u t i o n s ,  so t,-t, = k Toy  where k i s  an in teger ,  To t h e  o r b i t  per iod, 

and cos notl = cos n o t 2 ,  s i n  notl = s i n  n o t 2 .  Therefore 

- 
-S (nominal ) ( t  2 ) )  = R ~ ~ T ~  cos n o t l + ~ w k ~ o  s i n  notl 

(3.4.19) 

and AW, BW could  be est imated by l i n e a r  regress ion from successive 

values o f  65 12. If t h i s  i s  poss ib le ,  then iw and iW can be e l im ina ted  



from t h e  adjustment s imply by subs t rac t ing  ?t cos n o t + i w t  s i n  n o t  

from t h e  res idua l  observations, where iW and iW are t h e  est imated 

values o f  AW and BW. 

3.5 At tenuat ion bands. 

For t h e  type o f  g r a v i t y  mapping mission considered here, r w  ~h 
m j 

should be smal l , compared t o  t h e  shor tes t  s p a t i a l  wavelength t o  be 

resolved, wh i l e  t h e  angular separat ion noc between t h e  s a t e l l i t e s  

should be a small f r a c t i o n  of a f u l l  revo lu t ion ,  and b, a smal l  

number, compared t o  cos noc. Under these assumptions, t h e  s i z e  and 

s i gn  o f  inmj i s  l a r g e l y  d i c t a t ed  by those o f  t he  term 

-2 cos noc gnmj s i n  U c i n  (3.4.17). Accordingly,  inmj should be 
m j 

very small f o r  i n  t h e  neighbourhood o f  a frequency a t  which, 
m j  

f o r  a g iven  value o f  c, t h a t  term i s  zero. This happens whenever 

noc i s  an exact m u l t i p l e  o f  t h e  wavelength ( i n  rad ians)  characte- 

r i s t i c  o f  wmj, t h a t  i s  t o  say, when c = k X per iod o f  u,,,~, o r  

Since t h e  frequencies W depend on t h e  ra tes  e '  and no, wh i l e  c i s  
m j  

g iven and these th ree  quan t i t i e s  are independent o f  each other,  i t  i s  
n o t  l i k e l y  t h a t  inmj w i l l  be exac t l y  zero f o r  any o f  t h e  frequencies 

a c t u a l l y  present. However, f o r  each wmj nea r l y  s a t i s f y i n g  (3.5. l ) ,  

the re  w i l l  be a band o f  f requencies more o r  l e ss  centered on t h i s  

value where t he  spec t ra l  components o f  t h e  s igna l  w i l l  be considera- 

b l y  at tenuated. I n  t h e  case where = Fnoc = 300 km, f o r  example, t h e  

f i r s t  band i s  centered a t  about 134 cyc les/ revo lut ion,  and t h e  others  

a t  mu l t i p l es  o f  t h i s  one. For 100 km separat ion t h e  f i r s t  band moves 

t o  a h igher  frequency, near 400 cycles/rev. The s imu la t ion  s tud ies i n  

sec t ion  4 show these bands very  c l ea r l y .  As t he  f i e l d  i s  l i m i t e d  t o  

terms o f  degree n<Nmax = 300, and t he  h ighest  s i g n i f i c a n t  frequency 

i s  about 306 cyc les l rev. ,  the re  a re  two such bands v i s i b l e  i n  t he  

spectrum o f  t h e  s igna l  when 5 = 300 km, centered a t  about 134 cyc les/  

rev. and a t  270 cycles/rev., and non when = 100 km. 

The a t tenua t ion  o f  the  Four ie r  spectrum o f  t h e  s igna l  may a f f e c t  t he  

accuracy o f  t he  adjusted c o e f f i c i e n t s  E:, f o r  n c lose  t o  



accord ing t o  severa l  e r r o r  a n a l y s i s  conducted i n  t h e  past ,  i n c l u d i n g  

one by  myse l f  (Colombo, 1981a), and more r e c e n t l y  by  C. Wagner (1983, 

p r i v a t e  comnunicat ion) . C l e a r l y ,  choosing a  separb t i on  such 

t h a t  t h e  f i r s t  a t t e n u a t i o n b a n d  i s  above t h e  h i g h e s t  s i g n i f i c a n t  

f requency i n  t h e  s i g n a l  must r e s u l t  i n  a  more homogeneous 

q u a l i t y  o f  t h e  es t imated c o e f f i c i e n t s ,  as t h e  cen te r  o f  such a  band 
-1  -1 

corresponds t o  a  peak i n  t h e  inaccuracy of t h e  a t  n  = 2nkn, c  . 
To some ex ten t ,  these f l u c t u a t i o n s  i n  t h e  r e s u l t s  can be i roned-ou t  

by  a p p r o p r i a t e  use o f  c o n d i t i o n i n g  o f  t h e  normal m a t r i x ,  as i n d i c a t e d  

i n  (Colombo, 1981a), based, f o r  ins tance,  on l e a s t  squares c o l l o c a t i o n ;  

b u t  i t  i s  b e t t e r  n o t  t o  have t o  deal  w i t h  these a t t e n u a t i o n  bands i n  

t h e  f i r s t  p lace.  On t h e  o t h e r  hand, t h e  sma l le r  t h e  separa t i on  between 

t h e  s a t e l l i t e s ,  t h e  weaker t h e  s i g n a l ,  as bo th  v e l o c i t i e s  become 

i n c r e a s i n g l y  s i m i l a r ,  t h e i r  d i f f e r e n c e  consequent ly smal le r ,  and t h e  

average accuracy o f  t h e  recovered c o e f f i c i e n t s  d e t e r i o r a t e s .  To g e t  

t h e  b e s t  o f  both  wor lds ,  P. Bender, among o the rs ,  has suggested hav ing 

bo th  sate1 l i t e s  a t  an average separa t i on  o f  100 km f o r  p a r t  o f  t h e  

miss ion,  and then  moving them a p a r t  t o  300 km, keeping them thus  f o r  

t h e  remainder. To process such da ta  i n  t h e  e f f i c i e n t  way descr ibed i n  

t h e  n e x t  paragraphs, two separate  adjustments must be done, one u s i n g  

t h e  "100 km da ta "  and t h e  o the r ,  t h e  "300 km data"  (assuming t h a t  

each subset  c o n s t i t u t e s  an unbroken stream o f  da ta ) .  The two se ts  o f  

es t imated p o t e n t i a l  c o e f f i c i e n t s  can be combined, a f te rwards,  accord- 

i n g  t o  express ion (3.8.8) .  

3.6 L 1  
r o t a t i o n  o f  t h e  p lane t .  

Here " l e n g t h  o f  t h e  da ta  stream" means t h e  d u r a t i o n  Td o f  an unbroken 

stream o f  d a t a  (except  f o r  ve ry  minor  i n t e r r u p t i o n s )  s u f f i c i e n t  t o  

es t ima te  a l l  p o t e n t i a l  c o e f f i c i e n t s  o f  i n t e r e s t .  There may be seve ra l  

such i n t e r v a l s  w i t h i n  one miss ion.  "Ro ta t i on  o f  t h e  p l a n e t "  must be 

understood i n  a  node- f ixed system, where i t s  apparent r a t e  i s  9 ' .  The 

" o r b i t a l  p e r i o d "  i s  T o  = 2nni1, t h e  p e r i o d  o f  t h e  reference o r b i t .  



The ques t i on  t o  be cons idered now i s :  how t o  choose To ( o r  n o ) ,  and Td, 

g i ven  e ' ,  so t h e  normal m a t r i x  has many zero  elements, arranged i n  such 

a  way t h a t  t h e  s o l u t i o n  o f  t h e  normal equat ions can be c a l c u l a t e d  i n  a  

reasonable t i m e  w i t h  e x i s t i n g  computers. 

L e t  

be an integer equal  t o  t h e  number o f  measurements compr is ing t h e  da ta  

stream t o  be analyzed, where ~t ( u s u a l l y  equal o r  l a r g e r  than  t h e  

averag ing i n t e r v a l  ~ h )  i S t h e  sampling in t e rva l ,  t h e  separa t i on  between 

consecut ive  measurements. I f  To and Td a r e  chosen so t h a t  b o t h  n o  and e '  
a r e  exac t  m u l t i p l e s  o f  t h e  fundamental frequency of the data stream 

wd = 2aTd , then a l l  t h e  angu lar  f requenc ies  jn,+m present  i n  t h e  da ta  

w i l l  be harmonics o f  t h i s  fundamental ( f o r  a  p o l a r  o r b i t ,  t h i s  i s  t h e  

same as say ing  t h a t  Td equals an exact  number of sidereal days, d u r i n g  

which t h e  sate1 l i t e s  perform a whole number o f  r e v o l u t i o n s ) .  L e t  n o  be 

such t h a t ,  f o r  d i f f e r e n t  values m and m' o f  t h e  harmonic order ,  t h e r e  

a r e  no two i n t e g e r s  j and j '  such t h a t  

w h i l e  W i s  i n  t h e  range o f  signif icant  frequencies 
mj 

( U  . I < (Nmax+3N+l)no+Nmaxe ' . F i n a l l y ,  assume t h a t  t h e  sampl i n g  i n t e r -  
m J 

v a l  A t  i s  such t h a t  t h e  sampling frequency 

i s  h i g h e r  than t w i c e  t h e  h i g h e s t  s i g n i f i c a n t  f requency.  Under these 

suppos i t ions ,  t h e  f o l l o w i n g  t r i g o n o m e t r i c  formulas a r e  v a l i d  ( t h e y  

a r e  t h e  b a s i  S o f  a l l  numerical  F o u r i e r  a n a l y s i s  methods w i t h  e q u a l l y  

spaced da ta ) :  



and 

rega rd less  o f  t h e  phase ang le  rmj. The elements o f  t h e  normal matrix G 

c o n s i s t  o f  t h e  s c a l a r  products o f  columns o f  t h e  m a t r i x  o f  obse rva t i on  

equat ions A, weighted by  t h e  m a t r i x  W, accord ing t o  (3.2.9). To s i m p l i -  

fy t h e  argument, assume t h a t  W i s  t h e  i d e n t i t y  m a t r i x  t imes a cons tan t  
- 2 

U as i n  t h e  case o f  unco r re la ted ,  homogeneous observat ions.  The anmai 

elements o f  t h e  column o f  A corresponding t o  A€& a r e  t h e  c o e f f i c i e n t s  

o f  t h i s  unknown i n  t h e  obse rva t i on  equat ions,  and can be regarded as 

equispaced samples o f  a F o u r i e r  s e r i e s  o f  ' the  form 

cosu .ah- l  
acco rd ing  t o  (3.4.15-16) and (2.2.50), so rmj=-Umjr,+tan-l (sin,m!Ah ) r n ~ ~  

mJ 
i s  a phase s h i f t  independent o f  i. The element o f  G,, ( t h e  submatr ix  of 

- - 

G cor responding t o  t h e  p o t e n t i a l  c o e f f i c i e n t s )  r e l a t e d  t o  AER and 

A E : : ~ ~  i S 

n 'm'a '  - 2 
n 

g nma = U a E anmai n ' m l a ' i '  i = l  

I f  t h e  assumptions made a t  t h e  beg inn ing hold,  so expressions (3.6.2-3) 

a r e  app l i cab le ,  (3.6.4) becomes 

u - ~  
n+H - - 

'nmj S n ' m ' j '  if m = m' and a = a '  
n 'm 'a l  j=-;n+H) 

g nma = I 
1 0 o the rw ise  (3.6.5) 

where H i s  t h e  s m a l l e r  o f  n+3N+1 and n1+3N+1. T h i s  means t h a t  many 

elements i n  Gll (which occupies most o f  G) a r e  zeroes. I n  f a c t ,  i f  the 

at; are separated i n  groups by order m, and each one o f  these groups 

i s  partitioned i n  two according t o  a, then Gll becomes block-diagonal. 

The l a r g e s t  non-zero b l o c k  (cor responding t o  t h e  zona ls)  has dimension 

Nmax -3 ( t h e  zero t o  t h i r d  zonals a r e  n o t  among t h e  unknowns), which 

i s  about  Nmax t imes s m a l l e r  t han  t h e  dimension o f  G,,. As t h e  s i z e  o f  

t h e  b locks  decrease w i t h  i n c r e a s i n g  m (dimension = Nmax-m+l), t h e  

r a t i o  of t h e  number of elements i n  t h e  b locks  t o  those ou ts ide ,  which 



are  a l l  zero, i s  o f  t h e  order  o f  Nmax, SO i t  may be c lose  t o  300. 

Therefore,  Gll i s  mos t l y  zeroes. I t s  block-diagonal s t r u c t u r e  g r e a t l y  

f a c i l i t a t e s  both t h e  s e t t i n g  up o f  t h e  normals and t h e i r  s o l u t i o n ,  as 

explained i n  paragraphs (3.7) and (3.8). 

The assumption t h a t  j no  + m e '  # j '  no  + m ' e '  f o r  a l l  values o f  j, j ', 

m, and m'  w i t h i n  t h e i r  respec t i ve  ranges, as long as m # m ' ,  can be 

ensured by choosing t h e  re ference o r b i t  so no  and Td ( t h e  l e n g t h  o f  

t h e  data stream) a r e  such t h a t  Nr, t h e  t o t a l  number o f  revo lu t ions ,  

and Nd, t h e  t o t a l  o f  nodal days i n  Td, a r e  mutually prime in tegers ,  

o r  r e l a t i v e  primes. Th is  means t h a t  they have no common d i v i s o r  o the r  

than t h e  u n i t y .  That t h i s  i s  a s u f f i c i e n t  c o n d i t i o n  i s  demonstrated 

i n  (Colombo, paragraph (2.6), 1981a). A nodal day i s  t h e  per iod 

Tn = 2a/e1 a f t e r  which the  node o f  t h e  o r b i t  r e t u r n s  t o  t h e  same 

p lace on t h e  equator, as seen by an Ear th - f i xed  observer. It i s  

s l i g h t l y  d i f f e r e n t  f rom t h e  s ide rea l  day because o f  t h e  precession 

o f  t h e  o r b i t a l  plane. 

To and Td a re  commonsurable, so, neg lec t ing  secu la r  pe r tu rba t ions ,  

the  o r b i t s  o f  both  spacecraf t  " b i t e  t h e i r  own t a i l s " ,  i n  Ear th - f i xed  

coordinates, and t h e i r  ground-tracks do t h e  same. I f  the  miss ion 

l a s t s  f o r  an a d d i t i o n a l  i n t e r v a l  T both spacecraf t  merely repeat  
d' 

t h e  path t h e  have a l ready  fo l lowed:  t h e  miss ion i s  p e r i o d i c a l ,  w i t h  

pe r iod  Td. The requirement t h a t  Nr and Nd must be r e l a t i v e  primes 

ensures t h a t  t h e r e  i s  no smal ler  number o f  nodal days, w i t h i n  t h e  

grand per iod  Td, a f t e r  which t h e  ground-tracks repeat  themselves 

e x a c t l y  ( cyc les  w i t h i n  cyc les) ,  r e s u l t i n g  i n  a coarser coverage o f  

t h e  Earth.  With such a coarse coverage, some orders would become 

coupled i n s i d e  Gll, and some unknown could  have columns i n  A 

t h a t  a r e  l i n e a r l y  re la ted ,  causing rank-def ic iency,  which i s  t h e  

equ iva len t  o f  a l i a s i n g  i n  o rd ina ry  F o u r i e r  ana lys is .  F i n a l l y ,  t h i s  

cho ice o f  n and Td means t h a t  j no  + m e '  # 0, o the r  than i n  t h e  
0 

t r i v i a l  case j = m = 0. According t o  paragraph (2.5), t h i s  must 

exclude p e r f e c t  resonances f o r  a l l  orders i n  t h e  permi t ted i n t e r v a l  

0 S m S Nmax, except f o r  t h e  zonals. Th is  i s  so because, as long as 

Nr and Nd a r e  r e l a t i v e  primes, j n o  + m e '  can be zero (zonals 



excluded) o n l y  when m i s  a  m u l t i p l e  o f  Nr, so t h e  l owes t  resonant  o r d e r  

i s  m  = N  By choosing Td so l o n g  t h a t  Nmax = maximum o r d e r  < Nr, t h e r e  
r ' 

cannot be d e t e c t a b l e  p e r f e c t  resonances. O f  course, t h e r e  may be f r e -  

quencies i n  t h e  s i g n a l  q u i t e  c l o s e  t o  0  and t o  no, causing cons ide rab le  

o s c i l l a t i o n s .  But secu la r  e f f e c t s ,  t h e  product  o f  p e r f e c t  resonance, 

can o h l y  come from t h e  zona ls  ( t h e  reader  can check t h a t ,  i f  no ze ro  

f requency terms a r e  p o s s i b l e  f o r  0  < m 5 Nmax, then n o  terms must be 

absent, as w e l l ) .  W i t h i n  t h e  grand p e r i o d  Td t h e r e  a r e  no ove r lapp ing  

arcs ,  so t h e  coverage o f  t h e  E a r t h  and i t s  g r a v i t a t i o n a l  f i e l d  i s  t h e  

f i n e s t  and most even t h a t  can be achieved i n  t h i s  i n t e r v a l .  

To choose n o  and Td one must proceed by  successive approximat ions.  A f t e r  

launch, t h e  o r b i t s  a r e  trimmed t o  g e t  them as c l o s e  t o  c i r c u l a r  and 

p o l a r  as poss ib le ,  w i t h i n  p r a c t i c a l  l i m i t s  s e t  by t h e  f u e l  a v a i l a b l e .  

A f t e r  t h i s ,  t h e  i n c l i n a t i o n  o f  t h e  o r b i t a l  p lane i s  "g iven"  (changing 

it, t o  make t h e  o r b i t  c l o s e r  t o  p o l a r  i s  c o s t l y  i n  f u e l ) ,  and any 

f u r t h e r  manoeuvre t o  a d j u s t  n o  must change m o s t l y  t h e  mean r a d i u s  o f  

t h e  o r b i t .  S t a r t i n g  w i t h  t h e  s p e c i f i e d  mean r a d i u s  (say, 160 km), t h e  

number o f  r e v o l u t i o n s  i n  Nd nodal days ( v i r t u a l l y  t h e  same as t h e  

s i d e r e a l  day f o r  near -po lar  o r b i t s )  i s  Nr = Td/To = Nd(GM F - 3 ) / e ' .  
One way t o  ensure t h a t  Nr and Nd a r e  r e l a t i v e  primes 

i s  t o  choose Nd f i r s t ,  which, g i ven  F and eb ,  determines Td and 

Td/To . I n  general  , Td/To w i l l  n o t  be an i n t e g e r .  Next, check wether 

t h e  i n t e g e r  p a r t  o f  Td/To and Nd a r e  r e l a t i v e  primes. I f  not ,  change 

Nd by  one, p l u s  o r  minus, and t ry again.  When bo th  numbers a r e  r e l a -  

t i v e  primes, c a l l  t h e  i n t e g e r  p a r t  o f  Td/To 'INr". There w i l l  be s t i l l  

a  f r a c t i o n  o f  r e v o l u t i o n  t o  go, a f t e r  Nr tu rns ,  i n  Nd days. T h i s  can 

be co r rec ted  by v a r y i n g  t h e  mean r a d i u s  P t o  a d j u s t  To u n t i l  t h e  d i s -  

crepancy disappears.  There a r e  about 16 r e v o l u t i o n s  pe r  day f o r  low 

s a t e l l i t e s ,  so i f  Nd i s  o f  t h e  o rde r  o f  months, a  change i n  To o f  a  

few p a r t s  pe r  thousand, r e q u i r i n g  a  v a r i a t i o n  i n  F o f  t h e  same order,  

o r  no more than a  few k i l ome te rs ,  can b r i n g  t h e  number o f  r e v o l u t i o n s  

i n  Td t o  be e x a c t l y  Nr. Once t h i s  ad jus ted  va lue  o f  F i s  found, a  

c losed p e r i o d i c  o r b i t  w i t h  t h e  g i v e n  i n c l i n a t i o n  and F must be found 

by  a  procedure l i k e  t h e  one descr ibed i n  paragraph (2.1). A f t e r  t h i s  

i s  done, t h e  p r e c i s e  p e r i o d  T  becomes known. I n  general ,  t h i s  w i l l  
0 



n o t  correspond e x a c t l y  t o  a  whole number o f  t u r n s  i n  Nd days, so a  

f u r t h e r  t r imming o f  t h e  o r b i t a l  r a d i u s  w i l l  be needed, f o l l o w e d  by 

another  a p p l i c a t i o n  o f  t h e  " c l o s i n g "  and " c i r c u l a r i z i n g "  procedures, 

and so on. F o r t u n a t e l y  a  p e r f e c t  r e t u r n  o f  t h e  s a t e l l i t e s  t o  t h e  

s t a r t i n g  p o i n t  a f t e r  Nd days i s  n o t  necessary, and i n  any case, i t  

i s  u n l i k e l y  t h a t  t h e  sampling i n t e r v a l  a t  w i l l  d i v i d e  Td exac t l y ,  

so p e r f e c t  p e r i o d i c i t y  i n  t h e  m iss ion  i s  n o t  poss ib le .  What i s  

required i s  a return t o  positions that  d i f f e r  very l i t t l e  from the 

i n i t i a l  ones when compared t o  the smallest wavelength t o  be resolved. 

I n  any f o r s e a b l e  a p p l i c a t i o n ,  t h i s  means t h a t  t h e  s a t e l l i t e s  must go 

back t o  p o i n t s  t h a t  a r e  no more than  a  few k i l ome te rs  away f rom where 

they  s t a r t e d .  The whole d i scuss ion  a c t u a l l y  r e f e r s  t o  t h e  p o s i t i o n s  

a long  t h e  re fe rence  o r b i t .  Those a long  t h e  ac tua l  o r b i t s  may be 

w i t h i n  a  k i l o m e t e r  each o f  t h e  former, be ing brought  p e r i o d i c a l l y  

c l o s e r ,  as a1 ready explained, by means o f  t h e  drag-compensati ng 

rocke ts .  The p e r i o d  Td may be t h e  whole l e n g t h  o f  t h e  miss ion,  o r  a  

s u b - i n t e r v a l  i n  which t h e  o r b i t a l  parameters, d i s t a n c e  between space- 

c r a f t ,  e t c . ,  may be d i f f e r e n t  f rom those i n  o t h e r  s u b i n t e r v a l s .  The 

impor tan t  t h i n g  i s  t h a t  the stream of data should be unbroken, o r  

t h a t  any gaps should be s h o r t  enough t o  be f i l l e d  adequately by 

i n t e r p o l a t i o n .  The data  o f  each s u b i n t e r v a l  Td must be used i n  a  

separate  adjustment o f  t h e  E:,,, t h e  va r ious  s o l u t i o n s  then  be ing 

combined as exp la ined i n  paragraph (3 .  8). 

S m a r i s i n g :  t h e  c o e f f i c i e n t s  should be recovered f rom a  p r a c t i c a l l y  

unbroken da ta  stream l a s t i n g  almost e x a c t l y  Nd nodal days, and t h e  

re ference o r b i t  should be chosen so t h a t ,  i t s  mean r a d i u s  be ing as 

c l o s e  as p o s s i b l e  t o  t h e  one o r i g i n a l l y  s p e c i f i e d ,  i t  has a  p e r i o d  

t h a t  r e s u l t s  i n  an exac t  number of r e v o l u t i o n s  Nr in Nd days. The 
1 sampl i n g  r a t e  and Nr must be l a r g e r  than 2Nmax and Nmax, respec- 

t i v e l y ,  t o  avo id  a l i a s i n g .  To prevent  secu la r  e f fec ts  due t o  p e r f e c t  

t e s s e r a l  o r  s e c t o r i a l  resonances, w h i l e  ensur ing t h e  f i n e s t  coverage 

p o s s i b l e  i n  Nd days, Nr and Nd must be r e l a t i v e  primes. The cho ice  

of a  re fe rence  o r b i t  and Nd s a t i s f y i n g  these c o n d i t i o n s  canbedone 

by successive approximat ions,  i n v o l v i n g  repeated smal l  changes o f  

t h e  mean o r b i t a l  rad ius .  

Note: I n  a d d i t i o n  t o  t h e  " f rozen o r b i t "  where LI = 0 ( f i x e d  argument 

o f  per igee, c losed re fe rence  o r b i t )  one cou ld  choose D = k  2n/Td w i t h  

k  = 0,1,2, ... and o b t a i n  a  ro ta t i ona l - symmet r i ca l  da ta  s t r u c t u r e  l e a d i n g  



t o  a sparse normal m a t r i x  (sparser  than t h a t  i n  nex t  paragraph, 

which corresponds t o  k = 0, because t h e  even and odd degrees w i t h i n  

t h e  same o rder  become decoupled) . The problem i s  t h a t  t h i s  requ i res  

a more e c c e n t r i c  o r b i t ,  unless Td i s  ve ry  long, and the  use o f  a 

l e s s  accurate  o r b i t  theory  based on a processing e l l i p s e .  

7 The normal equat ions arrow s t r u c t u r e  and t h e i r  d i r e c t  s e t t i n g  up. 

As shown i n  t h e  previous paragraph, when t h e  unknown a r e  grouped, 

f i r s t  by o rder  and then according t o  a, the  p a r t i t i o n  G,, o f  the  normal 

m a t r i x  i s  block-diagonal,  t h e  s i z e  o f  t h e  b locks decreasing w i t h  m 

according t o  t h e  formula: b lock  dimension = (Nmax-m+l), except f o r  

orders  0 and 1, where t h i s  dimension i s  l ess .  Moreover, as shown 

n 'm'a '  
by (3.6.5), t h e  va lue o f  the  element gnma o f  G,, does n o t  depend on 

a, so both b locks corresponding t o  t h e  same m a re  i d e n t i c a l ,  except f o r  

t h e  zonals, where t h e r e  i s  o n l y  t h e  b lock  f o r  a = 0. The o v e r a l l  dimen- 

s i o n  o f  G,, i s  (~,,,+1)~-6, o r  t h e  number o f  a1 l c o e f f i c i e n t s  through 

degree Nmax, minus those o f  degree zero and one, and t h e  second and 

t h i r d  zonals, a l l  o f  which a r e  "dropped" f rom t h e  adjustment f o r  

var ious reasons g iven i n  (3.4). A l l  t he  b locks i n  G,, a re  symmetric. 

I f  t h e  "arc  parameters" o f  each a rc  a r e  grouped together,  t h e  submatr ix 

G,,, corresponding t o  a l l  those unknowns, i s  a l s o  block-diagonal,  the  

b locks being a l l  o f  dimension 9; the re  a r e  as many b locks as arcs,  and 

they a r e  a l l  symmetrical. N a t u r a l l y  enough, t h e  dimension o f  G,, i s  

9 X number o f  arcs .  

M a t r i x  G12 and i t s  transpose, G,,, bo th  a r e  o f  dimension ( ( ~ , ~ ~ + 1 ) ' - 6 )  X 

(9  X number o f  arcs) ,  and have no espec ia l  s t ruc tu re .  The elements o f  

G,, and G2, a re  the  s c a l a r  products o f  columns o f  t h e  A m a t r i x  r e l a t e d  

t o  t h e  w i t h  those t h a t  correspond t o  t h e  "arc  parameters". 

With t h e  unknowns grouped as explained above, t h e  normal m a t r i x  G has 

an o v e r a l l  arrm p a t t e r n  o f  non-zero elements, t h e  diagonal b locks o f  

G,, forming t h e  "shaf t " ,  those o f  G,, t h e  " t i p "  w h i l e  G,, and G,, a r e  

t h e  " c u t t i n g  edges", as shown i n  f i g u r e  (3.7.1). As explained i n  para- 

graph (3.8), s o l v i n g  a system o f  equat ions w i t h  an arrow m a t r i x  i s  

much eas ie r  than s o l v i n g  another system w i t h  t h e  same number o f  

unknowns and a f u l l  m a t r i x .  



L Arc Parameters 
(9 per arc) 

F ig .  3.7.1 The arrow p a t t e r n  o f  t h e  normal m a t r i x .  

A  ve ry  impor tan t  p r o p e r t y  o f  G, f rom t h e  p o i n t  o f  v iew o f  c a r r y i n g  o u t  

t h e  adjustment,  i s  t h a t  i t s  elements can be found d i r e c t l y ,  w i t h o u t  

hav ing t o  compute and s t o r e  f i r s t  t h e  whole m a t r i x  A  (which i s  t r u l y  

g i g a n t i c  i n  t h e  case under s tudy )  i n  o r d e r  t o  o b t a i n  t h e  s c a l a r  products  

o f  i t s  columns. Furthermore, c a l c u l a t i n g  t h e  elements o f  G i n  t h i s  way 

i n v o l v e s  l e s s  ope ra t i ons  than when forming s c a l a r  products,  a l l  o f  which 

b r i n g s  about n o t  o n l y  a  g r e a t  sav ing i n  computing costs ,  b u t  a l s o  

g r e a t e r  accuracy, as t h e  a r i t h m e t i c  round ing e r r o r s  decrease w i t h  t h e  

number o f  opera t ions.  Th i s  d i r e c t  de te rm ina t i on  o f  G s h a l l  be t r e a t e d  

now i n  some d e t a i l .  

Before  cons ide r ing  t h e  s e t t i n g  up o f  t h e  va r ious  p a r t i t i o n s  o f  G, i t  

i s  b e t t e r  t o  g e n e r a l i z e  t h e  problem somewhat t o  i n c l u d e  correlated 

observations. These may a r i s e ,  f o r  example, when t h e  average i n t e r v a l  

ah i s  l o n g e r  than  t h e  sampling i n t e r v a l  a t ,  so t h e r e  i s  an o v e r l a p  o f  

cont iguous measurements, and t h e i r  e r r o r s .  Assuming t h a t  t h e  random 



p a r t  ni o f  t h e  e r r o r  c o n s t i t u t e s  a  s t a t i o n a r y  s t o c h a s t i c  process, so 

t h e  c o r r e l a t i o n  between a  measurement a t  ti and another  one a t  ti+k 

depends o n l y  on k, and assuming a l s o  t h a t  t h e  c o r r e l a t i o n s  a r e  symme- 

t r i c a l  about ti i n  t i m e  and become p r a c t i c a l l y  zero  a f t e r  some smal l  

number o f  sampling i n t e r v a l s  K b e f o r e  and a f t e r  ti, then  t h e  var iance-  

covar iance m a t r i x  o f  t h e  no ise,  o r  P, has a  ve ry  s t r o n g  s t r u c t u r e ,  

be ing symmetr ical  and banded, w i t h  bandwidth 2Kt1, and a l s o  Toepl i t z ,  

i . e .  t h e  elements a long any o f  t h e  p r i n c i p a l  d iagona ls  a r e  a l l  equal ,  

p rov ided t h a t  t h e  observat ions a r e  ordered i n  t h e  same sequence as 

they  were taken and t h e  da ta  stream i s  unbroken. The key t o  s i m p l i -  

f y i n g  t h e  adjustment i s  t h e  o v e r a l l  p e r i o d i c i t y  o f  t h e  da ta  stream, 

r e s u l t i n g  f rom t h e  cho ice o f  re fe rence  o r b i t  exp la ined  i n  paragraph 

(3.6) .  T h i s  p e r i o d i c i t y  i s  d i s r u p t e d  by t h e  ex i s tence  o f  c o r r e l a t i o n s  

between t h e  e r r o r s ;  s i n c e  t h e  l a s t  measurement i s  n o t  c o r r e l a t e d  w i t h  

t h e  f i r s t  K  ones, t h e  da ta  stream does n o t  " b i t e  i t s  t a i l "  anymore, 

as i n  t h e  unco r re la ted  case. T h i s  " t a i l  b i t i n g "  s i m p l i f i e s  ma t te rs  so 

much t h a t ,  assuming t h a t  K i s  a  ve ry  smal l  number compared t o  t h a t  o f  

t h e  measurements TM (perhaps 1 o r  2, versus severa l  m i l l i o n s ) ,  i t  i s  

p r e f e r a b l e  t o  improve s l i g h t l y  on r e a l i t y  and suppose t h a t  t h e  few 

f i r s t  and l a s t  measurements are ,  i n  f a c t ,  c o r r e l a t e d .  I f  we accept  t h i s  

l i t t l e  l i e  (which o n l y  a p p l i e s  t o  c o r r e l a t e d  measurements), t hen  t h e  

W m a t r i x  becomes ToepZi tz  c i r c u z a n t ,  i .e., successive rows a r e  c y c l i c a l  

permutat ions o f  t h e  f i r s t  one, i n  a d d i t i o n  t o  be ing symnet r ica l  and 

banded as be fo re .  Furthermore, t h e  elements o f  t h e  f i r s t  row a r e  equ i -  

v a l e n t  t o  samples o f  an even f u n c t i o n  whose pe r iod  equals t h e  l e n g t h  

o f  t h e  da ta  stream. A l l  t h i s  p r o p e r t i e s  a r e  r e t a i n e d  by t h e  i n v e r s e  

o f  P, o r  we ight  m a t r i x  W. An ex t remely  u s e f u l  c h a r a c t e r i s t i c  o f  W, 

when i t  has t h i s  s t r u c t u r e ,  i s  t h a t ,  because t h e  f i r s t  row has t h e  

form 

27l (assuming NR i s  even, f o r  s i m p l i c i t y )  where v = ad i s  t h e  fundamental 

f requency o f  t h e  da ta  stream, then  t h e  e igenvectors  o f  W come i n  p a i r s  
k k  S, ys , w i t h  components 



k - 1 2~ 
wsi = AkAk s i n  k ( l ) ,  1 5 i 5 NM 

assoc ia ted  t o  t h e  common e igenva lue 

( l t aOk)  
hk = ~~1~ Ak, where Sk = {i ~ ~ h ~ r ~ i ~ e  

( 3 . 7 . 2 ~ )  

I f  - v and - U a r e  of t h e  t y p e  

- 
vi = V s i n ( ~ ~ ~ t ~ t $ , , ~ )  , where w = j n0 tme1=  

m j  

(because o f  t h e  congruences among no,  0 '  and @ = ud) and, f u r t h e r -  

more, U # 0, umj < n ~ t - l  = faS ( o r  h a l f  t h e  sampl ing f requency),  then 
m j  

From a l l  t h i s  f o l l o w s  t h a t ,  when t h e  obse rva t i ons  a r e  c o r r e l a t e d ,  and 

we accept a s l i g h t  d i s t o r t i o n  o f  f a c t s  rega rd ing  t h e  f i r s t  and l a s t  

measurements, then express ion (3.6.5) can be genera l i zed  q u i t e  e a s i l y  

t o  
n+H 

. 2  C ( 8NM) A k m  j n l m l  i f  m=ml and a=at  
n 'm 'a '  j=-(n+H) 

g nma 
= {O o therwise,  (3.7.4) 

-2 - 2 where H = Min(nt3Nt1,  n1+3N+1). I f  W = U I, t h e n  Ak = U 2/NM 
f o r  a1 l k 5 $(NM-l) ,  and (3.7.4) r e v e r t s  t o  (3.6.5). 

H can be reduced f u r t h e r ;  s t a r t i n g  w i t h  H = 1, i t  can be increased 

g r a d u a l l y  up t o  H = 4 f o r  Min(n,nl) = 300. Expression (3.7.4) i n d i c a t e s  

how t o  s e t  up Gll d i r e c t l y .  The number o f  products  and sums i s  2(n+H)+2 

and 2(n+H), r e s p e c t i v e l y .  I f  t h e  elements o f  G,, were formed i n  t h e  

usual  way, as s c a l a r  products between t h e  columns of A, t h e  number o f  

ope ra t i ons  would equal t h a t  o f  t h e  measurements, which i s  much l a r g e r .  

Cond i t i on ing  , as exp la ined i n  paragraph (3.3), can be i n t roduced  by 

adding s u i t a b l e  p o s i t i v e  q u a n t i t i e s  t o  t h e  d iagona l  elements o f  G,, . 



F i n d i n g  t h e  elements i n  t h e  9 X 9 d iagona l  b locks  o f  G,,, cor responding 

t o  t h e  a r c  parameters, i s  b e t t e r  done by t h e  usual  s c a l a r  products  

i ns tead  o f  us ing  F o u r i e r  c o e f f i c i e n t s ,  as f o r  G,,. The reason f o r  t h i s  

i s  t h a t  t h e  elements o f  a column o f  A corresponding t o  an a r c  parameter 

a r e  z e r o  everywhere except on t h e  rows o f  A assoc ia ted w i t h  observat ions 

i n  t h a t  a r c ,  so i t s  F o u r i e r  c o e f f i c i e n t s ,  cWk , sWk , a r e  n o t  zero  

a t  any f requency,  because o f  t h e  d i s c o n t i n u z i  n a z d e  o f  t h e  arcs,  and 

t h e i r  number equals t h e  l a r g e s t  d imension o f  A. 

The elements of G,, (and o f  i t s  t ranspose, G,,) a r e  b e s t  obta ined by 

m u l t i p l y i n g  t h e  F o u r i e r  c o e f f i c i e n t s  inmj by t h e  corresponding c o e f f i -  

c i e n t s  of  t h e  columns assoc ia ted w i t h  a r c  parameters, and s!~ . 
m j  m j 

The reason f o r  u s i n g  here  t h e  F o u r i e r  c o e f f i c i e n t s  o f  those columns, i s  

t h a t  t h e  number o f  ope ra t i ons  i s  determined by t h e  number o f  c o e f f i c i e n t s  

which i s  always much l e s s  t h a t  t h e  number o f  observat ions,  o r  

l a r g e s t  d imension o f  A. The formula  f o r  t h e  elements o f  G,, i s ,  t he re -  

f o r e ,  

where W i d e n t i f i e s  t h e  arc ,  and k = 1,2,. . .q, t h e  p a r t i c u l a r  a r c  v a r i a b l e .  

To f i n i s h  s e t t i n g  up t h e  normals, one must f i n d  t h e  r i g h t  hand s i d e  
T v e c t o r  A W - d = - b. The components o f  - b corresponding t o  t h e  A ~ R  a r e  

2 
bn, = (YE,) M k ( m j ) i n m j ( ~ U  s i n  COS ima)  (3.7.6) 

j m j m j  

where Cu and SU a r e  t h e  F o u r i e r  c o e f f i c i e n t s  o f  t h e  da ta  stream, 
m j m.i 

cor responding t o  frequency U = j n  +m '. The b componens f o r  t h e  a r c  para- 
m j - 

meters, bwk, a r e  b e s t  found u s i n g  convent iona l  m a t r i x  v e c t o r  m u l t i p l i -  

c a t i o n .  To o b t a i n  t h e  c o e f f i c i e n t s  C and S one may use spec ia l  
Umj Umj 

F o u r i e r  Transform a lgor i thms,  desi.gned t o  hand le  a da ta  stream w i t h  

m i l l  i o n s  o f  samples. The same a p p l i e s  t o  f i n d i n g  t h e  and s:~ . 
m j m j 

Such procedures move t h e  i n f o r m a t i o n  f rom b u l k  s to rage  devices,  such 

as d i s k  i n  and o u t  o f  t h e  random access c e n t r a l  iflemory, when needed, and 

as e f f i c i e n t l y  as poss ib le ,  bu lk  s torage i s  necessary whenever a l l  t h e  

da ta  cannot be conta ined i n  c e n t r a l  memory a t  once (see Brigham, 

Chapter 12, 1974). 



3.8 So lv ing  t h e  normal equat ions and f i n d i n g  t h e  formal  var iances and 

covar iances o f  t h e  r e s u l t s .  

The goa l  o f  t h e  adjustment i s  t o  o b t a i n  c o r r e c t i o n s  et;,,, t o  t h e  poten- 

t i a l  c o e f f i c i e n t s ,  which amounts t o  e s t i m a t i n g  t h e  c o e f f i c i e n t s  them- 

se l ves  when these a r e  t o t a l l y  unknown. The a r c  parameters a r e  aux i -  

l i a r y  v a r i a b l e s  i nc luded  f o r  t h e  purpose o f  separa t i ng  those e f f e c t s  

t h a t  a r e  p e r i o d i c  over  t h e  whole l e n g t h  o f  t h e  " t a i l - b i t i n g "  da ta  

stream, and depend o n l y  on t h e  AEL, from those who a r e  a p e r i o d i c  and 

may depend on o t h e r  t h i n g s .  Thanks t o  these e x t r a  v a r i a b l e s ,  t h e  

normal m a t r i x  G has t h e  arrow s t r u c t u r e  descr ibed i n  t h e  prev ious 

paragraph. But,  beyond a l l o w i n g  t h i s  s t r u c t u r e  t o  appear, t h e  a r c  

parameters a r e  o f  no r e a l  i n t e r e s t  i n  themselves and have no c l e a r  

phys i ca l  s i g n i f i c a n c e .  

A f t e r  group ing t h e  unknowns and p a r t i t i o n i n g  t h e  problems as exp la ined 

i n  paragraph (3.2), t h e  normal equat ions can be so lved by  Cholesky 

f a c t o r i z a t i o n  o f  t h e  normal m a t r i x .  C a l l i n g  L  t o  t h e  Cholesky f a c t o r ,  

so G = L  L ~ ,  where L  i s  lower  t r i a n g u l a r ,  then L  can be p a r t i t i o n e d  

i n t o  L,,, L,,, and L,, (corresponding t o  G,,, G,,, and G,, as d e f i n e d  

by  express ion (3.2.13)), r e s p e c t i v e l y .  Moreover, L,, i s ,  i n  f a c t ,  t h e  

Cholesky f a c t o r  o f  G,,. S ince t h e  Cholesky f a c t o r  o f  a  b lock-d iagona l  

m a t r i x  i s  a l s o  b lock-d iagona l ,  and t h e  b locks  i n  t h e  f a c t o r  a r e  t h e  

f a c t o r s  o f  t h e  o r i g i n a l  b locks ,  o b t a i n i n g  L,, reduces i t s e l f  t o  

o b t a i n i n g  t h e  f a c t o r s  o f  t h e  b locks  o f  G,,, which breaks t h e  task  

i n t o  a  number o f  much smal l e r  and mutual  l y  independent opera t ions.  

Once L,, has been found, o b t a i n i n g  L,, and L,, i s  a l s o  a  s t r a i g h t -  

f o rward  and r e l a t i v e l y  smal l  task,  i f  one uses expressions (3.8.5a-c) 

t o  be i n t roduced  l a t e r  i n  t h i s  paragraph) t o  t h i s  end. 

Wi th  t h e  p a r t i t i o n s  o f  L  i n  hand, t h e  s o l u t i o n  o f  t h e  normals can 

proceed a long t h e  f o l l o w i n g  steps:  

F i r s t ,  o b t a i n  t h e  v e c t o r  S,, by s o l v i n g  t h e  lower  t r i a n g u l a r  system 

o f  equat ions 

Next, compute L,,?, and f i n d  - 5 ,  t h e  es t ima te  o f  t h e  a r c  parameters, 

by s o l v i n g  t h e  equat ion 



F - a = - L,, i, 

I 
where F = L,, L,, i s  a  r e a l  and symmetric ma t r i x  a l ready fac to r i zed .  

F i n a l l y ,  f i n d  - E, the est imate o f  the  po ten t i a l  coe f f i c i en t s ,  as the  

so lu t i on  t o  the  t r i a n g u l a r  system o f  equations 

For the d e r i v a t i o n  o f  these formulas, and o f  the Cholesky method gene- 

r a l l y ,  the reader may consu l t  the  book on l e a s t  squares' theory by 

P. Meissl  (sec t ion  D, par. 3.2). I n  Me iss l ' s  book, L,,, L,,, L,,, &, 
T  T  T  

b  E  and a are ca l l ed  R,,, R,,, R,,, b,, b,, X, and X,, respec t i ve ly .  -a9 - - 

Obtaining L,, i s  f u r t h e r  helped by the  f a c t  tha t ,  i n  G,, , the  b locks 

corresponding t o  unknowns a?. w i t h  o = 0  are i d e n t i c a l  t o  those f o r  

the w i t h  o = 1, and so are the  respect ive fac to rs ,  so i t  i s  s u f f i -  

c i e n t  t o  f a c t o r i z e  h a l f  o f  t he  blocks (say, f o r  o = 0) t o  determine 

t he  whole L,,. As t he  blocks are d e a l t  w i t h  independently, t he  arithme- 

t i c  rounding e r ro r s  i n  the  computation o f  one b lock do no t  propagate 

t o  the others. Moreover, the l a rges t  block i s  the  .one f o r  t he  zonal 

coe f f i c i en t s ,  and i t s  dimension i s  l i k e l y  t o  be about Nmax, o r  near ly  

300. The smal lest  blocks are o f  dimension 1, corresponding t o  the  

c o e f f i c i e n t s  o f  order N. Therefore, rounding e r ro r s  and computing 

t ime a re  n o t  going t o  be a  ser ious problem. 

The g rea tes t  e f f o r t  i s  i n  obta in ing L,,. From previous experience 

(Colombo, 1981a) w i t h  f a c t o r i z i n g  a  s i m i l a r  b lock diagonal matr ix ,  

where the  blocks were c lose i n  nature t o  those under discussion here, 

bu t  on ly  h a l f  i n  size, I estimate t h a t  ca l cu l a t i ng  L,, would r equ i r e  

about 6 hours o f  C.P.U. t ime (most of i t  employed i n  s e t t i n g  up the  

normals by the  method explained i n  paragraph (3.7)) i n  a  computer 

s i m i l a r  t o  the  AMDHAL 470v/VL-I1 used by me i n  1981 a t  the Ohio S ta te  

Un ivers i t y .  This assumes working w i t h  double p rec is ion  a r i  thmetic 

( 64 -b i t  words), and the  a v a i l a b i l i t y  o f  some 4  megabytes o f  cen t ra l  

memory. Accordingly, the  so lu t i on  should be f eas ib l e  even w i t h  ex is t ing ,  

sequent ial  machines, although i t  would remain a  q u i t e  considerable task. 

This i s  a  time, however, when q u i t e  revo lu t ionary  changes i n  computing 

machinery a re  tak ing  place, dest ined t o  prov ide b e t t e r  and much f a s t e r  

devices f o r  s c i e n t i f i c  ca lcu la t ions  than the  business-or iented computers 

comnon u n t i l  now. I n  add i t i on  t o  advances such as the i n t r oduc t i on  o f  



- 125 - 
"p i pe l i n i ng " ,  which speeds up mat r i x -vec to r  operat ions genera l l y  by orders 

o f  magni tude, p a r a l l e l  processing could f u r t h e r  accelerate the  task, as 

each b lock i n  L1 f o r  example, can be computed q u i t e  independently from 

the  others .  A l l  these improvements w i l l  save computing time, bu t  t he  

r e s u l t s  may n o t  be b e t t e r  than those produced by a convent ional machine, 

as t h e i r  accuracy depends on l y  on the  lengths o f  t he  (memory and a r i t h -  

met i c )  r e g i s t e r s  and n o t  on computer a rch i tec tu re .  Whether us ing an uncon- 

vent ional  machine i s  o f  any r e a l  advantage w i l l  depend main ly  on economic 

cons iderat ions ( r e l a t i v e  costs)  and on t he  a v a i l a b i l i t y  o f  t he  machine 

i t s e l f .  Obviously the re  i s  no ga in  i n  using a computer t h a t  can do t he  

j ob  twenty t imes f as te r ,  i f  t h e  charges, per second, are t h i r t y  t imes 

higher.  Numerical accuracy should be no problem w i t h  most present-day 

"mainframe" computers, except when ca l cu l a t i ng  t h e  nominal o r b i t s  and 

forming t he  res idua ls ,  where both a r i t hme t i c  u n i t  and cen t r a l  memory 

r e g i s t e r s  o f  a leng th  s i m i l a r  t o  those o f  o rd inary  CDC machines a re  

needed. By "a r i t hme t i c "  I mean, i n  a l l  cases, double p rec i s i on  ar i thme- 

t i c .  Four by te  word machines could do t he  job  o f  computing t h e  re ference 

values on l y  be r eso r t i ng  t o  extended, o r  quadruple, p rec i s i on  f o r  t he  

f l o a t i n g - p o i n t  a r i thmet i c ,  though t h i s  i s  very  time-consuming i n  today 's  

devices. But these can be used f o r  t he  adjustment i t s e l f  w i thou t  any 

ser ious problems, as f a r  as I can see. 

I n  a d d i t i o n  t o  so lv ing  f o r  t h e  co r rec t ions  t o  t h e  po ten t i a l  c o e f f i c i e n t s ,  

i t i s  o f  i n t e r e s t  t o  ob ta in  t h e  formal variances and covariances o f  t he  

e r r o r s  i n  t he  so lu t ion .  I n  p r i nc i p l e ,  they can be found by computing t he  

p a r t i t i o n  ( G - ' ) ~ ~  o f  G - ~ ,  which corresponds t o  G,, i n  G, according t o  

A 

= Ec ( t he  e r r o r  ma t r i x  f o r  the  A:;) (3.8.3) 
- 

which i s  app l i cab le  no t  on ly  t o  o rd inary  l e a s t  squares es t imat ion  (see 

Meissl  (1982), sec t ion  A, paragraph (7.4) )  bu t  a l so  t o  l e a s t  squares 

c o l l o c a t i o n  w i t h  parameters, as shown by K.P. Schwarz (1976, and 1978). 

However, w h i l e  i n v e r t i n g  G alone presents no g rea t  problems, because 
11 

i t i s  block-diagonal i n  e i t h e r  form of adjustment; t h e  ex t r a  term 

-G12~;:~21 i n  (3.8.3) causes t h e  inverse  t o  loose a l l  d i s t i n c t  s t r u c t u r e  

o ther  than symmetry: i t  i s  one huge f u l l  mat r i x .  Nevertheless, i f  t he  

a rc  parameters, which a re  t he  source of t h i s  problem, are much fewer 

than t h e  AE;~, as i t  i s  l i k e l y  t he  case, one would expect t o  

be no t  too  d i f f e r e n t  from G;:, which i s  block-diagonal . So i t  i s  l i k e l y  

t h a t  t h e  elements of ( G - ' ) ~ ~  which correspond, i n  pos i t i on ,  t o  those i n  



the blocks o f  G;: a re going t o  be considerably la rger  than those outs ide 

these blocks. I n  o ther  words: i t  i s  l i k e l y  t h a t  the  co r re l a t i ons  i n  the  

r e s u l t s  should be most ly among belonging t o  the  same order and having 

t he  same a. Therefore, the  most i n t e res t i ng  pa r t  o f  (Gm1) ,, would be the  

diagonal blocks, and f i nd i ng  these r e l a t i v e l y  small por t ions  o f  the  whole 

G-I can be done w i t h  a computing e f f o r t  comparable t o  t h a t  needed t o  

f i n d  the so lu t i on  (3.8.1). What i s  requi red i s  the  complete Cholesky 

f ac to r  o f  the  normal ma t r i x  G, which has t o  be computed, anyway, t o  

so lve f o r  the  AE:~. The Cholesky f a c t o r  L has the form 

and s a t i s f i e s  t he  mat r i x  equat ion 

The formulas f o r  ca l cu l a t i ng  the var ious p a r t i t i o n s  o f  L, once Lll i s  

known, are 

T 4 where X i s  obtained by "forward subs t i t u t i on " ,  and (G22-L21L21) ind ica tes  
T the Cholesky f a c t o r i z a t i o n  o f  G22-L21L21. 

Once the  Cholesky f a c t o r  o f  G i s  known by doing t he  ex t ra  operat ions 

ind ica ted  by expression (3.8.5a-c), one can proceed t o  compute the  desired 

elements o f  t he  inverse o f  G. One column o f  G - ~  i s  a vector  g .  s a t i s f y i n g  
-J 

the  equat ion 



(G i s  symmetr ica l )  where - e i s  a v e c t o r  o f  t h e  same dimension o f  G and 

yj , i n  which a1 l elements a r e  ze ro  except f o r  t h e  j t h ,  which i s  1. T h i s  

equa t ion  can be so lved by a p p l y i n g  t h e  Cholesky method, b u t  o n l y  t h e  

elements o f  t h e  s o l u t i o n  v e c t o r  g .  corresponding t o  t h e  d iagona l  b locks  
-J 

i n  G,, a r e  wanted and, because o f  t h e  symmetry o f  G-,, o n l y  those a t  

and below t h e  main d iagona l .  To save computing e f f o r t ,  t h e  unknown 

bc:,, can be " reordered"  by t h i n k i n g  o f  those be long ing t o  t h e  o r d e r  m 

under c o n s i d e r a t i o n  t o  be a t  t h e  end o f  t h e  sub-vector C, so t h e  c o r r e -  

sponding d iagona l  b l o c k  i n  G,, i s  t h e  one a t  t h e  l o w e r - r i g h t  co rne r .  

Because L,, i s  a l s o  b lock-d iagona l  , t h e  " forward s u b s t i t u t i o n "  phase o f  

t h e  s o l u t i o n  can s t a r t  a t  a p o i n t  l e v e l  w i t h  t h e  t o p  row o f  t h e  (now) 

l a s t  b l o c k  o f  L,, , proceeding down f rom t h e r e  u n t i l  t h e  l owes t  component 

o f  t h e  i n t e r m e d i a t e  s o l u t i o n  v e c t o r  i s  found. I n  t h i s  way, o n l y  a r e l a -  

t i v e l y  smal l  p a r t  o f  t h i s  i n t e r m e d i a t e  v e c t o r  i s  computed. The "back 

s u b s t i t u t i o n "  phase s t a r t s  f rom t h e  bot tom o f  g .  and moves up u n t i l  t h e  
-J 

l a s t  d e s i r e d  element o f  g t h e  one on t h e  main d iagona l  o f  G-,, i s  
j 

obta ined.  I n  t h i s  way, i f  Ncma i s  t h e  number o f  A C : ~  w i t h  a g i v e n  m 

and a, and Na i s  t h e  t o t a l  number o f  a r c  parameters, o n l y  t h e  l a s t  

Ncma + Na components o f  t h e  i n t e r m e d i a t e  s o l u t i o n  v e c t o r  and an equal  

number o f  elements o f  g., a t  t h e  ve ry  most, a r e  computed. The r e s u l t i n g  
-J-l 

incomple te  v e r s i o n  o f  G i s ,  o f  course, a "poor man's var iance-cova- 

r i a n c e  m a t r i x " ,  b u t  i t  con ta ins  what a r e  l i k e l y  t o  be t h e  most s i g n i -  

f i c a n t  p a r t s  o f  G;:, such as t h e  formal  var iances o f  a l l  t h e  ACU,, and 

t h e i r  c o r r e l a t i o n s  w i t h i n  t h e  same order ,  which a r e  t h e  s t ronges t .  

The " reo rde r ing "  o f  t h e  unknowns needed t o  speed-up computat ions (and 

t o  decrease numerical  e r r o r s )  i s  a purely notional one. Reorder ing does 

n o t  change t h e  va lues o f  t h e  elements o f  t h e  va r ious  b locks  o f  L, G and 

G-l t h a t  g e t  moved around, so t h e r e  i s  no need t o  s h u f f l e  them i n s i d e  

t h e  computer, b u t  mere ly  t o  a l t e r  t h e  o r d e r  i n  which t h e y  a r e  used i n  

t h e  c a l c u l a t i o n  a f t e r  t hey  have been c rea ted  i n  t h e  " n a t u r a l "  o r d e r i n g  

o f  i n c r e a s i n g  m and, f o r  a g i ven  m, o f  i n c r e a s i n g  Q.  Obta in ing  a com- 

p l e t e  G-l i s  l i k e l y  t o  be u n f e a s i b l e  w i t h  e x i s t i n g  machines, because 

o f  t h e  s i z e  and l a c k  o f  s t r u c t u r e  o f  t h i s  m a t r i x ,  and t o  remain so f o r  

t h e  fo reseab l  e f u t u r e .  

It c o u l d  happen t h a t ,  d u r i n g  a miss ion,  t h e  a l t i t u d e s  o f  t h e  spacec ra f t  

and t h e i r  separa t i on  a r e  kep t  more o r  l e s s  cons tan t  over  l o n g  pe r iods  



o f  t ime, b u t  a r e  changed from pe r iod  t o  per iod,  so as t o  g e t  b e t t e r  

r e s o l u t i o n  on p a r t i c u l a r  bands o f  t h e  spectrum f rom t h e  p a r t i a l  da ta  

streams & (where h i n d i c a t e s  t h e  corresponding s u b - i n t e r v a l  ), and 

f o r  o t h e r  reasons (such as reduc ing a1 i a s i n g  between c o e f f i c i e n t s ) ,  

t h a t  have been suggested by o t h e r  workers. Each p a r t i a l  da ta  stream 

w i l l  c o n t r i b u t e  a subset o f  obse rva t i on  equat ions 

5 which can be p a r t i t i o n e d :  Ah = [Ach i Rahl, 5 = [ % l. Every Ah has t h e  

b a s i c  s t r u c t u r e  discussed here, prov ided t h a t  t h e  p a r t i a l  stream i s  

l o n g  enough t o  come s u f f i c i e n t l y  c l o s e  t o  " b i t i n g  i t s  own t a i l " .  The 

unknown AZ:,,, may n o t  be t h e  same i n  a l l  cases, because Nmax may change 

w i t h  a l t i t u d e  f rom one segment t o  t h e  next ,  and t h e  a r c  unknowns w i l l  

be, o f  course, a l l  d i f f e r e n t .  To m a i n t a i n  t h e  o v e r a l l  arrow s t r u c t u r e  

o f  G, a l l  unknowns, whether they  a r e  considered o r  n o t  i n  t h e  a c t u a l  

obse rva t i on  equat ions o f  a g i ven  sub - in te rva l ,  should be entered i n  a 

fo rmal  way, by ass ign ing  t o  some o f  them n u l l  c o e f f i c i e n t s  i n  t h e  rows 

o f  A corresponding t o  equat ions where they  do n o t  appear, so t h e  

o v e r a l l  o rde r  i s  l e f t  unchanged. The adjustment can then be done us ing  

t h e  formula  

where c i n d i c a t e s  a sum over a l l  values o f  h, and t h e  i n d i v i d u a l  

h T 
1 

= A W A etc. ,  a r e  s e t  up i n  t h e  manner exp la ined i n  paragraph 
h Ch h Ch 

(3.7), f i l l i n g  up w i t h  zeros those p o r t i o n s  t h a t  correspond t o  unknowns 

absent f rom t h e  cor responding subset o f  observat ions equat ions.  

3.9 The adjustment when Nmax i s  s u f f i c i e n t l y  smal l .  

Assume t h a t  t h e  s a t e l l i t e s  a r e  h i g h  enough, so o n l y  components o f  t h e  

s p h e r i c a l  harmonic expansion o f  t h e  p o t e n t i a l  below degree Nmax can be 

de tec ted  f rom t h e  r e l a t i v e  v e l o c i t y  s i g n a l ,  where Nmax i s  s u f f i c i e n t l y  

smal l  f o r  t h e  e f f e c t  o f  t h e  "ups and downs" and a long - t rack  depar tures  

f rom c i r c u l a r i t y  experienced by t h e  re fe rence  o r b i t  t o  be q u i t e  smal l .  

Then, t h e  asymmetry o f  t h e  o r b i t s  w i t h  respec t  t o  t h e  equator  can be 



ignored, i n  a f i r s t  approximat ion,  and t h e  r e s u l t s  obta ined i n  t h i s  way 

can be r e f i n e d  w i t h o u t  much e x t r a  e f f o r t .  There i s  advantage i n  t h i s  

because, f o r  a symmetr ical  o r b i t  such as a c i r c l e ,  t h e  b locks  o f  G a r e  

ha lved i n  dimension, though doubled i n  number, as i t  w i l l  be exp la ined  

s h o r t l y .  The asymmetry o f  t h e  p e r i o d i c a l  re fe rence  o r b i t  o f  s e c t i o n  2 

stems f rom i t  be ing s l i g h t l y  e l l i p t i c a l ,  w i t h  i t s  pe r igee  and apogee 

f i x e d  i n  t h e i r  l a t i t u d e s  i n  t h e  oppos i te  hemispheres, so t h e  two space- 

c r a f t  pass lower  over  one hemisphere than  over  t h e  o the r .  A t  t h e  same 

t ime, t h e y  move s lower  when they  a r e  h igher ,  t a k i n g  l onger  t o  cover  one 

hemisphere than t h e  o the r .  Th i s  r e s u l t s  i n  more measurements be ing 

made on t h a t  on which they  a r e  h igher ,  a phenomenon t h a t  would tend t o  

c o u n t e r a c t t h e l o s s  o f  s e n s i t i v i t y  due t o  t h e  g r e a t e r  a l t i t u d e .  

The depar tures  f rom symmetry modulate t h e  o r b i t  and more than doub le  

t h e  number o f  f requenc ies  present  i n  t h e  s i g n a l ,  compared t o  t h e  case 

o f  a symmetr ical  and c i r c u l a r  o r b i t  d iscussed i n  paragraph (2.  $ ) .  T h i s  

change i s  v e r y  smal l  f o r  p e r t u r b a t i o n s  caused by low degree c o e f f i c i e b t s ,  

and increases s l o w l y  w i t h  n( ' ) .  I t  cannot be i gno red  i n  t h e  s o r t o f  m iss ion  

discussed i n  t h e  main body o f  t h i s  work, because t h e  s a t e l l i t e s  a r e  then 

t o o  low, so Nmax i s  much t o o  l a r g e .  But  f o r  Nmax smal l  enough, t h e  s i t u -  

a t i o n  can be v e r y  c l o s e  t o  t h a t  where t h e  re fe rence  o r b i t  i s  c i r c u l a r ,  

so t h a t  t h e  p e r t u r b a t i o n s  caused by t h e  w i t h  n-m even c o n t a i n  o n l y  

f requenc ies  jn,+me' where j i s  even, and those w i t h  n-m odd, o n l y  f r e -  

quencies where j i s  odd. Th i s  makes t h e  columns o f  A f o r  AER w i t h  n-m 

even, or thogonal  t o  those f o r  LE&, w i t h  n-m odd, so t h e  corresponding 

elements o f  G a r e  zero. Order ing t h e  n o t  o n l y  accord ing t o  n and 

a, b u t  a l s o  t o  t h e  p a r i t y  o f  n-m, r e s u l t s  i n  d iagona l  b locks  t h a t  a r e  

h a l f  t h e  s i z e  o f  those when t h e  re fe rence  o r b i t  i s  n o t  c i r c u l a r .  I n  

genera1,with a s l i g h t l y  e l l i p t i c a l  o r b i t ,  those elements o f  G t h a t  would 

be zero  i f  t h e  o r b i t  were a c i r c l e ,  would be sma l le r  t han  t h e  r e s t  i n s i d e  

t h e  l a r g e r  b locks .  So Gll can be considered as t h e  sum o f  Ell, where o n l y  

t h e  s m a l l e r  " h a l f "  b locks  a r e  non-zero, and a " p e r t u r b a t i o n  m a t r i x "  AGl1 

o f  t h e  compl ementary o f f -d iagona l  b locks  corresponding t o  c o e f f i c i e n t s  

AC;,~, and w i t h  n-m even and nl-m' odd s imul taneous ly .  I f  t h e  e l e -  

ments o f  aGl1 a r e  v e r y  smal l  (and i t s  l a r g e r  e igenva lue i s  << l ) ,  t h e  

f o l l o w i n g  s e r i e s  converges q u i c k l y :  

(')See formulas  (2.2.16) and (2.2.33-34) i n  par.  (2.2). 



m i --I  G;: = E;;+AG~, 1 G,, 
i =O 

(where = F  F.. .F i times).  Truncat ing a t  i = Imax, 
I 
l 

-1 b(R) = 
max " G,, -c - hO+aGll c hi 

i=o 

where hi i s  t he  s o l u t i o n  o f  -c,,t~~ = AG~,~I~-,, w i t h  ho, i n  tu rn ,  being 

t h e  s o l u t i o n  o f  t he  system c L l ~ O  = dR). This se r ies  expansion reduces 

t he  s o l u t i o n  of t h e  normals t o  doing Imax solu t ions  i nvo l v i ng  E l l ,  
w i t h  i t s  " h a l f "  blocks. Because these blocks a re  h a l f  t h e  s ize,  bu t  

tw i ce  t h e  number, o f  those i n  G,,, and t h e  s o l u t i o n  o f  a  system o f  equa- 

t i o n s  i s  p ropor t iona l  t o  the  cube o f  t he  number o f  unknowns, t h e  number 

o f  a r i t hme t i c  operat ions requi red i s  Imax/4 t imes t h e  number t h a t  i s  

needed t o  so lve  t he  normals i n  t he  convent ional way. If Imax < 4, t he re  

i s  a  r ea l  economy i n  computing. 

m = Cte. 
(Smaller 
Element 

A G l l  BLOCKS 

(Larger 
Elements) 

Fig.  3.9.1 The blocks o f  G,, , c,,, and A G ~ ,  . 

3.10 Miscellaneous questions. 

Out o f  many problems associated w i t h  t h e  g lobal  h igh  r e s o l u t i o n  mapping 

o f  the  g r a v i t y  f i e l d  by techniques l i k e  those described i n  t h i s  sect ion,  

I s h a l l  consider here f i v e  quest ions t h a t  have turned up r a t h e r  o f t e n  

when d iscuss ing t h i s  t o p i c  w i t h  co l  leagues. 



(a)  A l i a s i n g .  

Th is  word means r e a l l y  two r a t h e r  d i f f e r e n t  th ings.  The f i r s t  i s  asso- 

c i a t e d  w i t h  t h e  i m p o s s i b i l i t y  o f  separat ing in fo rmat ion  a t  two frequen- 

c i e s  e q u i d i s t a n t  f rom t h e  Nyquis t  f requency ( h a l f  t h e  sampling r a t e )  

because t h e  sampling process scrambles them. Th is  means t h a t  s igna l  

coming from a  AER where (n+3N)no+me1 > 3 (sampling r a t e )  w i l  l have 

some o f  i t s  contents  mixed-up w i t h t h o s e o f  d i f f e r e n t  o rder  c o e f f i c i e n t s  

and, i f  t h e  scramble i s  bad enough ( t o o  many frequencies above the  

Nyquis t )  t h e  c o e f f i c i e n t  i n  quest ion w i l l  be est imated w i t h  g r e a t  e r r o r ,  

and w i l l  i n t e r f e r e  w i t h  t h e  es t ima t ion  o f  o thers .  It i s  a l s o  poss ib le  

t h a t  t h e  design m a t r i x  may become r a n k - d e f f i c i e n t  (and,thus, t h e  normal 

m a t r i x )  i f  one t r i e s  t o  est imate t o o  many c o e f f i c i e n t s  (see Colombo 

(1981b), paragraph 1.3)). The t h i n g  t o  do here i s  t o  guess as accura te ly  

as p o s s i b l e  t h e  band o f  f requencies w i t h i n  which most o f  t h e  power i n  

t h e  s igna l  i s  l i k e l y  t o  l i e ,  and t o  s e l e c t  t h e  sampling frequency accor- 

i n g l y .  Guessing t h e  bandwith o f  t h e  s igna l  requ i res  s tudy ing i t s  l i k e l y  

power spectrum on t h e  basis o f  some model o f  t h e  degree variances o i ,  as 

proposed, f o r  example, by Wagner and Goad (1982). 

The second meaning of " a l i a s i n g " ,  a t  l e a s t  i n  s a t e l l i t e  geodesy, r e f e r s  

t o  t h e  b ias  i n  t h e  est imates o f  t h e  AE& caused by n o t  i n c l u d i n g  enough 

o f  them among t h e  unknowns t o  make a  s u f f i c i e n t l y  r e a l i s t i c  model o f  t h e  

s igna l .  'This problem a r i s e s  when t h e r e  i s  more in fo rmat ion  i n  t h e  s igna l  

a t  h igh  frequencies than it i s  poss ib le  t o  model, as t h i s  would r e q u i r e  

t o o  much computing e f f o r t .  Then, the  expansion o f  the  d i s t u r b i n g  poten- 

t i a l  i s  t runcated t o o  low, r e s u l t i n g  i n  e r r o r s  i n  t h e  r e s u l t s .  These 

e r r o r s  a r e  l i k e l y  t o  a f f e c t  more t h e  h igh  degree c o e f f i c i e n t s  c lose  t o  

t h e  p o i n t  o f  t runca t ion .  L e t  us say t h a t  the re  i s  s i g n i f i c a n t  informa- 

t i o n  i n  t h e  s igna l  up t o  degree 400, b u t  i t  i s  o n l y  p r a c t i c a l  t o  model 

up t o  degree 350. I n  r e a l i t y ,  one would be happy enough w i t h  a  g loba l  

model up t o  degree 300, because f i n e r  d e t a i l  i s  more convenient ly  mapped 

by l o c a l  methods, as explained i n  paragraph (3.12), and a  model w i t h  

more than 105 c o e f f i c i e n t s  ( rough ly  t h e  number up t o  degree 300) can be 

awkward t o  use. One poss ib le  s o l u t i o n  i s  t o  est imate up t o  degree 350, 

t h e  maximum prac t i cab le ,  and then t o  throw away a l l  c o e f f i c i e n t s  above 

300. Those a re  p u t  i n  t h e  adjustment t o  absorb t h e  b r u n t  o f  t h e  a l i a s i n g  



due t o  t he  c o e f f i c i e n t s  above 350 t h a t  have been ignored, so t h a t  t he  

ones up t o  300 are no t  se r i ous l y  harmed. 

(b)  I t e r a t i o n .  

The model o f  t h e  s igna l  g iven i n  paragraph (3.4) i s  no t  per fec t ,  bu t  

on l y  a  good approximation, as shown i n  sec t ion  4. Because o f  i t s  e r ro rs ,  

the  est imates based on i t  w i l l  be biased. Using t he  ad justed po ten t i a l  

c o e f f i c i e n t s  and a l l  the t r ack i ng  data, one can ob ta i n  b e t t e r  nominal 

o r b i t s ,  form new res idua l  measurements, and proceed t o  est imate t he  

e r r o r s  i n  t he  r e s u l t s  o f  the  previous i t e r a t i o n  by a  new adjustment o f  

the  c o e f f i c i e n t s ,  repeat ing t h e  process as many times as feas ib le ,  t o  

r e f i n e  t he  s o l u t i o n  as f a r  as possible.  I f  the i n i t i a l  r e s u l t s  were 

good enough, t h i s  procedure should converge t o  b e t t e r  estimates. Since 

the  normal mat r i x ,  as explained i n  paragraph (3.1), i s  no t  i t e r a t e d  

w i t h  t he  so lu t ion ,  bu t  t he  same ma t r i x  i s  used again and again, t o  save 

computing a t  t he  cos t  o f  a  minor l o ss  i n  accuracy, the re  i s  a  problem 

i f  one uses cond i t i on ing  based on co l l o ca t i on .  The cond i t i on ing  ma t r i x  

C must have f o r  diagonal terms t he  inverses of the variances 

E ( a ~ ; ~ ) ~ ( 2 n t l ) - ' ,  b u t  these change from one i t e r a t i o n  t o  t he  next, as 
m~r 
t h e  co r rec t ions  ACG become smal ler.  The variances a t  t h e  i t h  i t e r a t i o n  

can be guessed as equal t o  the  formal variances of the  e r r o r s  i n  t he  

previous i t e r a t i o n .  The d i f f e rence  between the  o l d  and the  new C can be 

regarded as a  per tu rba t ion  mat r i x ,  and t he  s o l u t i o n  d e a l t  w i t h  by a  

r e f i n i n g  a lgor i thm l i k e  the one proposed i n  paragraph (3.9), a t  l i t t l e  

ex t r a  computing cost.  Ordinary l e a s t  squares does no t  present, of 

course, t h i s  problem. 

( c )  Downward con t inua t ion  and convergence. 

The data aregathered by t he  two s a t e l l i t e s  as they r un  t h e i r  courses 

nea r l y  two hundred k i lometers  above t he  Earth, bu t  i t  i s  on t he  sur face 

o f  i t  t h a t  t he  r e s u l t i n g  g r a v i t y  f i e l d  model has most o f  i t s  p o t e n t i a l  

app l i ca t ions .  To ob ta in  a  map o f  g r a v i t y  anomalies, geoid undulat ions,  

o r  s i m i l a r  quan t i t i e s  o f  i n t e r e s t ,  the  go ten t i a l  c o e f f i c i e n t s  obtained 

from t he  analys is  o f  t he  s a t e l l i t e s '  data can be modi f ied simply by 

m u l t i p l y i n g  them by f ac to r s  such as a, ( n t l ) ,  etc. ,  and then the  values 

according t o  these c o e f f i c i e n t s  can be computed by rep lac ing  the  general 



coord ina tes  r, Q, X i n  t h e  corresponding s p h e r i c a l  harmonic expansion 

w i t h  those of t h e  p o i n t s  o f  i n t e r e s t  on t h e  E a r t h ' s  sur face.  One problem 

w i t h  t h i s  s t r a i g h t f o r w a r d  o p e r a t i o n  i s  t h a t  t h e  expansion i s  t runca ted  

a t  Nmax and, even i f  one were t o  assume t h a t  i t  does converge i n  t h e  

l i m i t  t o  t h e  d e s i r e d  q u a n t i t y ,  t h e r e  i s  no guarantee t h a t  i t  w i l l  do 

so q u i c k l y  enough f o r  i t s  t runca ted  form t o  g i v e  an accu ra te  r e s u l t .  

Spher ica l  harmonic s e r i e s  a r e  a  spec ia l  k i n d  o f  F o u r i e r  se r ies ,  d e f i n e d  

on a  sphere, so, l i k e  t h e i r  coun te rpa r t s  on t h e  r e a l  l i n e ,  t h e y  can 

converge s l o w l y  and i n  an o s c i l l a t o r y  f a s h i o n  near those p o i n t s  where 

t h e  f u n c t i o n  t h e y  approximate i s  d iscont inuous.  Th i s  i s  known as Gibson's 

phenomenon, whose ex i s tence  would revea l  i t s e l f  near s t r o n g  and ab rup t  

anomalies as groups o f  r i p p l e s  sur round ing t h e  anomalies i n  t h e  map, and 

cor responding t o  no r e a l  f e a t u r e .  Th i s  d i s t o r t i o n  can be reduced by  damp- 

i n g o r s m o o t h i n g  t h e  h i g h  degree terms, i . e .  m u l t i p l y i n g  them by f a c t o r s  

l e s s  than u n i t y  chosen i n  some a p p r o p r i a t e  way ( i t  may be enough t o  use 

c o l l o c a t i o n  t o  c o n d i t i o n  t h e  normals) .  The u l t i m a t e  ques t i on  o f  whether 

t h e  s e r i e s  as such converges o r  n o t  down t o  t h e  s u r f a c e  i s  one t h a t  has 

puzz led and w o r r i e d  many geodes is ts  over  t h e  years,  w h i l e  i t has been 

g e n e r a l l y  accepted by them t h a t  t h i s  i s  n o t  l i k e l y  t o  be a  v e r y  se r ious  

problem i n  p r a c t i c e .  I n  a  r e c e n t  s tudy  by J e k e l i  (1982), t h e  e f fec t  o f  

t h e  main topograph ic  f e a t u r e s  o f  t h e  wor ld  was examined by  computer 

s imu la t i on ,  t o  see i f  t h e y  would a f f e c t  t h e  r e p r e s e n t a t i o n  of t h e  geo- 

p o t e n t i a l  by  a  s e r i e s  t runca ted  a t  a  h i g h  degree, l i k e  n  = 300. No 

evidence o f  r e a l  d i f f i c u l t i e s  was found, so one may expect  a  reasonable 

behaviour o f  t h e  t runca ted  s e r i e s ,  which means t h a t  t h e  map would be 

r e 1  i a b l e  over  most of t h e  wor ld .  The t h e o r e t i c a l  problem o f  convergence 

was s e t t l e d  many yea rs  ago by  Walsh (1929), who extended a  theorem by 

Runge on t h e  s e r i e s  e x p a n s i o n s o f a n a l y t i c a l  f u n c t i o n s  o f  complex v a r i a -  

b les ,  t o  t h e  case o f  s p h e r i c a l  harmonic expans ionsofharmonic  f u n c t i o n s  

l i k e  t h e  g r a v i t a t i o n a l  potent ia1, though t h i s  was n o t  known t o  geodes is ts  

u n t i l  r e c e n t l y .  H i s  theorem shows t h a t ,  i f  t h e r e  i s  a  d i s t r i b u t i o n  o f  

mass i n s i d e  t h e  Ear th  f o r  which t h e  s e r i e s  does n o t  converge a t  t h e  

sur face,  t h e r e  must be a l s o  another  t h a t  d i f f e r s  f rom t h e  f i r s t  by  as 

l i t t l e  as des i red,  and whose expansion converges u n i f o r m l y  down t o  t h e  

sur face.  Moreover, t h e  corresponding c:m i n  b o t h  expansions can d i f f e r  

f rom each o t h e r  a l s o  by as l i t t l e  as des i red,  so t h e i r  d i f f e r e n c e s  can 

be always l e s s  than t h e  u n c e r t a i n t y  i n  t h e i r  es t imated values due t o  



observa t i ona l  e r r o r s .  Conversely, i f  t h e  s e r i e s  converges, i t  i s  always 

p o s s i b l e  t o  f i n d  another  expansion whose p o t e n t i a l  c o e f f i c i e n t s  d i f f e r  

f rom those o f  t h e  convergent s e r i e s  by i n s i g n i f i c a n t  amounts, co r re -  

sponding t o  a  mass d i s t r i b u t i o n  t h a t  d i f f e r s  from t h e  t r u e  one by as 

l i t t l e  as des i red,  and t h a t  does n o t  converge a t  t h e  sur face.  T h i s  

s i t u a t i o n  has been compared by M o r i t z  (see Chapter 7 o f  ( M o r i t z ,  1980)) 

t o  t h e  ques t i on  of whether a  d i s t a n c e  measurement corresponds t o  a  " t r u e "  

d i s t a n c e  t h a t  i s  a  r a t i o n a l  o r  an i r r a t i o n a l  number. Not s u r p r i s i n g l y ,  

he concludes t h a t  bo th  problems a r e  j u s t  as p h y s i c a l l y  meaningless. 

I a l s o  have d iscussed t h i s  problem i n  d e t a i l  i n  (Colombo, 1982). 

( d )  Numerical i n t e g r a t i o n  o f  t h e  nominal o r b i t s .  

A  g r a v i t y  anomaly o f  1 mgal cove r ing  a  l0 X l0 area on t h e  ground w i l l  

be sensed as a  change i n  t h e  r e l a t i v e  v e l o c i t y  o f  t h e  spacec ra f t  o f  o n l y  

a  few micrometers per second, so, i n  o r d e r  t o  d e t e c t  f e a t u r e s  as smal l  

as 1 mgal, t h e  measurement no i se  should n o t  be much more than one m ic ro -  

meter  per  second. T h i s  means t h a t  a  g r e a t  deal  o f  t r o u b l e  and expense 

a r e  be ing devoted a t  present  t o  t h e  des ign o f  an unprecendent ly accu ra te  

t r a c k i n g  r a d a r  t h a t  each spacec ra f t  w i l l  c a r r y  t o  sense t h e  movements o f  

t h e  o the r .  As exp la ined i n  paragraph (3.1), t h e  measurements themselves 

( a f t e r  screen ing f o r  b lunders)  must be converted i n t o  r e s i d u a l  obser-  

va t i ons  by s u b s t r a c t i  ng f rom them corresponding values o f  t h e  r e l a t i v e  

v e l o c i t y  computed f rom e x i s t i n g  models o f  t h e  g r a v i t y  f i e l d ,  t h e  a t t r a c -  

t i o n  o f  t h e  Sun and t h e  Moon, e t c .  T h i s  must be done t o  e l i m i n a t e  

e f f e c t s  n o t  i nc luded  i n  t h e  theory ,  and n o n l i n e a r i t i e s  due t o  i n e v i t a b l y  

l a r g e  depar tures  f rom t h e  p e r i o d i c a l  re fe rence  o r b i t  a long which t h e  

problem must be l i n e a r i z e d  t o  ensure a  f e a s i b l e  adjustment.  These com- 

puted values a r e  obta ined us ing  t h e  p o s i t i o n  and v e l o c i t y  o f  each 

s a t e l l i t e  a long i t s  nominal o r b i t ,  and t h i s  o r b i t  i s  c a l c u l a t e d  by 

numerical  i n t e g r a t i o n .  The e r r o r s  i n  t h e  n u m e r i c a l l y  i n t e g r a t e d  ve lo -  

c i t i e s  w i l l  show up i n  t h e  r e s i d u a l  measurements, so one must be care- 

f u l  t h a t  t h e  accuracy o f  t h e  o r i g i n a l  data  i s  n o t  s p o i l e d  by t h e  i n t r o -  

d u c t i o n  o f  a  l o t  o f  i n t e g r a t o r  n o i s e  when forming t h e  r e s i d u a l s .  My 

exper ience w i t h  t h e  numerical  i n t e g r a t o r  t h a t  I have used f o r  g e t t i n g  

t h e  r e s u l t s  o f  s e c t i o n  4 suggests t o  me t h a t ,  w i t h  a  computer whose 

double p r e c i s i o n  words a r e  Inore than 100 b i t s  long, l i k e  a  CDC machine, 



f o r  example, no ser ious numerical problems should crop up. O f  course, 

one must a l s o  use a very  good numerical i n t e g r a t o r ,  b u t  probably no th ing  

beyond t h e  present  s t a t e  o f  t h e  a r t .  

Dur ing some procedures, l i k e  t h e  i t e r a t i o n  o f  t h e  s o l u t i o n ,  f o r  example, 

i t  becomes necessary t o  compute nominal o r b i t s  us ing very  h igh  degree 

spher i ca l  harmonic expansions f o r  t h e  g r a v i t a t i o n a l  accel  e ra t ions .  Th is  

cannot be done by t h e  usual method o f  adding up t h e  terms o f  those se r ies  

a t  t h e  p o i n t  o f  computation, as t h a t  would r e q u i r e  a  tremendously. long 

t ime. An a l t e r n a t i v e  t h a t  has been contemplated f o r  many years, b u t  

seldom, i f  ever, used, because no r e a l  need f o r  i t  has ex is ted  so f a r ,  

i s  t o  compute t h e  acce le ra t ions  on a r e g u l a r  g r i d  and then t o  i n t e r p o -  

l a t e  them t o  t h e  places i n  t h e  o r b i t s  where they a re  needed. Ca lcu la t ing  

spher i ca l  harmonic expansions on r e g u l a r  g r i d s  (constant  increments i n  

l a t i t u d e  and i n  l ong i tude)  cover ing t h e  whole wor ld  can be done most 

e f f i c i e n t l y  and i n  a  few minutes us ing today 's  machines, even when Nmax 

i s  as h igh  as 300. For determin ing o r b i t s ,  one needs a th ree  dimensional 

g r i d ,  made up o f  a  succession o f  contiguous and concen t r i c  spher i ca l  

s h e l l s ,  each d i v i d e d  i n  a  r e g u l a r  a r r a y  o f  pa ra l l e lep ipeds  t h e  bases o f  

which form a r e g u l a r  two-dimensional g r i d  on t h e  bottom spher i ca l  sur -  

face o f  t h e  s h e l l .  A t  t h e  v e r t i c e s  o f  each c e l l ,  t h e  t h r e e  acce le ra t ions  

a,, a  aA a r e  computed us ing an e f f i c i e n t  procedure l i k e  those des- 
(3' 

c r i b e d  i n  (Colombo, 1981b). The i n t e r p o l a t i o n  from t h e  v e r t i c e s  t o  a  

p o i n t  i n s i d e  can be done by some simple and f a s t  scheme, and more p o i n t s  

f rom neighbor ing c e l l s  cou ld  be invo lved.  The accuracy o f  t h e  procedure 

would depend on t h e  s i z e  o f  the  c e l l s ,  and on t h e  number o f  v e r t i c e s  

used. L inear  i n t e r p o l a t i o n  o f  any k i n d  cons is ts  i n  m u l t i p l y i n g  t h e  values 

a t  t h e  nodes by c e r t a i n  weights and then adding them up together .  The 

weights w i l l  be d i f f e r e n t  f o r  c e l l s  w i t h  d i f f e r e n t  mean l a t i t u d e s  and 

he ights ,  b u t  t h e  same f o r  those i n  t h e  same s h e l l  and l a t i t u d e ,  as t h e  

g r i d  must have r o t a t i o n a l  symmetry about t h e  E a r t h ' s  ax is .  Th is  means 

t h a t  o n l y  the  weights o f  c e l l s  i n  one wedge, c u t t i n g  across t h e  whole 

system o f  s h e l l s  and running from pole  t o  pole,  a re  needed, because 

they  repeat  themselves i n  t h e  c e l l s  outs ide.  The 3-dimensional s e t  o f  

a l l  t h e  values o f  t h e  t h r e e  acce le ra t ions  i s  bound t o  be q u i t e  huge, 

as smal l and, the re fo re ,  numerous c e l l s  a r e  needed. But  i t  can be 

s to red  i n  mass s torage devices, such as magnetic d isks,  arranged i n  



f i l e s  o f  a  s imp le  sequencial  o rgan iza t i on .  I n  each, t h e  s h e l l s  w i l l  be 

represented by consecut ive  s u b - f i l e s ,  and i n  those, t h e  rows o f  c e l l s  

of equal l a t i t u d e  by sma l le r  consecut ive  s u b - f i l e s  i n  which t h e  c e l l s  

a r e  s t o r e d  s e q u e n t i a l l y  by l ong i tude .  Knowing t h e  approximate i n i t i a l  

c o n d i t i o n s ,  t h e  o r b i t  can be i n t e g r a t e d  w i t h  s u f f i c i e n t  accuracy t o  

p r e d i c t  th rough which c e l l s  t h e  s a t e l l i t e s  w i l l  pass w i t h i n  a  c e r t a i n  

per iod,  us ing  o n l y  a  few terms o f  t h e  spher i ca l  harmonic expansion 

( c e n t r a l  f o r c e  and ob la tness )  t o  compute rough es t imates  o f  t h e  o r b i t s .  

Once t h e  c e l l s  needed a r e  i d e n t i f i e d  i n  t h i s  way, t h e  values o f  t h e  

a c c e l e r a t i o n s  a t  t h e i r  v e r t i c e s ,  and t h e  corresponding weights,  which 

may be i n  a  separate  f i l e ,  can be p i cked  up by scanning s e q u e n t i a l l y  

th rough t h e  da ta  s e t  on d i s k .  Wi th  a  s u i t a b l e  arrangement o f  t h e  f i l e s ,  

t h e y  have t o  be searched o n l y  once i n  t h i s  manner. 

The c r u c i a l  p o i n t  i s  t h e  i n t e r p o l a t i o n  scheme and t h e  s i z e  o f  t h e  c e l l s ,  

as both  determine t h e  accuracy o f  t h e  i n t e r p o l a t e d  values.  T h i s  accuracy 

shou ld  be h i g h  enough t o  guarantee t h a t  t h e  i n t e r p o l a t i o n  e r r o r s  s h a l l  

n o t  c o r r u p t  t h e  r e s i d u a l  measurements. The acce le ra t i ons ,  i n  t h e i r  

s p h e r i c a l  harmonics form, a r e  f u n c t i o n s  o f  r, Q, and A ,  and can be 

i n t e r p o l a t e d  as such by a  c a r e f u l l y  chosen f i n i t e  d i f f e r e n c e s  scheme. 

Dur ing my s t a y  i n  D e l f t ,  E.O. Schrama has t e s t e d  one such scheme and 

found t h a t  t h e  o r b i t s  computed us ing  t h e  i n t e r p o l a t e d  a c c e l e r a t i o n s  

were v i r t u a l l y  as accu ra te  as those c a l c u l a t e d  w i t h o u t  i n t e r p o l a t i o n .  

He used a  f i e l d  of zonals, complete t o  degree 300, a  t e n  seconds' i n t e -  

g r a t i o n  step,  and t h e  same i n t e g r a t i o n  sub rou t i ne  t h a t  I have used f o r  

t h e  work r e p o r t e d  i n  nex t  sec t i on .  M r .  Schrama i s  f i n i s h i n g  h i s  su r -  

vey ing degree a t  t h e  Department o f  Geodesy, and d i d  h i s  work under t h e  

s u p e r v i s i o n  o f  Pro fessor  Rummel. H i s  r e s u l t s  g i v e  me conf idence t h a t  

s imp le  and ve ry  e f f i c i e n t  i n t e r p o l a t i o n  schemes can be found t o  com- 

pu te  o r b i t s  us ing  ve ry  h i g h  r e s o l u t i o n  g r a v i t y  f i e l d  models. These 

schemes can be used, o f  course, w i t h  low degree f i e l d s  as w e l l ,  and 

do ing so can r e s u l t  i n  a  g r e a t  deal  o f  t i m e  and money be ing saved i n  

t h e  r o u t i n e  o p e r a t i o n  o f  computing o r b i t s  t h a t  goes on nowdays i n  

many places round t h e  wor ld.  

( e )  Two d i f f e r e n t  o r b i t a l  p lanes.  

The ideas developed here  f o r  t h e  case o f  two s a t e l l i t e s  f o l l o w i n g  much 

t h e  same course, so they  share a  common re fe rence  o rb i t , can  be gene- 



r a l i z e d  t o  a  s i t u a t i o n  i n  which t h e  o r b i t a l  p lanes a r e  so d i f f e r e n t  t h a t  

two separate  re fe rence  o r b i t s  a r e  needed, one f o r  each spacec ra f t .  I n  

t h i s  case, t h e  r o t a t i o n a l  symmetry o f  t h e  da ta  d i s t r i b u t i o n  t h a t  under- 

p i n s  t h e  e f f i c i e n t  adjustment o f  t h e  p o t e n t i a l  c o e f f i c i e n t s  can be ob- 

t a i n e d  by making each re fe rence  o r b i t  i d e n t i c a l ,  except f o r  a  r o t a t i o n  

o f  t h e  o r b i t a l  plane, and c losed and p e r i o d i c  as descr ibed i n  s e c t i o n  2. 

The l i n e a r i z e d  model w i l l  c o n t a i n  a  l a r g e r  number o f  terms, as t h e  

ou t -o f -p lane  p e r t u r b a t i o n s  must be inc luded,  so t h e  computat ions must 

be somewhat more l a b o r i o u s  than  w i t h  cop lanar  o r b i t s .  A  p o s s i b l e  advan- 

tage would be t h a t ,  as t h e  da ta  i s  s e n s i t i v e  t o  East-West f o r c e s  as w e l l  

as t o  North-South ones, t h e  t e s s e r a l s  and s e c t o r i a l s  may be es t imated 

b e t t e r  t han  w i t h  t h e  two s a t e l l i t e s  moving i n  t h e  same mer id iona l  p lane 

(see a l s o  t h e  comments a t  t h e  end o f  paragraph (1 .4 ) ) .  

3.11 The da ta  as " p o i n t "  measurements. 

The d i s c u s s i o n  i n  t h i s  r e p o r t  i s  centered on t h e  e s t i m a t i o n  o f  t h e  AC;, 
f rom a  v i r t u a l l y  u n i n t e r r u p t e d  stream o f  data,  l o n g  enough f o r  i t  t o  

" b i t e  i t s  t a i l " .  T h i s  i s  what one hopes t o  o b t a i n  o u t  o f  a  g r a v i t y  f i e l d  

mapping miss ion,  t h i s  i s  what t h e  m iss ion  i s  supposed t o  g i ve .  But  w i l l  

i t ?  I f  not ,  what? A  break i n  t h e  da ta  o f  a  few minutes i s  n o t  f a t a l ,  as 

one cou ld  f i l l  t h e  gap w i t h  i n t e r p o l a t e d  values f rom t h e  measurements 

taken near bo th  ends o f  it. Several such gaps would d e t e r i o r a t e  t h e  

r e s u l t s .  One o r  more l a r g e r  gaps, where a  s u b s t a n t i a l  p a r t  o f  a  r e v o l u -  

t i o n  i s  miss ing,  cou ld  pu t  "pa id "  t o  t h e  whole idea.  A  break due t o  a  

m a l f u n c t i o n  t h a t  l a s t e d  more than one r e v o l u t i o n  would do t h a t  f o r  sure.  

A t  one end o f  t h e  range o f  p o s s i b i l i t i e s ,  n o t  a  s i n g l e  obse rva t i on  i s  

missed, t h e  stream i s  l o n g  enough t o  " b i t e  i t s e l f U , a n d  t h e  ideas pro- 

posed so f a r  can be app l i ed .  A t  t h e  o t h e r  end, t h e r e  a r e  so many breaks 

t h a t  o n l y  over  some reg ions  t h e  coverage i s  adequate, and one must 

r e s o r t  t o  making l o c a l  maps o f  those, g i v i n g  up on g l o b a l  methods. It 

i s  t h e  m idd le  s i t u a t i o n t h a t  i s  a  problem: a  g l o b a l  coverage, b u t  t o o  

many breaks.  I n  t h i s  case one would l i k e  t o  do l o c a l  s o l u t i o n s  ove r  

those  areas w i t h  t h e  denser coverage, and s t i l l  g e t  some k i n d  o f  g l o b a l  

model u s i n g  a l l  t h e  da ta  a v a i l a b l e ,  even i f  some corners  must be c u t  t o  

r e a l i z e  t h i s ,  so t h e  r e s u l t s  a r e  l i k e l y  t o  be l e s s  than t h e  abso lu te  

bes t .  It i s  a  ques t i on  o f  do ing something a t  a l l .  I n  t h i s  s i t u a t i o n ,  

one cou ld  rega rd  t h e  measurements, n o t  as samples i n  a  t i m e  se r ies ,  b u t  



as " p o i n t "  measurement taken w i t h  an ins t rument  s e n s i t i v e  t o  some aspects 

o f  t h e  g r a v i t y  f i e l d ,  which e x i s t s  i n  space. 

Looking a t  express ion (3.4.16) f o r  t h e  r e s i d u a l  s i g n a l ,  t h i s  c o u l d  be 

w r i t t e n ,  i g n o r i n g  t h e  a p e r i o d i c  terms, as 

'L - 
w i t h  $,, = $ -mLo, L, be ing t h e  l o n g i t u d e  o f  t h e  ascending node a t  r , ,  

mcr 
t h e  f i r s t  t i m e  t h e  re ference p o s i t i o n  o f  t h e  m idd le  p o i n t  between s a t e l -  

l i t e s  reaches per igee.  But  m(e8 t+L0)  = mx, so 

s i  = X AY, inmj[sin( jnot+$mm.)co~ m x + ~ o s ( j n , t + ' $ ~ ~ ) s i n  mhl 
nma J 

The va lues o f  c o ~ ( j n ~ t + ? ~ ~ )  and ~ i n ( j n , t + $ ~ ~ )  repea t  t h e ~ s e l v e s  f o r  a l l  j 

o n l y  a t  those t imes t,, t,, . . . , ti when t h e  corresponding ang les  noti 

a r e  congruous w i t h  each o ther ,  i .e., d i f f e r  by whole m u l t i p l e s  o f  2n. 

Because t h e  re fe rence  o r b i t  i s  p e r i o d i c a l ,  whenever t h i s  congruence 

occurs,  b o t h  r and F '  determine t h e  same p o i n t  i n  t h e  o r b i t a l  plane, f o r  

an observer  f i x e d  t o  t h i s  plane. Therefore,  r and (p i n  E a r t h - f i x e d  coor -  

d i n a t e s  a r e  a i s o  t h e  same. The c o n g r u i t y  o f  n o t  means t h a t  t h e  s a t e l l i t e  

i s ,  a t  such t imes, always i n  an ascending pass ( t h e  h a l f  o f  a  r e v o l u t i o n  

where t h e  s a t e l l . i t e s  c rose t h e  equator  go ing Nor th )  o r  i n  a  descending 

pass ( t h e  o t h e r  h a l f ) .  So, i f  measurements taken a long ascending passes 

a r e  cons idered separate  f rom t h e  o thers ,  t h e  p e r i o d i c a l  p a r t  o f  t h e  

s i g n a l  i n  them i s  a  f u n c t i o n  o f  p o s i t i o n ;  t h e  same i s  t r u e ,  o f  course, 

o f  measurements taken  a long  descending passes. 

As t h e  E a r t h  r o t a t e s  and t h e  o r b i t a l  p lane  precesses, t h e  common r e f e -  

rence o r b i t  (he re  I am assuming t h a t  t h e  two s a t e l l i t e s  have been 

k e p t  c l o s e  enough t o  it, i n  s p i t e  of m a l f u n c t i o n s )  sweeps a 
s u r f a c e  o f  r e v o l u t i o n  round t h e  s p i n  a x i s ,  i n  Ea r th - f i xed  space. As t h e  

measurements a r e  taken no more than  a  few hundred meters away from t h i s  



surface, and t h e  s p h e r i c a l  harmonics r e f l e c t e d  i n  them change v e r y  s l i g h t l y  

ove r  such d is tances,  i t  i s  p o s s i b l e  t o  assume t h a t  t h e y  have been taken 

a c t u a l l y  on the surface, and t o  ass ign t o  them t h e  coo rd ina tes  r, (p, x o f  

t h e  p r o j e c t i o n  on i t  o f  t h e  m idd le  p o i n t  between s a t e l l i t e s .  I t i s  p o s s i b l e  

t o  subd iv ide  t h e  s u r f a c e  w i t h  a g r i d  o f  l i n e s  o f  cons tan t  l a t i t u d e  and 

long i tude ,  and ass ign  t o  each b l o c k  t h e  va lue  o f  t h e  average o f  a l l  mea- 

surements taken when t h e  s a t e l l i t e s  were on ascending passes ove r  them. 

Another s e t  o f  mean va lues can be formed u s i n g  t h e  descending passes. 

These two s e t s  o f  g r i d e d  d a t a  can be processed q u i t e  e f f i c i e n t l y ,  because 

they  a r e  o f  t h e  form 

s s ( i , j )  = e A C R  1 (Func t i on  o f  (p)dv 1 {:i:jmx (3.11.1a) 

(ascending (pi (ascending) x 
j 

and j+l 

s s ( i  , j )  = e AE' (Func t i on  o f  (p)dcp 1 i:i:~mx (3.11.1bj 

(descending ) 
m 

(descending) 1 
i j 

where G s ( i  , j )  i n d i c a t e s  an area mean, i, j i d e n t i f y  a p a r t i c u l a r  b l o c k  i n  

t h e  g r i d ,  and t h e  g r i d  has r o t a t i o n a l  symmetry. A lgor i thms f o r  l e a s t  

squares adjustment and l e a s t  squares c o l  l o c a t i o n  e x p l o i t i n g  t h i s  symmetry 

a r e  discussed i n  d e t a i l  i n  (Colombo, 1981b). One problem i s  t h a t  t h e  

accuracy o f  t h e  mean values changes w i t h  t h e  number o f  measurements pe r  

b lock .  As i n d i c a t e d  i n  t h e  work j u s t  mentioned, i f  a l l  b locks  a t  t h e  same 

l a t i t u d e  a r e  assigned a f i c t i t i o u s  accuracy equal t o  t h e  mean accuracy 

f o r  a l l  such b locks ,  and an e f f i c i e n t  e s t i m a t i o n  a l g o r i t h m  i s  s e t  up on 

t h i s  bas is ,  t h e  r e s u l t ,  w h i l e  n o t  a b s o l u t e l y  optimum, i s  t h e  b e s t  e s t i -  

mate t h a t  such an e f f i c i e n t  procedure can prov ide.  T h i s  i s  r e a l l y  a 

m ino r  problem, because a t  t h i s  s tage one i s  t r y i n g  t o  do what one can 

w i t h  whatever one can ge t .  Another problem i s  t h e  e l i m i n a t i o n  o f  t h e  

non -pe r iod i c  p a r t  o f  t h e  s i g n a l .  The s e c u l a r l y  growing o s c i l l a t i o n s  

cou ld  be removed by ana lyz ing  ove r lapp ing  passes, as exp la ined i n  para- 

graph (3.4) .  The f r e e  response terms a t  0, no, 2no and 3no, which a r e  

d i scon t inuous  f rom a r c  t o  arc ,  cannot be es t imated i n  t h i s  way, o r  i n  

any o t h e r  way I can t h i n g  o f ,  f rom ove r lapp ing  o r  f rom i n t e r s e c t i n g  

passes. The b e s t  t h i n g  t o  do, probably,  i s  t o  use as much i n f o r m a t i o n  

as p o s s i b l e  about t h e  g r a v i t y  f i e l d  when computing t h e  nominal o r b i t s ,  

so t h e  i n i t i a l  s t a t e  e r r o r s ,  and t h e  r e l a t e d  o s c i l l a t i o n s ,  a r e  kep t  



smal l .  Fo r tuna te l y ,  f o r  t h e  Ear th  t h e r e  i s  a l ready  a  g r e a t  deal  o f  i n f o r -  

mat ion,  r e f l e c t e d  i n  g r a v i t y  f i e l d  models l i k e  GEM 10C (Lerch e t  a l . ,  

1981) and s i m i l a r  h i g h  r e s o l u t i o n  maps. These have come about s ince  t h e  

l a t e  seven t ies  thanks t o  t h e  a v a i l a b i l i t y  o f  a  g r e a t  dea l  o f  s a t e l l i t e  

a l t i m e t r y  da ta  f rom t h e  GEOS-3 and SEASAT miss ions,  combined w i t h  l a n d  

g rav ime t ry  accumulated, th rough i n t e r n a t i o n a l  exchanges, i n  l a r g e  da ta  

banks. A f t e r  hav ing obta ined a  f i r s t  es t ima te  o f  t h e  A C ; ~  by process ing 

t h e  s a t e l l i t e - t o - s a t e l l i t e  t r a c k i n g  da ta  i n  t h e  way o u t l i n e d  here, i t  

i s  p o s s i b l e  t o  use t h i s  r e s u l t  t o  recompute t h e  nominal o r b i t s ,  fo rm new 

r e s i d u a l  measurements, and i t e r a t e  t h e  s o l u t i o n ,  hoping t o  improve i n  

t h i s  way on t h e  prev ious one. 

The use o f  a  s u r f a c e  o f  r e v o l u t i o n  generated by a  p e r i o d i c  o r b i t  has been 

proposed r e c e n t l y  by Rummel and Colombo (1983) f o r  t h e  process ing o f  mea- 

surements o f  a  g r a v i t y  gradiometer c a r r i e d  by a  s a t e l l i t e  which a r e  

" p o i n t "  measurements, as an a l t e r n a t i v e  techn ique f o r  mapping t h e  g r a v i t y  

f i e l d .  

3.12 Local  s o l u t i o n s .  

As an a l t e r n a t i v e  t o  g l o b a l  m a p p i n g  o f  t h e  geopo ten t i a l ,  which i n v o l v e s  

e s t i m a t i n g  t h e  s p h e r i c a l  harmonic p o t e n t i a l  c o e f f i c i e n t s  o r  equiva- 

l e n t  parameters, t h e r e  i s  ZocaZ m a p p i n g  where da ta  c o l l e c t e d  over  a  

l i m i t e d  r e g i o n  areused t o  es t ima te  t h e  parameters o f  a  two-dimensional 

f u n c t i o n  d e f i n e d  on t h i s  r e g i o n  ( b i c u b i c  sp l i nes ,  2-0 F o u r i e r  se r ies ,  

area means, e t c . ) .  T h i s  f u n c t i o n  u s u a l l y  represents  boundary va lues on 

t h e  E a r t h ' s  sur face,  such as geo id  undu la t i ons  o r  g r a v i t y  anomies, t h a t  

a r e  s u s c e p t i b l e  o f  upward-cont inuat ion i f  t h e y  a r e  known over  a  s u f f i -  

c i e n t l y  l a r g e  area. G r a v i t y  f i e l d  maps a r e  commonly c a l l e d  " s o l u t i o n s " ,  

presumably because t h e  main j o b  i n  making them i s  t o  s o l v e  a  r a t h e r  

l a r g e  system o f  normal equat ions i n  o r d e r  t o  f i t  some f u n c t i o n  t o  t h e  

data .  Be as i t  may, t h e  usefu lness o f  l o c a l  s o l u t i o n s  i s  v e r y  conside- 

r a b l  e. I f  t h e r e  a r e  n o t  enough da ta  t o  go around, t h e y  a r e  t h e  o n l y  poss i  

b i l i t y  and g l o b a l  mapping i s  ou t .  I f  t h e  d i s t r i b u t i o n  o f  da ta  i s  t o o  

i r r e g u l a r  t o  use e legan t  methods based on u n i n t e r r u p t e d  da ta  streams 

and " t a i l  b i t i n g " ,  t h e y  a r e  t h e  o n l y  choice,  as a  g l o b a l  adjustment,  

though p o s s i b l e  i n  theory ,  r e q u i r e s  t o o  much computing i n  p r a c t i c e ,  so 

it i s  n o t  f e a s i b l e .  Instead, one makes many l o c a l  so l ' u t i ons  u n t i l  t hey  



cover t h e  whole world, and then " s t i t c h e s  them up" i n  some way o r  another, 

l i k e  a  c r a z y - q u i l t .  But even when a  g loba l  s o l u t i o n  i s  poss ib le  both i n  

theory  and i n  p rac t i ce ,  l o c a l  s o l u t i o n s  s t i l l  have a  ve ry  important,  if 
complementary, r o l e  t o  play.  There a re  reg ions i n  our  p lane t  (and, presuma- 

b l y ,  i n  o thers  which some day may be s tud ied by these methods) where the  

g r a v i t a t i o n a l  f i e l d  presents s t rong  and sharp anomalies; such reg ions 

stand o u t  i n  a  map o f  the  ocean sur face obtained from s a t e l l i t e  a l t i m e t r y ,  

and a re  i n t i m a t e l y  r e l a t e d  t o  cracks and f o l d s  i n  t h e  c r u s t .  Where these 

cracks and f o l d s  occur, a  number o f  geophysical processes a re  a t  work 

shaping t h e  c r u s t  and upper mantle, so t h e  s tudy o f  these reg ions i s  o f  

g r e a t  i n t e r e s t .  T y p i c a l l y ,  a long a  major f a u l t  o r  mountain system t h e r e  

a r e  s t rong  and narrow anomalous features i n  t h e  f i e l d ,  perhaps a  hundred 

k i lometers  across and a  thousand o r  more i n  length.  The d e t a i l s  o f  these 

anomalies, even i f  they  were de tec tab le  w i t h  a  s a t e l l i t e  p a i r ,  would be 

near t h e  l i m i t  o f  r e s o l u t i o n  o f  a  spher i ca l  harmonic model w i t h  a  maximum 

degree o f  300 o r  thereabouts, a t  l e a s t  i n  one o f  t h e i r  dimensions. To be 

a b l e  t o  see them c l e a r l y  one might  need a  maximum degree o f  400 o r  h igher ,  

w i t h  c l o s e  t o  200000 c o e f f i c i e n t s .  On t h e  o the r  hand, most o f  t h e  wor ld  

i s  a c t u a l l y  very  " f l a t "  and unevent fu l  i n  terms o f  g r a v i t y  anomalies. So 

many o f  the  c o e f f i c i e n t s  would be dedicated t o  model l ing what happens 

over a  small p o r t i o n  o f  our p lanet ,  and on t h e  r e s t  o f  i t  they would be 

j u s t  f i t t i n g  t h e  no ise  i n  t h e  data, assuming t h a t  one uses o r d i n a r y  

l e a s t  squares adjustment. When us ing c o l l o c a t i o n ,  o r  a  s i m i l a r  k i n d  o f  

cond i t i on ing ,  t h e  map w i l l  probably no t  r e f l e c t  the  f i n e s t  d e t a i l ,  

regard less o f  how many c o e f f i c i e n t s  a re  estimated, because such methods 

tend t o  g i v e  a  smoothed p i c t u r e  o f  t h e  f i e l d .  

A l o c a l  s o l u t i o n ,  on t h e  o the r  hand, can p rov ide  as d e t a i l e d  a  p i Q t u r e  

of an anomalous reg ion  as t h e  data would a l low,  by us ing a l l  t h e  para- 

meters t o  descr ibe j u s t  t h a t  reg ion  and noth ing e lse.  But i t  would be 

needless ly  time-consuming t o  map t h e  whole wor ld  i n  l i t t l e  b i t s ,  most 

o f  which would cover r a t h e r  fea tu re less  areas. So g l o b a l  and l o c a l  so lu-  

t i o n s  complement each other :  t h e  ones p r o v i d i n g  t h e  main t rends and 

broader out1 ines, t h e  o thers  focus ing on i n t e r e s t i n g  d e t a i l s  whi le ,  

perhaps, combining sate1 l i t e - t o - s a t e l l  i t e  t r a c k i n g  data w i t h  o t h e r  mea- 

surements and w i t h  knowledge o f  geo log ica l  s t ruc tu res ,  something much 

eas ie r  t o  do i n  l o c a l  maps. 



One problem w i t h  l o c a l  s o l u t i o n s  i s  t h a t  they tend t o  be numer i ca l l y  

unstab le .  To some ex ten t ,  o b t a i n i n g  a  g loba l  s o l u t i o n  f i r s t ,  and us ing  

i t  as a  re fe rence  f i e l d  t o  c r e a t e  r e s i d u a l  data  f o r  t h e  l o c a l  ones 

a f terwards,  cou ld  reduce t h e  numerical d i f f i c u l t i e s  by  removing t h e  

t rends and l e a v i n g  o n l y  fas t -changing anomalies t o  be mapped. Trends 

de -es tab i l i ze ,  as anybody who has t r i e d  f i t t i n g  low-degree polynomials 

t o  c l o s e l y  packed data  knows. Removing t rends i s ,  o f  course, o n l y  p a r t  

o f  t h e  answer t o  i n s t a b i l i t y ,  and t h e  impor tant  ques t ion  o f  how t o  

o b t a i n  good l o c a l  s o l u t i o n s  remains an open one a t  t h i s  t ime. 



Summary. 

The da ta  t o  be analyzed c o n s i s t  of t h e  measured va lues o f  t h e  l i n e - o f - s i g h t  

v e l o c i t y  minus t h e  va lues c a l c u l a t e d  f rom o r b i t s  i n t e g r a t e d  n u m e r i c a l l y  on 

t h e  b a s i s  o f  e x i s t i n g  f o r c e  models; these d i f f e r e n c e s  a r e  t h e  r e s i d u a l  

measurements. The i n t e g r a t e d  o r b i t s ,  f i t t e d  t o  a l l  t r a c k i n g  da ta  a v a i l a b l e ,  

a r e  known as nominal o r b i t s .  The r e s i d u a l  measurements a r e  formed t o  e l i m i -  

n a t e d i s r e g a r d e d e f f e c t s ,  such as t h e  a t t r a c t i o n  o f  t h e  Sun and Moon, t i d e s ,  

p o l a r  mot ion,  r e l a t i v i s t i c  e f f e c t s ,  etc. ,  as w e l l  as non1 i n e a r i t i e s  which 

cou ld  be o the rw ise  t o o  l a r g e  t o  ignore ,  because of t h e  r a t h e r  l a r g e  depar t -  

u res  o f  t h e  a c t u a l  courses f rom t h e  r e f e r e n c e  o r b i t  a long which t h e  problem 

i s  l i n e a r i z e d .  The fo rma t ion  o f  these r e s i d u a l s ,  and t h e  use o f  t h e  space- 

c r a f t  t h r u s t e r s  t o  manoeuvre them back t o  t h e  re fe rence  o r b i t ,  c a n c e l l i n g  

o u t  undes i red long-per iod pe r tu rba t i ons ,  t end  t o  ensure t h e  v a l i d i t y  o f  

t h e  use of a  l i n e a r  model o f  t h e  ac tua l  s i g n a l ,  i n c l u d i n g  o n l y  t h e  e f f e c t s  

o f  g r a v i t a t i o n a l  anomalies and i n i t i a l  s t a t e  e r r o r s .  The obse rva t i on  equa- 

t i o n  based on t h i s  model has, t h e  same as t h e  p e r t u r b a t i o n s  discussed i n  

s e c t i o n  2, t h e  form o f  a  F o u r i e r  ser ies ,  s l i g h t l y  modulated by  

t h e  l a c k  o f  c i r c u l a r i t y  o f  t h e  r e f e r e n c e  o r b i t .  By choosing t h i s  o r b i t  

such t h a t  i t s  p e r i o d  i s  a  whole m u l t i p l e  o f  t h e d u r a t i o n  o f  t h e  da ta  stream, 

which i s  a  whole number Nd o f  days long and a l s o  an exac t  number Nr 
of r e v o l u t i o n s ,  Nd and Nr be ing r e l a t i v e  primes, t h e  normal equat ions of 

t h e  adjustment have an arrow s t r u c t u r e .  T h i s  s t r u c t u r e  appears when t h e  

a r e  grouped t o g e t h e r  by  order ,  and w i t h i n  each o rde r  by  a, and t h e  

o t h e r  unknowns, t h e  a rc  parameters, a r e  grouped separate ly ,  b y  a rc .  The 

" s h a f t "  and " t i p "  o f  t h e  "arrow" a r e  s t r i n g s  o f  d iagona l  b locks ,  t h e  " f i n s "  

on t h e  bot tom and on t h e  r i g h t  edge o f  t h e  normal m a t r i x  a r e  f u l l  r ec tang les ,  

and t h e  r e s t  i s  a l l  zeroes. The a r c  parameters r e p l a c e  t h e  o r i g i n a l  i n i t i a l  

s t a t e  e r r o r s ,  which a r e  n o t  f u l l y  es t imab le  f rom s a t e l l i t e - t o - s a t e l l i t e  

t r a c k i n g  data,  and absorb a l l  non -pe r iod i ca l  e f f e c t s  assoc ia ted w i t h  d i s -  

c o n t i n u i t i e s  between t h e  arcs ,  and w i t h  zonal  resonances p e c u l i a r  t o  t h e  

cho ice  of a  p e r i o d i c a l  re fe rence  o r b i t .  By adding a  d iagona l  m a t r i x  o f  

degree var iances t o  t h e  normal m a t r i x ,  l e a s t  squares adjustment becomes 

l e a s t  squares c o l l o c a t i o n  w i t h  parameters, a t  l e a s t  i f  one igno res  t h e  

s l  i g h t  c o r r e l a t i o n s  between these parameters and t h e  aC;,. Col l o c a t i o n  

tends t o  produce a  more smooth map o f  t h e  f i e l d ,  r e f l e c t e d  i n  sma l le r ,  

a t tenua ted  va lues f o r  t h e  h i g h e r  degree c o e f f i c i e n t s ,  compared t o  l e a s t  



squares adjustment.  It a l s o  he lps  t o  improve t h e  numerical  s t a b i l i t y  of t h e  

s o l u t i o n ,  which, f o r  some separat ions o f  t h e  spacecra f t ,  can be a f f e c t e d  

adve rse l y  by t h e  appearance o f  a t t e n u a t i o n  bands i n  t h e  spectrum o f  t h e  s i g -  

n a l  stemming f rom t h e  d i f f e r e n t i a l  n a t u r e  o f  t h e  measurements. The number o f  

c o e f f i c i e n t s  t o  be so lved f o r  can be ve ry  l a rge ,  b u t  t h e r e  a r e  p r a c t i c a l  

l i m i t s  t o  i t s  s i ze .  Fo r  many a p p l i c a t i o n s ,  going beyond Nmax = 300 may n o t  

be a l t o g e t h e r  necessary, and c a r r y i n g  so many c o e f f i c i e n t s  around would 

cause unnecessary problems t o  t h e  users.  As most h i g h  f requency anomalies 

o f  i n t e r e s t  a r e  concent ra ted i n  a  few reg ions,  such as t h e  v e c i n i t i e s  o f  

t renches, r i d g e s  and c o r d i l l e r a s ,  any i n f o r m a t i o n  about those f e a t u r e s  can 

be e x t r a c t e d  more e a s i l y  by l o c a l  s o l u t i o n s ,  which can ach ieve h i g h  r e s o l u -  

t i o n  w i t h  a  moderate number o f  parameters. The idea  o f  making l o c a l  maps, 

o r  s o l u t i o n s ,  complements, r a t h e r  than competes,with t h a t  o f  making g l o b a l  

ones. 'The ar row s t r u c t u r e  o f  t h e  normals he lps  enormously t o  a l l e v i a t e  t h e  

computing burden, b u t  i t  depends on t h e  a v a i l a b i l i t y  o f  a  v i r t u a l l y  u n i n t e r -  

r u p t e d  stream o f  da ta  d u r i n g  t h e  miss ion.  If t h i n g s  go bad ly  enough, l o c a l  

s o l u t i o n s ,  which pose no such requirements,  a r e  t h e  o n l y  way o f  o b t a i n i n g  

r e s u l t s .  I f  t h e r e  a r e  major  breaks i n  t h e  da ta  stream, b u t  s t i l l  t h e r e  i s  

enough da ta  coverage t o  a l l o w  a  g l o b a l  s o l u t i o n ,  i t  may be b e t t e r  n o t  t o  

t r e a t  t h e  da ta  as a  t ime-ser ies ,  b u t  t o  rega rd  t h e  r e s i d u a l  measurements 

as p o i n t  measurements. T h i s  ignores t h e i r  a p e r i o d i c  p a r t ,  which m igh t  be 

made q u i t e  smal l  i f  as much i n f o r m a t i o n  as i t  i s  a v a i l a b l e  nowadays on t h e  

anomalous f i e l d  ( a f t e r  two successfu l  s a t e l l  i t e  a1 t i m e t e r  m iss ions )  were 

used t o  c a l c u l a t e  t h e  nominal o r b i t s .  



4. NUMERICAL TESTS OF THE MODEL. 

P r e l i m i n a r y  comments and overview. 

Th is  s e c t i o n  presents  t h e  r e s u l t s  o f  computer s t u d i e s  c a r r i e d  o u t  t o  

v e r i f y  how a c c u r a t e l y  t h e  l i n e a r i z e d  model o f  sec t i ons  1 and 3  represents  

t h e  a c t u a l  r e l a t i v e  l i n e - o f - s i g h t  v e l o c i t y  ( o r  r e l a t i v e  range- ra te)  

between t h e  two s a t e l l i t e s .  'This has been done by computing s imula ted 

range- ra te  f rom n u m e r i c a l l y  i n t e g r a t e d  o r b i t s  i n  a  h i g h  degree ( n  = 300) 

zona l  f i e l d .  The common re fe rence  o r b i t  has been chosen e x a c t l y  p o l a r ,  

t o  s i m p l i f y  some o f  t h e  c a l c u l a t i o n s ,  w h i l e  t h e  use o f  a  zonal  f i e l d  

means t h a t  a  " t a i l - b i t i n g "  da ta  stream can c o n s i s t  o f  j u s t  one r e v o l u -  

t i o n  of t h e  spacecra f t ,  as a l l  v a r i a t i o n s  i n  t h e  f i e l d  take  p lace  w i t h  

l a t i t u d e  on ly .  These cho ices b r i n g  impor tan t  s i m p l i f i c a t i o n s  t o  t h e  

problem f rom t h e  p o i n t  o f  v iew of t h e  t o t a l  computing t i m e  needed. More 

comprehensive t e s t s ,  i n v o l v i n g  t e s s e r a l  s  t o  h i g h  degree and order ,  

would have r e q u i r e d  a  much longer  arc ,  whose c a l c u l a t i o n  was we1 l beyond 

t h e  means a v a i l a b l e  f o r  t h i s  p r o j e c t .  The l i m i t e d  t e s t s  show, neverthe- 

l ess ,  some impor tan t  c h a r a c t e r i s t i c s  o f  both  s i g n a l  and model n o t  encoun- 

t e r e d  i n  t h e  work o f  prev ious authors  who have used a n a l y t i c a l  p e r t u r -  

b a t i o n s  t o  t a c k l e  t h e  s a t e l l i t e - t o - s a t e l l i t e  t r a c k i n g  problem, and 

have been f o r c e d  t o  use v e r y  low degree s p h e r i c a l  harmonic expansions 

(up t o  degree and o r d e r  8 )  t o  be a b l e  t o  i n c l u d e  t e s s e r a l s  and s e c t o r i a l s  

w i t h o u t  p r o h i b i t i v e l y  l eng thy  c a l c u l a t i o n s .  One of these c h a r a c t e r i s t i c s  

i s  t h e  i n c r e a s i n g  e f f e c t  w i t h  harmonic degree o f  t h e  depar tures  f rom 

c i r c u l a r i t y  o f  t h e  re fe rence  o r b i t  on t h e  p e r t u r b a t i o n s .  Th i s  o r b i t  has 

been ob ta ined  by t h e  procedure desc r ibed  i n  paragraph (2 .1) ,  and i t  

c loses  ( i .e . ,  r e t u r n s  t o  t h e  same i n i t i a l  s t a t e  a f t e r  one r e v o l u t i o n )  a lmost  

p e r f e c t l y  (a  few microns d i f fe rence i n  p o s i t i o n ,  and a  few microns pe r  second 

i n  v e l o c i t y ) .  The depar tu re  from p e r f e c t  c i r c u l a r i t y  i s  o f  about * l 0  km, 

corresponding t o  a  mean e l l i p s e  w i t h  an e c c e n t r i c i t y  o f  about 1.5 X 1 0 ~ ~ .  

The depar tu re  of t h e  mean h e i g h t  from t h e  des i red  160 km, i s  a  few meters. 

The i n i t i a l  s t a t e  of t h e  nominal o r b i t s i n c l u d e d  va r ious  "e r ro rs " ,  o r  depar- 
- 1 

t u r e s  f rom t h e  " t r u e  o r b i t s " ,  o f  t h e  o r d e r  o f  10 m. and 1 0 - ~  m s  , w h i l e  t h e  

" t r u e "  o r b i t s  departed f rom t h e  re fe rence  o r b i t  by about 20 m a t  t h e  

s t a r t i n g  p o i n t ,  and n e a r l y  600 m i n  r a d i a l  d i s t a n c e  a t  t h e  p o i n t  o f  



grea tes t  separat ion, thus t e s t i n g  t h e  e f fec t i veness  o f  l i n e a r i z i n g  t h e  

problem along t h e  i n f l e x i b l e ,  c losed re ference o r b i t  o f  s e c t i o n  2. The 

i n t e g r a t o r  presented some minor problems, suggest ing t h e  need t o  use 

an improved ve rs ion  i n  more r e a l i s t i c  s imulat ions, as w e l l  as f o r  t h e  

ana lys is  o f  r e a l  data. These problems seemed t o b e  caused by  t h e  l i m i -  

t ed  a r i t h m e t i c  o f  t h e  computer (14  s i g n i f i c a n t  f i g u r e s  i n  double p r e c i -  

s ion )  and t h e  l a r g e  range i n  t h e  s i z e  of t h e  per tu rba t ions  caused by 

t h e  harmonics inc luded i n  t h e  simulated g r a v i t a t i o n a l  f i e l d .  Th is  d i f f i -  

c u l t y  cou ld  be overcome by us ing machines w i t h  20 o r  more s i g n i f i c a n t  

f i g u r e s  i n  double p rec is ion ,  a l ready w ide ly  a v a i l a b l e .  

The s tudy concentrated i n  t h e  comparison between t h e  Lumped F o u r i e r  

c o e f f i c i e n t s  o f  t h e  simulated s igna l ,  and t h e i r  values according t o  t h e  

model. To o b t a i n  these coe f f i c ien ts  i n  a  manner t h a t  made t h e  compari- 

son poss ib le ,  t h e  s igna l  had t o  be cor rected t o  e l i m i n a t e  t h e  nonperio- 

d i c a l  p a r t  ( s e c u l a r l y  i nc reas ing  o s c i l l a t i o n s  due t o  zonal resonance, 

etc.) ,  which i n  an adjustment would be absorbed by t h e  a r c  parameters 

in t roduced i n  the  prev ious sect ion.  A f t e r  t h i s  was done, t h e  agreement 

was b e t t e r  than 1% a t  most f requencies. 

The s e c t i o n  begins by desc r ib ing  t h e  var ious o r b i t s :  reference, nominal 

and t rue ,  t h e i r  d iscrepanc ies and e r r o r s  ( included t o  see how they a f f e c t  

t h e  resu l t s ) ,  t h e i r  respec t i ve  g r a v i t a t i o n a l  f i e l d s ,  t h e  method of 

i n t e g r a t i o n  and associated problems, and a  d e t a i l e d  d iscuss ion o f  t h e  

p e r i o d i c a l  re ference o r b i t .  The second paragraph in t roduces the  con- 

cept  of lumped F o u r i e r  coe f f i c ien ts ,  t h e  formulas f o r  c a l c u l a t i n g  t h e i r  

t h e o r e t i c a l  values according t o  t h e  model, and t h e  e r r o r  measures used 

t o  quan t i f y  t h e  agreement between these t h e o r e t i c a l  values and the  

simulated ones. Paragraph (4.3) re fe rs  t o  t h e  e f f e c t  o f  neg lec t ing  some 

f i r s t  order  terms when d e r i v i n g  t h e  l i n e a r i z e d  observat ion equat ions i n  

sec t ion  3, and a l s o  t o  the  in f luence o f  t h e  s l i g h t  e c c e n t r i c i t y  o f  t h e  

o r b i t  on h igh  degree per turbat ions.  F i n a l l y ,  t h e  sec t ion  c loses w i t h  a  

d i scuss ion  of t h e  r e s u l t s  o f  the  comparisons between t h e  simulated l i n e -  

o f - s i g h t  pe r tu rba t ions  and t h e i r  t h e o r e t i c a l  counterparts,  f o r  a  d i s tance  

between both s a t e l l i t e s  o f  e i t h e r  100 km o r  300 km and w i t h  va r ious  

o r b i t a l  e r r o r s .  



4.1 C h a r a c t e r i s t i c s  o f  t h e  s imu la t i ons .  

( a )  "True" and "nominal"  o r b i t s ,  and " o r b i t a l  e r r o r s " .  

The r e l a t i v e  l i n e - o f - s i g h t  v e l o c i t y  ( o r  r e l a t i v e  range- ra te)  between two 

s a t e l l i t e s  was s imula ted by i n t e g r a t i n g  two separate  p o l a r  o r b i t s ,  s t a r t -  

i n g  f rom i n i t i a l  c o n d i t i o n s  i d e n t i c a l  t o  t h e  p o s i t i o n s  and t h e  v e l o c i t i e s  

a t  two p o i n t s  on t h e  re fe rence  o r b i t  ( a l s o  p o l a r )  symmetrical r e s p e c t  t o  

pe r igee  ( F '  = 0) ,  o r  e l s e  d i f f e r i n g  f rom such p o s i t i o n  and v e l o c i t y  by 

s p e c i f i e d  q u a n t i t i e s .  The v e l o c i t y  on each " t r u e "  o r b i t  was p r o j e c t e d  

a long t h e  l i n e - o f - s i g h t  d i r e c t i o n s  and t h e  d i f f e r e n c e  o f  t h e  p r o j e c t i o n s  

was t h e  s imu la ted  " t r u e "  instantaneous r e l a t i v e  v e l o c i t y .  The r e s i d u a l s  

6s were c rea ted  by s u b s t r a c t i n g  f rom t h e  " t r u e "  range- ra te  t h e  range- ra te  

corresponding t o  t h e  nominal o r b i t s .  These were i n t e g r a t e d  u s i n g  a  f i e l d  

t r u n c a t e d  a t  degree n  = 30. These o r b i t s  had t h e  same i n i t i a l  c o n d i t i o n s  

as t h e  " t r u e "  ones, sometimes m o d i f i e d  by " o r b i t  e s t i m a t i o n  e r r o r s "  added 

t o  them. These " e r r o r s " ,  f o r  each nominal o r b i t ,  were about 10 m i n  

r a d i a l  component, a  change i n  a long - t rack  v e l o c i t y  s u f f i c i e n t  t o  cancel  

o u t  t h e  r e s u l t i n g  r e l a t i v e  d r i f t  between " t r u e "  and "nominal"  o r b i t s  

(see express ion (2.4.5)),and k50 m i n  t h e  ac ross - t rack  d i r e c t i o n .  The 

c o n d i t i o n  o f  zero  r e l a t i v e  d r i f t  was chosen t o  s imula te ,  rough ly ,  t h e  

n a t u r e  o f  t h e  e r r o r s  f o l l o w i n g  t h e  adjustment o f  t h e  i n i t i a l  c o n d i t i o n s  

of a  reasonably l ong  a r c  ( seve ra l  days of t r a c k i n g  f rom ground s t a t i o n s  

as w e l l  as between s a t e l l i t e s ) ,  where any s u b s t a n t i a l  r a t e  o f  d r i f t  would 

e v e n t u a l l y  r e s u l t  i n  e r r o r s  between p r e d i c t e d  and observed q u a n t i t i e s  

s u f f i c i e n t l y  l a r g e  t o  be de tec ted  and c o r r e c t e d  by t h e  adjustment proce- 

dure. The s i z e  o f  t h e  r a d i a l  e r r o r s  was choosen cons ide r ing  t h a t ,  w i t h  

s u f f i c i e n t  t r a c k i n g  and t h e  use o f  as much i n f o r m a t i o n  on t h e  g r a v i t a -  

t i o n a l  f i e l d  as i s  conta ined i n  present  day Ear th  models complete t o  

degree and o r d e r  180 (such as GEM 10C, (Lerch e t  a l . ,  1981)) ,  a  10 m 

u n c e r t a i n t y  f o r  a  low s a t e l l i t e  i s  probab ly  reasonable.  Across- t rack  

e r r o r s  a r e  harder  t o  de tec t ,  i f  f o r  no b e t t e r  reason t h a t  t h e  s a t e l l i t e -  

t o - s a t e l l i t e  t r a c k i n g  da ta  should convey i n s i g n i f i c a n t  i n f o r m a t i o n  about 

t h e  out -o f -p lane mot ions,  i n  t h e  case o f  a  common o r b i t a l  p lane  s t u d i e d  

here. The d iscrepancy between t h e  s t a r t  o f  each " t r u e "  o r b i t  and t h e  

re fe rence  o r b i t  was chosen i d e n t i c a l  f o r  both,  on t h e  t h e o r y  t h a t  con- 

t r o l i n g  manoeuvres t o  keep t h e  spacec ra f t  near t h e i r  re fe rence  course 



would be l a r g e l y  d i r e c t e d  by t h e  i n f o r m a t i o n  i n  t h e  r e l a t i v e  l i n e - o f -  

s i g h t  v e l o c i t y  measurements, as these would be t h e  b u l k  o f  t h e  da ta  

a v a i l a b l e .  As a  r e s u l t ,  r e l a t i v e  d i sc repanc ies  can be co r rec ted  b e t t e r  

t han  abso lu te  ones, and t h e  s a t e l l i t e s  a r e  l i k e l y  t o  be p u t  ( j u s t  a f t e r  

a  c o r r e c t i v e  manoeuvre) a lmost  on t h e  same o r b i t ,  p a r a l l e l  t o  t h e  r e f e -  

rence one b u t  separated f rom i t  by  a  common o f f s e t .  T h i s  o f f s e t  must 

v a r y  as t i m e  goes by, but ,  as b o t h  spacec ra f t  a r e  c l o s e  t o  each 

o the r ,  i t s  change i s  l i k e l y  t o  be determined by much t h e  same 

causes a c t i n g  s imul taneous ly  on both,  so t h e i r  d i s tances  from t h e  

re fe rence  o r b i t  a r e  always n e a r l y  equal .  The i n i t i a l  o f f s e t s  were of 

some 20 m, which must r e s u l t  i n  a  peak separa t i on  o f  about 60 m  (see 

express ion (2.4.2) ) , a  separa t i on  f rom t h e  d e s i r e d  re ference t r a j e c -  

t o r y  easy t o  d e t e c t  f rom t h e  a n a l y s i s  o f  t r a c k i n g  data.  A l l  o r b i t s  

were chosen as e x a c t l y  p o l a r  (except  f o r  t h e  ac ross - t rack  e r r o r s  i n  

t h e  nominal ones) t o  s impl  i f y  t h e  computations, p a r t i c u l a r l y  those of 

t h e  F o u r i e r  c o e f f i c i e n t s  of t h e  f o r c i n g  terms o f  t h e  v a r i a t i o n a l  equa- 

t i o n s  (see paragraph ( 2 . 3 ) ) .  The " t r u e "  f i e l d ,  and those o f  t h e  r e f e -  

rence and nominal o r b i t s ,  were a l l  p u r e l y  zonal ,  and t h e  c o e f f i c i e n t s  

f o r  t hose  zonals common t o  a l l  t h r e e  were i d e n t i c a l .  The cho ice  o f  a  

zonal  f i e l d  was d i c t a t e d  by t h e  l i m i t e d  a v a i l a b i l i t y  o f  computing 

resources,as t h e  o n l y  way t o  t e s t  t h e  t h e o r y  up t o a  s u f f i c i e n t l y  h i g h  

degree ( n  = 300) w i t h o u t  t h e  v e r y  l a r g e  e f f o r t  i n  deve lop ing and runn ing  

t h e  programs which would be needed i f  t e s s e r a l s  and s e c t o r i a l s  were i n -  

c luded. T h i s  happened because I had chosen t o  l o o k  a t  t h e  F o u r i e r  coe f -  

f i c i e n t s  o f  t h e  s imula ted s igna l ,  which can be computed i n  a  way t h a t  

makes them comparable t o  t h e i r  a n a l y t i c a l  coun te rpa r t s  o n l y  f rom a rcs  

l a s t i n g  an exact  number o f  r e v o l u t i o n s ,  o r  " b i t i n g  t h e i r  own t a i l s " ,  

so t h e  da ta  stream i s  p e r i o d i c .  Otherwise, a  s i g n i f i c a n t  excess ( o r  

d e f e c t )  i n  comple t ing  t h e  l a s t  t u r n  cou ld  r e s u l t  i n  numerical  a r t i f a c t s  

t h a t  f a l s i f y  t h e  r e s u l t s .  To o b t a i n  a  " t a i l  b i t i n a "  o r b i t  w i t h  h i g h  

degree tesse ra l s ,  one has t o  i n t e g r a t e  a  v e r y  l ong  a r c ,  which was bo th  

beyond my resources and (p robab ly )  o f  t h e  accuracy of t h e  doub le  pre- 

c i s i o n  a r i t h m e t i c  o f  my machine. On t h e  o t h e r  hand, one r e v o l u t i o n  i s  

enough f o r  t h e  o r b i t  t o  c l o s e  upon i t s e l f  i n  a  zonal f i e l d ,  because such 

f i e l d  has r o t a t i o n a l  synmetry. As t h e  o r b i t  i s  p o l a r ,  i t  must encounter 

a l l  t h e  "roughness" o f  such a  f i e l d  a long  i t s  way, as a l l  anomalies 

depend on l a t i t u d e  on ly .  The mean h e i g h t  o f  t h e  s a t e l l i t e s  was 160 km 



above t h e  mean E a r t h ' s  rad ius ,  and t h e  separa t i on  was, a l t e r n a t i v e l y ,  

300 km and 100 km. T h i s  h e i g h t  and separa t i on  correspond t o  c u r r e n t  

assumptions made about t h e  l i k e l y  m i s s i o n  parameters, based on t h e  

r e s u l t s  o f  years  o f  e r r o r  analyses (see re fe rences  i n  t h e  In t roduc -  

t i o n ) .  

( b )  The f i e l d .  

The zonal  f i e l d  was de f i ned  by t h e  cho ice  o f  p o t e n t i a l  c o e f f i c i e n t s  

up t o  degree 300. The va lue  o f  GM = 0.39860047 X 1015 and o f  t h e  mean 

t e r r e s t r i a l  r a d i u s  a  = 6378139 m  were adopted. The dimensionless po- 

t e n t i a l  c o e f f i c i e n t s  up t o  degree 9  were i d e n t i c a l  i n  va lue  t o  t h e  

f i r s t  n i n e  zonal c o e f f i c i e n t s  o f  GEM 9  (Lerch e t  a l . ,  1977) (see 

Common s ta tement  "CC" i n  t h e  programs of Appendix I I I ) .  For degrees 

f rom 10 t o  100, t h e  c o e f f i c i e n t s  were made equal t o  t h e  square r o o t s  
2 

o f  t h e  cor responding degree var iances on f o r  t h e  f u l l  harmonics, 

accord ing t o  t h e  approximate s p e c t r a l  law (Rapp, 1979) 

where A, = 3.405 mga12, A2 = 140.03 mga12, B, = 1, B, = 2, S, = 0.998006, 

S, = 0.914232. 

Above degree 100, t h e  c o e f f i c i e n t s  were a l l  zero, except  f o r  t h e  l a s t  

two zonals (degrees 299 and 300), which were bo th  equal t o  10 -~ .  As a l l  

t h e  zonal harmonics a r e  p o s i t i v e  over  t h e  Nor th  po le ,  a  cho ice  o f  a l t e r -  

n a t i n g  s igns  f o r  t h e  c o e f f i c i e n t s  f rom n  = 10 up t o  n  = 100, w i t h  t h e  

f i r s t  two p o s i t i v e ,  t h e  f o l l o w i n g  two negat ive ,  e t c .  (a lways an even 

and an odd zonal i n  each p a i r )  was adopted t o  avo id  a  "mountain" i n  t h e  

anomalous f i e l d  over  t h a t  pole.  The a l t e r n a t i n g  s igns  e l i m i n a t e d  t h i s  

"mountain", r e s u l t i n g  i n  more o r  l e s s  even ly  d i s t r i b u t e d  i r r e g u l a r i t i e s  

f rom p o l e  t o  p o l e  and, t he re fo re ,  i n  a  more " n a t u r a l "  k i n d  o f  anomalies. 

The cho ice  o f  c o e f f i c i e n t s  was a  compromise between two c o n t r a d i c t o r y  

goa ls :  f i r s t ,  t o  use values t h a t  were s t r o n g l y  determined by present  

knowledge o f  t h e  t e r r e s t r i a l  f i e l d ,  t o  make t h e  s e l e c t i o n  as impersonal 

as poss ib le ;  second, t o  m in im ize  t h e  e f f e c t  o f  t h e  f i n i t e  f l o a t i n g  p o i n t  

a r i t h m e t i c  o f  t h e  computer. A t  160 km, t h e  p e r t u r b a t i o n s  i n  g r a v i t a t i o n a l  

a c c e l e r a t i o n  due t o  an i n d i v i d u a l  harmonic o f  degree 300 i s  more than  

e leven  o rde rs  of magnitude s m a l l e r  t han  t h a t  due t o  t h e  zero  harmonic, 

o r  c e n t r a l  f o r c e  term. 'The f l o a t i n g  p o i n t  double p r e c i s i o n  a r i t h m e t i c  



a t  my d i sposa l  was a b l e  t o  c a r r y  up t o  14 s i g n i f i c a n t  f i g u r e s ,  so a  

p e r t u r b a t i o n  o f  a  s i n g l e  c o e f f i c i e n t  a t  t h e  h i g h  end o f  t h e  spectrum 

would have been sma l le r  than t h e  l i k e l y  accumulat ion o f  round ing 

e r r o r s  when t h e  a c c e l e r a t i o n s  a r e  computed by adding up t h e  terms o f  

t h e i r  s p h e r i c a l  harmonic expansions. Th i s  meant choosing " l a r g e r  than  

l i f e "  c o e f f i c i e n t s ,  capable o f  c r e a t i n g  much l a r g e r  p e r t u r b a t i o n s .  Up 

t o  degree 100 i t  was enough t o  mere ly  concen t ra te  a l l  t h e  power o f  

t h e  harmonic o f  a  g i ven  degree i n  t h e  r e s p e c t i v e  zonal ,  b u t  above 

n  = 100 severa l  t e s t s  i n d i c a t e d  t h a t  even t h i s  s i z e  o f  zonal  was n o t  

b i g  enough. As t h e  use o f  such l a r g e  zonals c rea ted  co r respond ing l y  

l a r g e  resonant  p e r t u r b a t i o n s  (a long t r a c k  d r i f t  and s e c u l a r l y  i nc reas -  

i n g  once p e r  r e v o l u t i o n  o s c i l l a t i o n s ) ,  t h e  depar tu re  o f  t h e  " t r u e "  

o r b i t s  f rom t h e  re fe rence  and nominal ones amounted t o  hundreds o f  

meters.  So c o e f f i c i e n t s  between degree 101 and 298 were s e t  t o  zero, 

w h i l e  c o e f f i c i e n t s  o f  degree 299 and 300 were made bo th  equal t o  10-~, 

which i s  much l a r g e r  than t h e  t o t a l  s p e c t r a l  power a t  those degrees 

would imply .  Th i s  cho ice  was needed because, otherwise,  due t o  t h e  

a t t e n u a t i o n  bands mentioned i n  paragraph (3.5), t h e  s i g n a l  a t  some 

f requenc ies  may f a l l  below t h e  o r b i t a l  i n t e g r a t i o n  e r r o r s ,  r e s u l t i n g  

i n  m i s l e a d i n g l y  l a r g e  d i sc repanc ies  between t h e o r e t i c a l  and s imula ted 

p e r t u r b a t i o n s .  T h i s  d i d  happen as soon as t h e  s i z e  o f  t h e  c o e f f i c i e n t s  

was reduced by j u s t  one o rde r  o f  magnitude. A l l  t h e  problems mentioned 

above would have been obv ia ted  by us ing  extended p r e c i s i o n  a r i t h m e t i c ,  

o r  28 s i g n i f i c a n t  f i g u r e s ,  b u t  t h i s  would have costed about f o u r  t imes 

more computing t ime, because a l l  c a l c u l a t i o n s  o f  t h i s  k i n d  a r e  done 

by so f tware  r a t h e r  than  hardware. There are, however, machines c u r r e n t l y  

a v a i l a b l e  t h a t  can c a r r y  about  27 s i g n i f i c a n t  f i g u r e s  i n  doub le  p r e c i -  

s i o n  (implemented by hardware). 

( c )  The numerical  i n t e g r a t o r .  

A l l  o r b i t a l  i n t e g r a t i o n s  were done us ing  t h e  sub rou t i ne  COWELL prov ided 

by C h r i s  Reigber, t h e  c u r r e n t  D i r e c t o r  o f  t h e  Deutsches Geodatisches 

Forschungs I n s t i t u t  (DGFI) i n  Munich. The a l g o r i t h m  o f  t h i s  sub rou t i ne  

i s  an e i g h t  o r d e r  p r e d i c t o r - c o r r e c t o r  based o n  a  v a r i a n t  o f  t h e  Cowell 

method developed by K u l i k o v  (see L e v a l l o i s ,  Book I V ,  pp. 213-225, 1970). 

T h i s  i n t e g r a t o r  d i d  a  most remarkable job ,  cons ide r ing  t h a t  i t  was never 

meant t o  c a l c u l a t e  o r b i t s  i n  f i e l d s  o f  degree l a r g e r  than 20 o r  30. 

One smal l  problem was t h e  presence o f  a  t i n y  s p i  ke-shaped e r r o r  



a t  t h e  s t a r t  of each arc ,  r e s u l t i n g  i n  a  n e a r l y  constant  e r r o r  i n  t h e  

ampl i tude o f  a l l  t h e  cos ine F o u r i e r  c o e f f i c i e n t s  o f  t h e  p e r t u r b a t i o n s .  

T h i s  s p i k e  was probab ly  caused by t h e  d i f f e r e n t  way i n  which t h e  f i r s t  

p o i n t  a f t e r  t h e  i n i t i a l  c o n d i t i o n s  i s  c a l c u l a t e d ,  compared t o  t h e  r e s t  

of t h e  o r b i t .  The a l g o r i t h m  i s  s e l f s t a r t i n g ,  so t h e  f i r s t  computed p o i n t  

i s  found by a  s e r i e s  o f  i t e r a t i v e  re f inements  o f  a f i r s t  es t ima te .  To 

reduce t h i s  e f f e c t ,  I t r i e d  i t e r a t i n g  once t h e  c o r r e c t o r  s t e p  i n  every  

subsequent c a l c u l a t i o n ,  b u t  t h i s  m o d i f i c a t i o n  o f  t h e  o r i g i n a l  program 

brought  o n l y  a  s l i g h t  improvement a t  t h e  c o s t  o f  doub l i ng  t h e  computing 

t ime, so I d i d  n o t  use it. By choosing t h e  f i e l d  i n  t h e  manner o u t l i n e d  

above t o  g e t  f a i r l y  s t rong  p e r t u r b a t i o n s  a t  most f requenc ies  compared 

t o  t h e  i n t e g r a t o r  e r r o r s ,  and by c o r r e c t i n g  t h e  s imula ted cos ine  lumped 

F o u r i e r  c o e f f i c i e n t s  i n  t h e  s imp le  manner exp la ined i n  paragraph (4 .2) ,  

t h i s  problem was l a r g e l y  superated.  For  a  c a l c u l a t i o n  w i t h  r e a l i s t i c  

c o e f f i c i e n t s ,  as would be needed t o  form r e s i d u a l s  f rom a c t u a l  da ta  i n  

t h e  event  o f  i t e r a t i n g  t h e  s o l u t i o n ,  f o r  example (see paragraph (3.10b)) ,  

a  b e t t e r  i n t e g r a t o r  must be chosen. T h i s  can be t h e  same t y p e  o f  i n t e -  

g r a t o r ,  b u t  o f  h ighe r  o rde r ,  o r  a  d i f f e r e n t  one a l t o g e t h e r .  The ques t i on  

r e q u i r e s  c a r e f u l  s tudy  t o  ach ieve a  good compromise between accuracy 

and computing e f f i c i e n c y ,  b u t  present-day theo ry  and computers should 

be s u f f i c i e n t  t o  f u l f i l 1  t h i s  purpose. 

The i n t e g r a t i o n  s t e p  chosen f o r  a l l  o r b i t s  i n  t h e  f i n a l  c a l c u l a t i o n s  was 

about 2.8 seconds. Ha lv ing  t h i s  i n t e r v a l  r e s u l t e d  i n  n e g l i g i b l e  changes 

i n  t h e  r e s u l t s .  The same s t e p  was used f o r  t h e  re ference,  nominal, and 

" t r u e "  o r b i t s ,  and i t  d i v i d e d  t h e  re fe rence  o r b i t a l  pe r iod  an exact  

number o f  t imes. Th i s  number was a  power o f  two (2048) adopted i n  o rde r  

t o  reduce t h e  computer t i m e  needed t o  g e t  t h e  va r ious  F o u r i e r  c o e f f i -  

c i e n t s  w i t h  a  Fast  F o u r i e r  Transform a lgo r i t hm.  

(d )  The p e r i o d i c a l  re fe rence  o r b i t .  

The i n i t i a l  c o n d i t i o n s  were obta ined by means o f  t h e  " c l o s i n g "  and 

" c i r c u l a r i z i n g "  procedures descr ibed i n  paragraph (2.  l ) ,  t o  ensure t h a t ,  

when i n t e g r a t e d  i n  a  f i e l d  c o n s i s t i n g  o f  t h e  c e n t r a l  f o r c e  term and t h e  

f i r s t  n i n e  zona ls  as de f i ned  by t h e  c o e f f i c i e n t s  mentioned i n  p a r t  ( b )  of 

t h i s  paragraph, t h e  o r b i t  would r e t u r n  a t  t h e  end o f  one r e v o l u t i o n  t o  

v i r t u a l l y  t h e  same p lace  w i t h  t h e  same v e l o c i t y ,  and i t  would be a l s o  



reasonably close t o  a c i r c l e .  Start ing with Cook's formulas f o r  the clas-  

s i ca l  "frozen" o r b i t ,  the  i n i t i a l  conditions were selected fo r  a polar 

o r b i t  of about 160 km height using expressions (2.1.5a-e). After finding 

the  precise ins tant  when the  o r b i t  reached i t s  apogee ( F '  = n ) ,  the  radial 

veloci ty was calculated f o r  t ha t  ins tant .  The integration was then repeated 

a f t e r  changing the  i n i t i a l  radial dis tance by 1 km. The new radial veloci ty 

a t  apogee, substracted from the  original  one and divided by 1 km was used 

as t he  approximate value of needed fo r  determining the  corrections t o  are 
the  i n i t i a l  s t a t e .  The procedure was i te ra ted  three times, a f t e r  which two 

i t e r a t ions  of the "circularizing" procedure were executed, followed by a 

f ina l  applicat ion (one i t e r a t i o n )  of the  "closing" procedures. Each i t e -  

rat ion of the  "closing" procedure needed two separate runs, the  derivat ive 

of Fn being obtained afterwards with a pocket calculator .  Each i t e r a t ion  

of the "c i rcular iz ing"  algorithm required a separate run. Cl ear ly ,  elegant 

and easy-to-use software was not the overriding goal i n  writing the pro- 

grams fo r  ca1 culating the reference o rb i t  o r ,  indeed, any of the  other  

programs. With limited time, I s e t t l ed  fo r  making sure tha t  the  programs 

were working by carrying out  numerous checks, and kept attempts a t  opt i-  

mizing the  code to  a bare minimum, except f o r  the programs d i r ec t ly  

concerned with the  orb i ta l  integrat ions,  where I put greater  e f f o r t  in 

e l  iminating redundant calculat ions and made use of t he  e f f i c i e n t  subrou- 

t i n e  LEGEND (Colombo, 1981a) t o  compute the  normalized Leaendre functions 

needed both f o r  the  numerical integrat ion of the o rb i t s  and f o r  calcu- 

l a t i ng  the  forcing terms of the  variat ionals .  

Economizing time and e f f o r t  took precedence over cut t ing computing cos ts ,  

where savings were mostly achieved through the  choice of a polar o rb i t  

and a purely zonal f i e l d .  

The o rb i t s  were computed in an ine r t i a l  system of Cartesian coordinates 

(x ,y ,z ) ,  where the X axis  was normal t o  the  o rb i t  plane, the  y axis 

formed the  intersect ion of t h i s  plane and the  equator, and the  z axis 

was aligned with the  Earth 's  ax is ,  posi t ive towards the  North. The i n i t i a l  

conditions obtained f o r  the  closed o r b i t  were 



The maximum depar tures  f rom a c i r c u l a r  o r b i t  were + l 0  km, and t h e  mean 

h e i g h t  was 160002.33 m, j u s t  2.33 m o f f  t h e  des i red  value.  A t  t h e  end 

o f  t h e  o r b i t a l  per iod,  which was equal t o  5263.369068 seconds, t h e  pos i -  

t i o n  and v e l o c i t y  components were 

so t h e  m isc losu res  i n  p o s i t i o n  was o f  t h e  o rde r  o f  10 microns,  and t h a t  

i n  v e l o c i t y ,  o f  t h e  o rde r  o f  1 microns pe r  second. 

To t e s t  t h e  procedure f u r t h e r ,  an o r b i t  w i t h  an i n c l i n a t i o n  o f  70' ( r a t h e r  

low f o r  a geode t i c  s a t e l l i t e )  was a l s o  s tud ied .  The i n i t i a l  c o n d i t i o n s  

tu rned  o u t  t o  be ( f o r  a mean h e i g h t  o f  160 km) 

t h e  o r b i t a l  p e r i o d  was 5282.38457 seconds, and t h e  misc losures i n  p o s i t i o n  

and v e l o c i t y  a f t e r  one r e v o l u t i o n ,  o f  about 10 microns and 0.1 microns per 

second, r e s p e c t i v e l y .  No " c i r c u l a r i z i n g "  o f  t h i s  o r b i t  was attempted. A l l  

programs used a r e  l i s t e d  i n  Appendix 111. 

According t o  express ion (3.4.8), i t  i s  necessary t o  know cos nlo - cos noc  - 
and s i n  nlo - s i n  noc, t h e  mean values o f  t h e  cos ine and t h e  s i n e  o f  t h e  

ang le  (see paragraph (1 .4 ) )  and t h e  F o u r i e r  c o e f f i c i e n t  b, cor responding 

t o  t h e  fundamental n o  o f  s i n  nlo(t). These values a re , fo r  100 km separa- 

t i o n :  

cos n10 = -0.9997361435 s i n  nlo = -0.2294022357 X 10-' 



For 300 km separation: 

s ln  Q,, = 0.7647337494 X 10-' cos '1, , = -0.9999700635 

b, = -0.1538919912 x 10-' 

4.2 Using lumped coefficients to  study the accuracy of the linearized model. 

The signal in the simulations was the instantaneous value of the re la t ive  

velocity. In order to t e s t  the theory, the Fourier coefficients of the 

simulated signal ,  corrected for  the effects  of orbital  errors and secular 

terms, were compared to the i r  corresponding values according t o  the formu- 

l a s  of section 3. The "true" coefficients were obtained by analyzing one 

revolution worth of the simulated range-rate, computed a t  regular inter-  

vals. As the only purpose of the calculations was to  t e s t  the linearized 

model fo r  the observations, noise and other instrumental errors were 

not included, so one could say that  the "true" values were "perfect data". 

Moreover, as the quality of the approximation must be the same for  the 

perturbations on the instantaneous velocity as for  the averaged velocity 

( the  Fourier coefficients of both d i f fe r  only by a known smoothing 

fac to r ) ,  the t e s t s  were done with instantaneous velocity. The theory of 

section 3 refers t o  the Fourier coefficients snmaj of the perturbations 

caused by each harmonic separately, but t o  t e s t  300 harmonics in th i s  

way, one a t  the time, would have required more computer time than was 

available, and produced masses of numbers which could only be interpreted 

by summarizing them in some way ( i . e . ,  throwing most of them away). So, 

instead of individual perturbations, I have choosen t o  look a t  the whole 

ef fect  on the signal of a l l  the harmonic terms of the disturbing poten- 

t i a l ,  as represented by the Zwnped Fourier coefficients 



According t o  t h i s  d e f i n i t i o n  and t o  express ion (3.4.5), 

S = B noc bnmj COS W .C-COS noc gnmi s i n  W .C] 
jm an mJ mJ 

s i n  W m( j+l)cll 

where t h e  bnmj and gnmj a r e  g i ven  by (2.4.8-9). For  t h e  a c t u a l  c a l c u l a t i o n s  

see exp lana t ion  i n  paragraph ( A I I I . 4 ) ,  Appendix 111. By s t a r t i n g  t h e  o r b i t s  

p r e c i s e l y  a t  t h e  i n s t a n t  when t h e  mean p o i n t  a long t h e  l i n e - o f - s i g h t  chord 

between t h e  s a t e l l i t e s  was a t  per igee (F '  = O), and assuming t h a t  t h e  node 

o f  t h e  (nonprecessing) p o l a r  re fe rence  o r b i t  i s  L  = L, = 0, t h e  phases o f  

t h e  p e r t u r b a t i o n s  i n  expression (3.4.8) are, f o r  cx = m = 0  (zona ls)  and 

to = T o  = 0, 

accord ing t o  (2.2.47) and (2.2.50), so t h e  p e r i o d i c  p a r t  o f  t h e  s i g n a l  due 

t o  t h e  d i s t u r b i n g  zonals i s  an odd f u n c t i o n  o f  t ime, i n  accordance w i t h  

t h e  r o t a t i o n a l  symmetry o f  t h e  chosen f i e l d  and t h e  s e l e c t i o n  o f  t h e  c ross ing  

o f  pe r igee  as t h e  s t a r t i n g  t ime. Th is  symmetry extends t o  t h e  s e c u l a r l y  

i nc reas ing  o s c i l l a t i o n s  cause by zonal resonance, t h a t  must have t h e  form 

A t  cos n o t  

which i s  an odd f u n c t i o n  o f  t i m e  too. Even p e r t u r b a t i o n s  can o n l y  be due, 

i f  t h e  model i s  c o r r e c t ,  t o  nominal o r b i t  e r r o r s ,  as i n d i c a t e d  by expres- 

s ions  (2.4.6-7) f o r  t h e  v a r i a t i o n s  i n  r a d i a l  and a long- t rack  v e l o c i t y .  

Such even secu la r  o s c i l l a t i o n s  have t h e  form 

B t  s i n  n o t  

I n  t h e  course o f  an adjustment along t h e  l i n e s  o f  s e c t i o n  3, t h e  nonper io-  

d i c a l  p a r t  o f  t h e  s i g n a l  ( i nc reas ing  o s c i l l a t i o n s ,  o s c i l l a t i o n s  due t o  

i n i t i a l  s t a t e  e r r o r s  t h a t  change f rom a r c  t o  a r c )  a r e  more o r  l e s s  obsorbed 

by t h e  arc parameters o f  express ion (3.4.18). To e l i m i n a t e  t h i s  p a r t  f rom 

t h e  s imula ted s i g n a l  i n  a  manner rough ly  equ iva len t  t o  an adjustment, t h e  



Fourier coefficients of t h i s  signal were subject to  some corrections. In 
the f i r s t  place, due to numerical integration errors,  the cosine Fourier 
coefficients in the absence of orbi t  errors took on a very small and 
nearly constant non-zero value (because of the symnetry mentioned above, 
they should have been a l l  zero). The effect  of integrator errors on the 
s ine  coefficients was less  clear. To compensate fo r  t h i s ,  the value of 
one of the high frequency non-zero cosine coefficients was substracted 
from the res t ,  leaving negligible residual values. The sine coefficients 
were not treated in t h i s  way. 

Since the simulated arc l a s t s  exactly one revolution of the reference 
o rb i t ,  the arc parameters for  the zero, f i r s t ,  second and third harmonic 
in a real adjustment would absorb the zero and f i r s t  harmonics completely, 
and also the differences between the analytical and the observed second 
and th i rd  harmonics, a t  leas t  with noiseless data. Therefore, the d i f fe-  
rences between the analytical and the observed coefficients must be zero: 
for  one-revolution arcs the theory i s  apparently "error-free" up t o  the 
third harmonic. The real corrections must take place,in th i s  special case, 
from the fourth harmonic up.  These corrections are  needed t o  remove the 
ef fects  of the secularly increasing oscil lat ions.  If the theory were 
perfect, the differences between the (noiseless)  simulated and the ana- 
ly t ica l  lumped coefficients would be identical to  the Fourier coeffi- 
cients of the  increasing oscil lat ions analyzed over one o rb i t a l  period, 

fo r  the sine terms, and 

F(Bt s in  n o t ) j  = h c ( j 2 - l ) - '  

for  the cosine terms, where F ( s ) .  indicates the operation of taking the 
J 

Fourier coefficient fo r  the j t h  harmonic component of S.  The coefficients 

hc and h, a re  proportional to  the respective arc parameters, and were 
"estimated" by averaging h, and h, computed from individual differences 
between observed and analytical coefficients,  according t o  (4.2.3-4) 

above, over several frequencies. This completes the "rough adjustment" 
of the arc parameters. Substracting the differences from the "observed" 



c o e f f i c i e n t s  g i ves  t h e  corrected Zwnped coeff icients f o r  t h e  p e r i o d i c a l  

p a r t  o f  t h e  s i g n a l ,  which can be compared t o  t h e i r  t h e o r e t i c a l  counter -  

pa r t s ,  and should be i d e n t i c a l  i f  t h e  theo ry  were exact .  There fore ,  t h e  

percentage e r r o r  per  c o e f f i c i e n t  

E .% = 'j : (co r rec ted ) - ' j  : ( a n a l y t i c a l  ) 
J 

(4.2.5) 
'j : ( c o r r e c t e d )  

i s  a  measure o f  t h e  accuracy o f  t h e  theo ry  a t  a  g i ven  f requency.  As t h e r e  

a r e  more than 300 f requenc ies  t o  be considered, i t  i s  e a s i e r  t o  g i v e  a  

general  p i c t u r e  o f  t h e  q u a l i t y  o f  t h e  model by p r o v i d i n g  t h e  t o t a l  per -  

centage r.m.s. e r r o r  w i t h i n  a  narrow band o f  a  few i n d i v i d u a l  f requenc ies :  

2 
E [ ( c o r r .  (cos. )coeffs.) .+(ij(corr. l-Sj(anal ) 

J 
'( k band) 

E (uncor r .  (cos. ) coe f f s .  ) ~ 3 5 ? ( u n c 0 r r ~  ) l 

as w e l l  as t h e  t o t a l  percentage rms e r r o r  over a l l  t h e  f requenc ies  o f  i n t e -  

r e s t ( ' ) .  I n  t h e  present  case, t h e  h i g h e s t  f requency w i t h  s i g n i f i c a n t  power 

was 304 cyc les  per r e v o l u t i o n ,  and t h e  lowest ,  f o r  t h e  reasons g i ven  before ,  

was f o u r  cyc les  per  r e v o l u t i o n  ( l ower  f requenc ies  are, o f  course, i n t e -  

r e s t i n g ,  b u t  t hey  a r e  " e r r o r - f r e e "  i n  t h i s  p a r t i c u l a r  case).  T h i s  t o t a l  

rms e r r o r  i s ,  t hen  

304 
2 

E I ( c o r r .  (cos. ) coe f f s .  ) .+(Sj(corr. )-Ij(anal ) 
j = 4  J 

E ~ %  = X 100 (4.2.7) 

3:4[ (unco r r .  (cos. l c o e f f s .  ) h 2  I 
j =4 j ( u n c o r r . )  

Summing up: a f t e r  making a  smal l  c o r r e c t i o n  t o  t h e  observed lumped cos ine  

c o e f f i c i e n t s  t o  reduce t h e  numerical  i n t e g r a t i o n  e r r o r s ,  t h e  e f f e c t s  o f  

t h e  i n c r e a s i n g  o s c i l l a t i o n s  due t o  zonal resonance were es t imated accor-  

d i n g  t o  expressions (4.2.3-4) and then  subs t rac ted  f rom t h e  observed 

c o e f f i c i e n t s  corresponding t o  f requenc ies  above t h e  t h i r d  harmonic. Up 

t o  t h e  t h i r d ,  a l l  a p e r i o d i c a l  e f f e c t s  would be absorbed e x a c t l y  by t h e  

a r c  parameters, amounting, f o r  n o i s e - f r e e  data,  t o  a  p e r f e c t  agreement 

w i t h  t h e  a n a l y t i c a l  c o e f f i c i e n t s ,  so no c o r r e c t i o n  was needed. T h i s  can 

o n l y  happen i n  a  one - revo lu t i on  arc ,  o r  one t h a t  l a s t s  an exact  number 

(')where " (cos.  ) coe f f s  .' and "Lj"  stand f o r  "cos ine"  and "s ine "  c o e f f i -  
c i e n t s ,  r e s p e c t i v e l y .  



o f  r e v o l u t i o n s ,  and shou ld  be reasonably  c l o s e  t o  t h e  t h r u t h  f o r  those 

which do no t ,  b u t  a r e  so l ong  t h a t  t h e  f r a c t i o n  o f  c y c l e  l e f t  over  a t  

t h e  end i s  a  smal l  p a r t  o f  t h e  o v e r a l l  p e r i o d  (p rov ided  t h e  n o i s e  l e v e l  

i s  low).  The c o r r e c t e d  lumped c o e f f i c i e n t s  were then  compared t o  t h e i r  

a n a l y t i c a l  coun te rpa r t s  by computing percentage e r r o r s  f o r  t h e  F o u r i e r  

c o e f f i c i e n t s  o f  t h e  i n d i v i d u a l  f requenc ies  i n  t h e  band f rom 4  t o  304 

c y c l e s  pe r  r e v o l u t i o n ;  t h e  percentage e r r o r  i n  rms over  narrow bands 

( 5  c y c l e s  wide) across t h e  same o v e r a l l  range; and t h e  t o t a l  percen- 

tage  rms e r r o r  ( o r  " e r r o r - t o - s i g n a l "  r a t i o )  i n  t h a t  range. As (except  

f o r  t h e  low frequency e f f e c t s  o f  nominal o r b i t  e r r o r s )  o n l y  t h e  s i n e  

terms convey any i n t e r e s t i n g  i n fo rma t ion ,  t h e  r e l a t i v e  e r r o r s  per  i n d i -  

v i d u a l  f requency,  l i s t e d  i n  Appendix I V ,  were computed o n l y  f o r  t h e  

s i n e  c o e f f i c i e n t s ,  as t h e  cos ine  terms a r e  n e g l i g i b l e  a f t e r  c o r r e c t i o n .  

. 3  The main e f f e c t  o f  neg lec ted f i r s t  o r d e r  terms, and t h e  i n f l u e n c e  o f  

t h e  e c c e n t r i c i t y  on p e r t u r b a t i o n s  o f  h i g h  degree. 

The l i n e a r i z e d  model i s  based on express ion (1.4.12), which was obta ined 

f rom t h e  complete d i f f e r e n t i a l  o f  t h e  s i g n a l  by i g n o r i n g  those terms i n  

(1.4.11) t h a t  rep resen t  t h e  e f f e c t  o f  p e r t u r b a t i o n s  on t h e  d i r e c t i o n  o f  

t h e  l i n e  o f  s i g h t .  These terms c o n t a i n  and yi b u t  n o t  t h e i r  d e r i v a -  

t i v e s ,  and t h e i r  o n l y  app rec iab le  i n f l u e n c e  on t h e  r e s u l t s  i s  an i nc reas -  

i n g  o s c i l l a t i o n  o f  t h e  form A t  cos t n o t .  I found t h i s  o s c i l l a t i o n  a f t e r  
- 0 

i n t r o d u c i n g  smal l  m o d i f i c a t i o n s  t o  t h e  values o f  and C,, i n  o rde r  t o  

cancel  o u t  t h e  one-cycle-per-revolution components i n  t h e  f o r c i n g  terms 

Dca a and Dca a t h a t  cause zonal  resonances. 
nm r nm U 

The m o d i f i c a t i o n s  e l i m i n a t e d  comple te ly  these resonances f rom B ~ ,  yi and 

t h e i r  d e r i v a t i v e s ,  b u t  t h e  i n c r e a s i n g  o s c i l l a t i o n s  reappeared, t o  a  smal l  

ex ten t ,  i n  t h e  l i n e - o f - s i g h t  v e l o c i t y .  They were t h e  o n l y  s i g n i f i c a n t  

depar tu re  f rom t h e  p r e d i c t i o n s  o f  t h e  s i m p l i f i e d  model. My exp lana t ion  

o f  t h i s  i s  as f o l l o w s :  t h e  ignored terms c o n t a i n  t h e  product  o f  and 
Y1 

Y 2  
t imes t h e  d i f f e r e n c e  i n  re fe rence  v e l o c i t y  normal t o  t h e  l i n e - o f - s i g h t .  

Y 1 '  Y 2  
i n c l u d e  a  s e c u l a r  a long - t rack  d r i f t  G t ,  w h i l e  t h e  normal r e l a t i v e  

v e l o c i t y ,  i f  t h e  s a t e l l i t e s  a r e  c l o s e  t o  each o the r ,  i s  much t h e  same as 

t h e  d i f f e r e n c e  i n  t h e i r  r a d i a l  v e l o c i t i e s .  The r a d i a l  v e l o c i t y ,  when t h e  

t i m e  o r i g i n  corresponds t o  F '  = 0, i s  an odd f u n c t i o n  o f  t ime, so i t s  

increment ove r  t h e  cons tan t  i n t e r v a l  separa t i ng  t h e  passage o f  b o t h  



spacecraf t  through t h e  same p o i n t  i s  an even func t ion .  For an e l l i p s e  

o f  small e c c e n t r i c i t y ,  i t  takes the  approximate form of K cos n o t  (where 

K i s  p ropor t i ona l  t o  no  and t h e  i n t e r s a t e l l i t e  d i s tance) .  As y, and y2  

a re  mu l t i p l i . ed  by K cos n o t ,  the  product because o f  t h e  secu lar  d r i f t ,  

must i n c l u d e  a term At  cos n o t ,  where A = KG. When c o r r e c t i n g  t h e  coef f i -  

c i e n t s  i n  t h e  manner descr ibed i n  the  previous paragraph, o r  through t h e  

i n c l u s i o n  o f  t h e  appropr ia te  a rc  parameter i n  t h e  adjustment, t h i s  e x t r a  

secu lar  o s c i l l a t i o n  gets  lumped together  w i t h  the  one coming from t h e  

f i r s t  o rder  terms r e t a i n e d  i n  t h e  model, and both a re  taken care o f  

together .  

As exp la ined i n  paragraph (2.6), i f  t h e  re ference o r b i t  were p e r f e c t l y  

c i r c u l a r ,  t h e  per tu rba t ions  caused by a  s i n g l e  spher i ca l  harmonic o f  t h e  

d i s t u r b i n g  p o t e n t i a l  would be zero a t  those frequencies j no  + me' where 

j i s  oppos i te  i n  p a r i t y  t o  t h e  degree n. So, f o r  an odd zonal (m = 0)  , 
a l l  even harmonics o f  no must be zero. If one inc ludes t h e  e f f e c t  o f  t h e  

e c c e n t r i c i t y  t o  t h e  f i r s t  power on ly ,  as i n  previous at tempts t o  b u i l d  a  

s imple l inear i zed  model based on a n a l y t i c a l  pe r tu rba t ions  us ing t h e  

" l i t e r a l "  approach and c l a s s i c a l  theory,  t h e  r e s u l t  i s  i d e n t i c a l  t o  t h a t  

o f  assuming t h a t  t h e  re ference o r b i t  i s  c i r c u l a r ,  because t h i s  r e s u l t  

i s  v a l i d  o n l y  f o r  o r b i t s  o f  van ish ing e c c e n t r i c i t y  (see, f o r  example, 

Wagner and Goad ( 1 9 8 2 ) ( l ) ,  expression (33 ) ) .  The in f luence o f  the  non- 

c i r c u l a r i t y  o f  the  o r b i t  increases w i t h  t h e  degree n, because o f  the  non- 

l i n e a r  r e l a t i o n s h i p  between t h e  values o f  the  coord inates and o f  t h e  spher i -  

c a l  harmonics. At  t h e  h igh  end o f  t h e  spectrum, t h e  s imu la t ions  showed 

t h a t  t h e  harmonics o f  oppos i te  p a r i t y  from n were n o t  j u s t  d i f f e r e n t  

from zero, b u t  a l s o  comparable i n  ampl i tude t o  those o f  t h e  same p a r i t y .  

An example, f o r  t h e  odd zonal n  = 299, i s  g iven i n  Table (4.1),  where 

t h e  ampl i tudes o f  a  few consecut ive frequencies a re  l i s t e d  t o  show what 

i s  a  p r e v a i l i n g  p a t t e r n  across t h e  spectrum. The f a c t  t h a t  t h e  h ighes t  

s i g n i f i c a n t  frequency f o r  n  = 300 i s  around n = 304 suggests t h a t ,  i f  

one uses t h e  " l i t e r a l "  fo rmu la t ion  and c l a s s i c a l  theory ,  a t  l e a s t  a l l  

powers o f  t h e  e c c e n t r i c i t y  up t o  t h e  f o u r t h  should be inc luded when t h e  

degree i s  c lose  t o  300. On t h e  o the r  hand, f o r  low degrees ( n  5 20), t h e  

f i r s t  power m igh t  be s u f f i c i e n t .  

( l 1 0 r  equat ion (31) i n  C.A. Wagner's l a t e r  paper i n  J.G.R. (Red), 
December 1983, Vol. 88, No. B12, pp. 10309-10321. 



c y c l e s  pe r  i n o  bnmj j n o  gnmj 

r e v o l u t i o n  ( j) 1 0 - ~  1 0 - ~  

Table  (4.1) :  F o u r i e r  c o e f f i c i e n t s  o f  t h e  t i m e  d e r i v a t i v e s  o f  t h e  

r a d i a l  and a long t r a c k  v a r i a t i o n s  c rea ted  by t h e  299th zonal 

( p e r i o d i c a l  p a r t  on l y ) .  Here , = 1 0 ~ ~ .  

4.4 Numerical r e s u l t s  o f  t h e  accuracy t e s t s .  

When comparing t h e  lumped c o e f f i c i e n t s  o f  t h e  s imula ted s i g n a l  t o  those  

c a l c u l a t e d  accord ing t o  t h e  model, one must keep i n  mind t h a t  t h e  former  

a r e  a f f e c t e d  by  numerical  i n t e g r a t o r  e r r o r s  and by n o n l i n e a r  e f f e c t s  

caused by  t h e  separa t i on  between t h e  nominal and t h e  " t r u e "  o r b i t s .  T h i s  

separa t i on  comes c l o s e  t o  200 meters i n  r a d i a l  d i s t a n c e  a t  t h e  end o f  

t h e  f i r s t  q u a r t e r  o f  t h e  o r b i t  per iod,  and t o  n e a r l y  600 meters a t  t h e  

end o f  t h e  t h i r d ,  and c o n s i s t s  o f  l a rge ,  i n c r e a s i n g  once-per - revo lu t ion  

o s c i l l a t i o n s  due t o  zonal  resonance. The separa t i on  o f  t h e  re fe rence  

o r b i t  f rom t h e  nominal o r b i t  f o l l o w s  t h e  same p a t t e r n ,  b u t  i t  i s  much 

s m a l l e r  (10 m  and 30 m, r e s p e c t i v e l y ) .  Therefore,  t h e  " t r u e "  o r b i t s  

d e p a r t  by  more than h a l f  a  k i l o m e t e r  f rom t h e  one a long which t h e  problem 

i s  l i n e a r i z e d ,  g i v i n g  a  reasonable t e s t  f o r  t h e  a p p l i c a b i l i t y  o f  t h i s  

l i n e a r i z a t i o n  t o  a  r e a l  s i t u a t i o n ,  where t h e  s a t e l l i t e s  a r e  l i k e l y  t o  

move away hundreds o f  meters f rom t h e i r  " re fe rence  p o s i t i o n s " .  Because 



o f  t h e  numerical e r r o r s  o f  t h e  i n t e g r a t o r ,  the  d iscrepanc ies between 

theory  and " r e a l i t y "  a r e  l i k e l y  t o  appear worse than they r e a l l y  are, 

so t h e  r e s u l t s  l i s t e d  i n  t h e  tab les  a t  t h e  end o f  t h i s  sec t ion  a r e  pro- 

bab ly  on the  conservat ive s ide.  As po in ted o u t  i n  paragraph ( 4 . l ( b ) ) ,  

t h e  use o f  " l a r g e r  than l i f e "  zonal c o e f f i c i e n t s  t o  compensate f o r  t h e  

l i m i t e d  number o f  s i g n i f i c a n t  f i g u r e s  i n  t h e  number system o f  the  com- 

p u t e r  l e d  t o  these very  exagerated o s c i l l a t i o n s  which, i n  a  r e a l  s i t u -  

a t i o n ,  a r e  l i k e l y  t o  grow much more g radua l l y ,  over  many r e v o l u t i o n s ,  

u n t i l  even tua l l y  a  c o r r e c t i n g  manoeuvre t o  r e t u r n  the  spacecraf t  t o  t h e  

neighbourhood o f  t h e  re ference o r b i t  becomes necessary. The need f o r  

such manoeuvres cou ld  be reduced by i n c l u d i n g  many more zonals i n  t h e  

f i e l d  o f  t h e  re fe rence  o r b i t  than t h e  f i r s t  n i n e  used here. These zonals 

cou ld  be obtained from e x i s t i n g  in fo rmat ion  on t h e  f i e l d ,  and/or f rom a  

p r e l i m i n a r y  s o l u t i o n  up t o  a  lower degree than 300, say n  = 180, t h a t  

cou ld  be done a f t e r  o n l y  one month o f  t h e  s a t e l l i t e s  being i n  o r b i t .  

Such a  p r e l i m i n a r y  s o l u t i o n  would be a l s o  use fu l  f o r  p r e d i c t i n g  t h e  

f u t u r e  t r a j e c t o r i e s  o f  t h e  spacecraf t  i n  o rder  t o  c o r r e c t  them more 

p r e c i s e l y  when they s t r a y  t o o  f a r  from t h e i r  des i red  course. 

As shown i n  t h e  tab les ,  t h e  d iscrepanc ies between computed and simulated 

lumped c o e f f i c i e n t s  does n o t  exceed 1% a t  most f requenc ies i n  t h e  band 

from 4  t o  304 cyc les per  revo lu t ion ,  and i n  most cases are o f  a  few p a r t s  

per thousand o r  even less,  i n  agreement w i t h  t h e  accuracy o f  t h e  appro- 

x imat ions made when d e r i v i n g  H i l l ' s  equations, which were o f  t h e  order  

o f  the f l a t t e n i n g  (1/300) and o f  t h e  o r b i t a l  e c c e n t r i c i t y  ( t h e  e c c e n t r i -  

c i t y  o f  t h e  re fe rence  o r b i t  i s  c lose  t o  1.5 X 1 0 - ~ ) .  As a l ready exp la ined 

i n  paragraph (4.3) i n  t h e  spec ia l  case considered here, t h e  a rc  para- 

meters a r e  supposed t o  e l i m i n a t e  a l l  d iscrepancy between " t r u e "  and theo- 

r e t i c a l  c o e f f i c i e n t s  up t o  3  cyc les per r e v o l u t i o n ,  so o n l y  t h e  "uncor- 

rec ted"  and t h e  " a n a l y t i c a l "  c o e f f i c i e n t s  a r e  l i s t e d  f o r  those frequencies, 

b u t  n o t  t h e  percentage e r ro rs ,  which would be a l l  zero a f t e r  c o r r e c t i o n  

( f o r  no is less  data) .  The main discrepancies occur i n  the a t t e n u a t i o n  bands 

t h a t  appear when t h e  separat ion i s  300 km ( f o r  100 km, t h e  f i r s t  band i s  

we1 l above t h e  h ighes t  s i g n i f i c a n t  frequency i n  t h e  spectrum). I n s i d e  

the  bands, t h e  e r r o r  can be seen t o  grow g r a d u a l l y  u n t i l  i t  exceeds 1%. 

I n  f a c t ,  l ook ing  a t  t h e  d e t a i l e d  t a b l e  f o r  300 km, t o  be found i n  Appen- 

d i x  I V ,  one can see t h a t  t h e  e r r o r  approaches 100% a t  two po in ts ,  b u t  



t h i s  happens o n l y  where t h e  s i g n a l  i s  ex t remely  weak, and t h e  e f f e c t  on 

t h e  ove ra l  rms e r r o r  i s  q u i t e  i n s i g n i f i c a n t .  Probably, a  cons ide rab le  

p a r t  o f  t h i s  l a r g e r  d iscrepanc ies  may be caused by t h e  i n t e g r a t i o n  

e r r o r s  and l i m i t e d  a r i t h m e t i c  o f  t h e  computer, as suggested by t h e  f a c t  

t h a t ,  reduc ing t h e  s i z e  o f  t h e  l a s t  two zona ls  ( n  = 299 and n  = 300) 

makes t h i s  e r r o r s  much l a r g e r  i n  percentage, compared t o  t h e  s imula ted 

values.  As t h e  theo ry  should work b e t t e r  f o r  sma l le r  pe r tu rba t i ons ,  and 

n o t  worse ( i t  i s  a  f i r s t  o rde r  t h e o r y )  t h i s  c o n t r a d i c t o r y  behav iour  can 

be exp la ined,  a t  l e a s t  p a r t i a l l y ,  by numerical  e r r o r s  and n o t  by d e f f i -  

c i e n c i e s  i n  t h e  t h e o r y  i t s e l f .  

Tables (4 .2)  t o  (4.6)  a r e  rep roduc t i ons  o f  p a r t  o f  t h e  computer p r i n t o u t  

o f  t h e  program descr ibed i n  ( A I I I . 4 ) .  They show, f i r s t ,  t h e  zonal f i e l d  

and t h e  o r b i t s  (maximum degree o f  t h e  " t r u e "  and t h e  "nominal"  f i e l d s ,  

he re  c a l  l ed reference, a  misnomer) , he igh t ,  separat ion,  re fe rence  o r b i t a l  

pe r iod ,  number o f  i n t e g r a t i o n  s teps i n  one per iod,  t h e  common d i sp lace -  

ment o f  t h e  o r b i t s  f rom t h e  common re fe rence  ( l i s t e d  as "DZCE"), and t h e  

e r r o r s  i n  t h e  i n i t i a l  s t a t e s  o f  t h e  nominal o r b i t s :  DX11, DX12 f o r  t h e  

ac ross - t rack  displacements o f  t h e  f i r s t  and second sate1 l i t e ,  DR1 and 

DR2 f o r  t h e  r a d i a l  e r r o r s ,  and DUPl and DUP2 f o r  t h e  a long - t rack  v e l o c i t y  

e r r o r s .  Th i s  i n f o r m a t i o n  i s  f o l l o w e d  by t h e  l i s t i n g  o f  t h e  lumped c o e f f i -  

c i e n t s  f rom 0 t o  3  cyc les  per r e v o l u t i o n .  Under t h e  heading "co r rec ted  

(cos / s i n ) "  appear t h e  c o e f f i c i e n t s  o f  t h e  s imula ted da ta  a f t e r  c o r r e c t i n g  

them f o r  t h e  i n t e g r a t o r  e r r o r  i n  t h e  cos ine  terms, and f o r  t h e  s e c u l a r l y  

i n c r e a s i n g  o s c i l l a t i o n s .  The d iscrepanc ies  w i t h  t h e  " a n a l y t i c a l "  c o e f f i -  

c i e n t s  i n  t h e  column on t h e  r i g h t ,  f o r  2  and 3  cyc les  per  r e v o l u t i o n ,  

a r e  due p r i m a r i l y  t o  t h e  modula t ion  o f  t h e  once-per - revo lu t ion  term i n  

t h e  f r e e  response, and would be cance l l ed  o u t  by t h e  cor responding a r c  

parameters. Once t h e  f r e e  o s c i l l a t i o n s  a r e  known from t h e  F o u r i e r  a n a l y s i s  

o f  t h e  s imula ted data, i t  i s  p o s s i b l e  t o  use t h e  theo ry  t o  es t ima te  how 

much o f  them i s  " s p i l l i n g  ove r "  t h e  ne ighbour ing f requenc ies  through 

modula t ion .  Th i s  g i ves  es t imates  o f  t h e  d iscrepanc ies  t h a t  a r e  i n  rough 

agreement. That, i n  t h e  case o f  Table (4.6) ,  t h i s  agreement was way 

o f f ,  suggests a  r e l a t i v e l y  s t r o n g  i n f l u e n c e  o f  t h e  ac ross - t rack  o r b i t  

e r r o r s ,  which a r e  here  t h e  o n l y  d i f f e r e n c e s  among t h e  two nominal and 

t h e  two " t r u e "  o r b i t s  ( t h e  r a d i a l  and a long - t rack  e r r o r s  and DZCE a r e  



a l l  0 ) .  As t h e  f i r s t  o r d e r  theo ry  o f  s e c t i o n  1 excludes t h e  p o s s i b i l i t y  

o f  such an i n f l u e n c e  by p e r t u r b a t i o n s  normal t o  t h e  o r b i t a l  p lane, these 

must be due t o  second and h i g h e r  o r d e r  e f f e c t s .  I n  any event,  t h e y  a r e  

con f i ned  t o  t h e  l owes t  f requenc ies ,  and t h e  a r c  parameters f o r  those 

f requenc ies  shou ld  absorbe them. The rms o f  t h e  s imula ted s i g n a l ,  b o t h  

i n  t h e i r  uncor rec ted and c o r r e c t e d  forms, t h e  " a n a l y t i c a l "  va lue  o f  t h e  

l a t t e r ,  accord ing t o  t h e  theory ,  and t h e  o v e r a l l  percentage e r r o r s  a r e  

l i s t e d  next ,  t o t a l i z e d  over  bands f i v e  cyc les  per  r e v o l u t i o n  wide, up 

t o  t h e  304th  harmonic. F i n a l l y ,  t h e  t o t a l  rms o f  t h e  e r r o r  f rom 4 t o  

304 c y c l e s  i s  compared t o  ( a )  t h e  t o t a l  rms o f  t h e  s i g n a l  ( resonant  

o s c i l l a t i o n s  and a l l ) ,  and (b )  t h e  rms o f  t h e  co r rec ted ,  p e r i o d i c a l  

p a r t  o f  t h e  s i g n a l .  The r e s u l t s  show c l e a r l y  t h e  presence o f  a t tenua-  

t i o n  bands, w i t h  300 km separat ion ,  where t h e  s i g n a l  i s  overpowered by  

i n t e g r a t o r  e r r o r s  and n o n l i n e a r  e f f e c t s .  The t o t a l  e r r o r s  ( f rom 4 c y c l e s  

t o  304) a r e  always below 1%. A l l  computations were c a r r i e d  o u t  w i t h  t h e  

AMDAHL 470 V7B o f  t h e  Techn ica l  U n i v e r s i t y  o f  Del ft. 
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Summary. 

The p o l a r  o r b i t s  were i n t e g r a t e d  i n  a  p u r e l y  zonal re ference f i e l d  and over 

one r e v o l u t i o n  on ly ,  t o  s t a y  w i t h i n  t h e  a v a i l a b l e  computing resources. The 

" t r u e "  f i e l d  extended t o  degree 300, and t h e  f i e l d  o f  t h e  nominal o r b i t s  t o  

degree 30, w h i l e  the  p e r i o d i c  re ference o r b i t  corresponded t o  t h e  f i r s t  n i n e  

zonals, taken from GEM 9 ( toge ther  w i t h  GM and t h e  mean Ear th  r a d i u s ) .  The 

he igh t  was about 160 km, and two separat ions were considered, 100 km and 

300 km. Because o f  t h e  l i m i t e d  number o f  s i g n i f i c a n t  f i g u r e s  (14) i n  t h e  

a r i t h m e t i c  o f  t h e  computer, zonal c o e f f i c i e n t s  much l a r g e r  than those i n  

t h e  t e r r e s t r i a l  f i e l d  were chosen above degree 9. The numerical i n t e g r a t o r  

behaved reasonably w e l l ,  b u t  a  b e t t e r  one i s  needed f o r  more r e a l i s t i c  

s imulat ions,  o r  f o r  a  r e a l  a p p l i c a t i o n .  Computers t h a t  can work w i t h  20 s i g -  

n i f i c a n t  f i g u r e s  i n  double p r e c i s i o n  a l ready a r e  w ide ly  a v a i l a b l e ,  and t h e i r  

use might  e l i m i n a t e  a l l  t h e  problems associated w i t h  a r i t h m e t i c  rounding 

e r r o r s .  The "es t ima t ion  e r r o r s "  i n  t h e  nominal o r b i t s  were about 10 m, w i t h  

a long- t rack v e l o c i t y  e r r o r s  c a n c e l l i n g  o u t  t h e  d r i f t  respect  t o  t h e  " t r u e "  

o r b i t s .  The p e r i o d i c a l  re ference o r b i t  was computed f o l l o w i n g  t h e  " c l o s i n g  

and c i r c u l a r i z i n g "  procedures descr ibed i n  paragraph (2.1). The r e s u l t  had 

a  misclosure, a f t e r  one r e v o l u t i o n ,  o f  about 10 microns and 1 micron 

per  second. The mean he igh t  was o n l y  meters o f f  t h e  des i red 160 km, and t h e  

swing above and below t h i s  he igh t  was o f  some + l 0  km. The re ference o r b i t a l  

pe r iod  could be determined w i t h  s u f f i c i e n t  accuracy t o  r i d  t h e  r e s u l t s  o f  

numerical a r t i f a c t s  due t o  imper fect  knowledge o f  t h e  fundamental frequency 

of t h e  s igna l .  Simulated and a n a l y t i c a l  lumped Four ie r  c o e f f i c i e n t s  show 

an agreement b e t t e r  than 1% a t  most f requencies up t o  304 cyc les per revo- 

l u t i o n ,  where most o f  t h e  s igna l  power i s  conf ined. 



CONCLUSIONS. 

It may be p o s s i b l e  t o  process a l l  t h e  data  c o l l e c t e d  by a  s a t e l l i t e  p a i r  t o  

o b t a i n  a  v e r y  h i g h  r e s o l u t i o n  map o f  t h e  g l o b a l  g r a v i t y  f i e l d  w i t h  t h e  method 

descr ibed i n  t h i s  r e p o r t  i f :  

( a )  The s a t e l l i t e s  a r e  kep t  i n  a  t i g h t  f o r m a t i o n  near  t h e i r  common r e f e r e n c e  

o r b i t  by c o n t r o l l i n g  them w i t h  t h e i r  drag-compensating rockets ;  

( b )  t h e  common o r b i t  v i r t u a l l y  c loses  upon i t s e l f  a t  t h e  end o f  a  p e r i o d  o f  

t i m e  l o n g  enough t o  r e s o l v e  a l l  t h e  s p h e r i c a l  harmonic p o t e n t i a l  c o e f f i -  

c i e n t s  assoc ia ted  w i t h  d e t e c t a b l e  pe r tu rba t i ons ;  

( c )  t h e  stream o f  da ta  d u r i n g  t h a t  p e r i o d  i s  v i r t u a l l y  u n i n t e r r u p t e d .  

I f  t h e  l a s t  c o n d i t i o n  cannot be f u l f i l l e d ,  b u t  t h e r e  i s  enough da ta  coverage, 

a  g l o b a l  s o l u t i o n  may be at tempted by t h e  procedure sketched i n  paragraph 

(3.11), t r e a t i n g  t h e  p e r i o d i c a l  p a r t  o f  t h e  s i g n a l  as a  f u n c t i o n  o f  p o s i t i o n ,  

and reduc ing t h e  a p e r i o d i c a l  p a r t  by e s t i m a t i n g  t h e  nominal o r b i t s  as accu- 

r a t e l y  as poss ib le ,  a t  l e a s t  rega rd ing  t h e  r e l a t i v e  mot ion o f  t h e  s a t e l l i t e s .  

T h i s  may be helped by t h e  g r e a t  deal  o f  i n f o r m a t i o n  on t h e  g r a v i t y  f i e l d  

a l r e a d y  a v a i l a b l e ,  a f t e r  t h e  s a t e l l i t e  a l t i m e t e r  experiments o f  t h e  Sevent ies,  

by  t h e  use o f  t h e  r e l a t i v e  l i n e - o f - s i g h t  v e l o c i t y  da ta  i n  t h e  a d j u s t -  

ment o f  t h e  o r b i t ,  and by i t e r a t i o n  o f  t h e  whole procedure. I f  t h e r e a r e n o t  

enough da ta  even f o r  t h i s ,  then a  patchwork o f  l o c a l  s o l u t i o n s  may be t h e  

o n l y  way t h a t  i s  l e f t .  Even i f  a  g l o b a l  s o l u t i o n  i s  poss ib le ,  l o c a l  mapping 

remains an impor tan t  complementary t o o l  f o r  r e s o l v i n g  t h e  f i n e s t  d e t a i l  i n  

some o f  t h e  most anomalous (and s c i e n t i f i c a l l y  i n t e r e s t i n g )  areas. 

The r e s u l t s  o f  t h e  t e s t s  descr ibed i n  s e c t i o n  4 suppor t  t h e  assumption t h a t  

t h e  model f o r  t h e  obse rva t i on  equat ions o f  t h e  adjustment developed here  

represents  t h e  s i g n a l  t o  b e t t e r  than 1% a t  most f requenc ies  w i t h  s i g n i f i c a n t  

s p e c t r a l  l ines.  F u r t h e r  t e s t s ,  i n v o l v i n g  s e c t o r i a l  and t e s s e r a l  harmonics, 

shou ld  be c a r r i e d  o u t  t o  c o n f i r m  t h i s .  

The cho ice  o f  common o r b i t  w i t h  r o t a t i o n a l  symmetry, and t h e  i n t r o d u c t i o n  o f  

a r c  parameters t o  t a k e  c a r e  o f  t h e  a p e r i o d i c a l  pe r tu rba t i ons ,  produce a  v e r y  

sparse normal m a t r i x  (be i t  o f  o r d i n a r y  adjustment,  o f  l e a s t  squares c o l l o -  

c a t i o n ,  o r  o f  any such method where c o n d i t i o n i n g  a f f e c t s  o n l y  t h e  d iagona l  

e lements) .  Wi th  a  s u i t a b l e  arrangement o f  t h e  unknowns, i t  i s  p o s s i b l e  t o  

o b t a i n  an arrow p a t t e r n  t h a t  makes f e a s i b l e  f i n d i n g  a  s o l u t i o n  complete t o  



degree and o r d e r  300 w i t h  most "main-frame" computers now a v a i l a b l e ,  because 

o f  t h e  reasonable demands f o r  storage, computing t ime, and numerical  accuracy. 

T h i s  means t h a t  t h e  cho ice  o f  a "super computer", w i t h  p a r a l l e l  processing,  

huge c e n t r a l  memory and t h e  1,atest t y p e  o f  hardware, i s  o p t i o n a l ,  though 

probab ly  advantageous. Regarding numerical  accuracy, most opera t ions,  w i t h  

t h e  excep t ion  o f  t h e  i n t e g r a t i o n  o f  t h e  nominal o r b i t s ,  can be done w i t h  

64 b i t s  (8  b y t e s )  f l o a t i n g  p o i n t  a r i t h m e t i c .  

The sparseness o f  t h e  normal equat ions does n o t  depend on t h e  a c t u a l  l i n e a -  

r i z e d  model, because t h i s  p r o p e r t y  can be ob ta ined  w i t h  v e r y  d i f f e r e n t  models, 

as prev ious work has shown. There i s  t h e  ques t i on  o f  whether i t  i s  necessary 

t o  t r y  and improve t h e  d e s c r i p t i o n  o f  t h e  s i g n a l  any f u r t h e r .  My own o p i n i o n  

i s  t h a t  a model good t o  one pe rcen t  i s  good enough f o r  any l i k e l y  a p p l i c a t i o n .  

Whatever t h e  f i n a l  choice,  t h e  main t h i n g  i s  t o  make sure  t h a t  i t  i s  t r u l y  

t h a t  good, and t h i s  may r e q u i r e  more r e a l i s t i c  (and ingenuous) p rob ing  t h a t  

what has been done so f a r .  

The approach t o  t h e  numerical  c a l c u l a t i o n  o f  t h e  F o u r i e r  c o e f f i c i e n t s  o f  t h e  

a n a l y t i c a l  pe r tu rba t i ons ,  a v o i d i n g  g e t t i n g  entangled i n  l o n g  "l i t e r a l  " formulas,  

may be o f  some genera l  i n t e r e s t  i n  s a t e l l i t e  geodesy and c e l e s t i a l  mechanics. 

The a n a l y t i c a l  t h e o r y  f o r  near -po lar ,  n e a r - c i r c u l a r  o r b i t s  based on H i l l ' s  

equat ions may be u s e f u l  i n  s tudy ing  t h e  o r b i t s  o f  s a t e l l i t e s  whose purpose 

i s  t o  survey t h e  w o r l d  as comple te ly  as poss ib le ,  so they  a r e  g i ven  h i g h  

i n c l i n a t i o n s .  

Al though t h e r e  a r e  many quest ions o f  d e t a i l  s t i l l  t o  be s tud ied ,  I t h i n k ,  on 

ending t h i s  research,  t h a t  t h e  da ta  a n a l y s i s  i s  no l onger  a major  problem. 

The main obs tac les  t h a t  m igh t  be found on t h e  way towards g e t t i n g  accu ra te  

and d e t a i l e d  maps o f  g r a v i t y  f rom space a r e  l i k e l y  t o  be techno log i ca l ,  eco- 

nomical and m o t i v a t i o n a l .  O f  t h e  three,  t h e  t h i r d  may prove t h e  most impor- 

t a n t ,  because, rega rd less  o f  t h e  comings and goings o f  governments and t h e i r  

p o l i c i e s ,  i f  i t  i s  recognized by t h e  s c i e n t i f i c  community t h a t  enough 

o f  i t s  members want t o  have such maps f o r  s u f f i c i e n t l y  good reasons, t h i s  

r e c o g n i t i o n  w i l l  keep t h e  s u b j e c t  f i r m l y  on t h e  agenda. 



REFERENCES. 

Balmino, G . ,  F. B a r l i e r ,  A. Bernard, C .  Bouzat, G .  Riviere ,  J . J .  Runavot, 

GRADIO, Gradiomgtrie p a r  s a t e l l i t e ,  C.N.E.S., Centre Spa t ia l  de Toulouse, 

Proposi t ion de p r o j e t ,  1981. 

Breakwel l ,  J .  , S a t e l l i t e  determinat ion of s h o r t  wavelength g r a v i t y  v a r i a t i o n s ,  

The Journal of Astronautical Sciences,  Vol. XXVII, No. 4 ,  1979. 

Brigham, E . O . ,  The Fas t  Four ie r  Transform, Prent ice-Hal l ,  New Je rsey ,  1974. 

Brower, D . ,  and G.M.  Clemence, Methods of C e l e s t i a l  Mechanics, Academic Press ,  

1961. 

c01 ombo, 0. L .  , Global Geopotential  modelling from s a t e l l i t e - t o - s a t e l l i t e  

t r ack ing ,  The Ohio S t a t e  Univers i ty ,  Dept. of Geodetic Science,Report 

No. 317, 1981(a) .  

Colombo, O . L . ,  Numerical methods f o r  harmonic a n a l y s i s  on t h e  sphere ,  The Ohio 

S t a t e  Univers i ty ,  Dept. of Geodetic Science, Report No. 310, 1981(b).  

Colombo, O . L . ,  Convergence of t h e  e x t e r n a l  expansion of t h e  g r a v i t y  f i e l d  

i n s i d e  the  bounding sphere ,  Planuscripta Geodaetica, Vol. 7 ,  pp. 209-246, 

1982. 

Colombo, O . L .  and A. Kleusberg, Applications of an o r b i t i n g  gradiometer,  

B u l l e t i n  G&od&sique, Vol. 57, No. 1, 1983. 

Cook, E . E . ,  Pe r tu rba t ions  of near  c i r c u l a r  o r b i t s  by t h e  Ear th ' s  g r a v i t a t i o n a l  

p o t e n t i a l ,  Planetary and Space Science, Vol. 14, pp. 433-444, 1966. 

Douglas, B.C.  , C . C .  Goad and F. F. Morrison, Determination of the  geopenten t ia l  
frcm s a t e  Z l i t e - t o - s a t e l l i t e  t r ack ing  d a t a ,  Journal of Geoohysi cal Research, 

Vol. 85, pp. 5471-5480, 1980. 

Forward, R . L . ,  Review of a r t i f i c a l  s a t e l l i t e  g r a v i t y  gradiometer techniques 

f o r  geodesy, Proceedings of t h e  Internat ional  Symposium on t h e  use of 

a r t i f i c i a l  s a t e l l i t e s  f o r  geodesy and geodynamics, Athens, 1973. 

H i l l ,  G.W. ,  American J .  Math., Vol. I ,  pp. 5-26, 129-147, 245-260, 1878. 



J e k e l i ,  C . ,  The dowmard con t inua t ion  t o  t h e  E a r t h ' s  surface  of t runca ted  

s p h e r i c a l  and e l l i p s o i d a l  harmonic s e r i e s  of t h e  g r a v i t y  and he igh t  

anomalies,  The Ohio S t a t e  Univers i ty ,  Dept. of Geodetic Science,  

Report No. 323, 1981. 

Kahn, 1J.D. and W.T. Wells, Determination of g r a v i t y  anomalies us ing a combi- 

n a t i o n  of s a t e l l i t e - t o - s a t e l l i t e  t r ack ing  and a l t i m e t r y  d a t a ,  presented 

a t  t h e  Spring Meeting of t h e  American Geophysical Union, Washington D . C . ,  

June 1979. 

Kaplan, M . H . ,  Modem spacecraf t  dynamics & c o n t r o l ,  John Wiley & Sons, New 

York, 1976. 

Kaula, W.FI . ,  Determination of t h e  E a r t h ' s  g r a v i t a t i o n a l  f i e l d ,  Reviews of 

Geophysics and Space Physics,  Vol. 1, pp. 507-551, 1963. 

Kaula, W . M . ,  Theory of S a t e l l i t e  Geodesy, Blaisdel l Pub1 i sh ing  Co., Wal than ,  

Massachusetts,  1966. 

Kaula, W . M . ,  Theory of the  s t a t i s t i c a l  a n a l y s i s  of d a t a  d i s t r i b u t e d  over  a 

sphere ,  Reviews of Geophysics and Space Physics,  Vol. 5 ,  pp. 83-107, 

1967. 

Kaul a ,  W. M .  , Ant ic ipa ted  developments i n  s a t e l l i t e  techniques t o  measure t h e  

g r a v i t y  f i e l d ,  presented a t  t h e  XVIII General Assembly of t h e  Interna-  

t i o n a l  Union of Geodesy and Geophysics, Hamburg, 1983. 

Krarup, T . ,  A con t r ibu t ion  t o  the  mathematical foundation of phys ica l  geodesy, 

Report of  t h e  Geodetic I n s t i t u t e ,  Copenhagen, 1969. 

Krynski, J . ,  P o s s i b i l i t i e s  of low-low s a t e l l i t e  t r ack ing  f o r  l o c a l  geoid 

improvement, Technical Univers i ty  of Graz, Technical Report No. 31, 

Graz, 1978. 

Lerch, F .J . ,  S.M. Klosko, R . E .  Laubscher and C.A.  Wagner, Gravity model 

improvement us ing  GEOS-3 (GEM 9 & 1 0 ) ,  Goddard Space F l i g h t  Center 
Document X-921-77-246, Greenbelt ,  Maryland, 1977. 

Lerch, F.J., C.A.  Wagner, S.M. Klosko, Goddard Ear th  model f o r  oceanographic 

a p p l i c a t i o n s  (GEM IOB and IOC) , Marine Geodesy, Vol. 5,  pp. 145-187, 

1981. 

Leval l o i s ,  J . J . ,  Ggodgsie Ggn&rale, Vol. IV, Eyro l l es ,  P a r i s ,  1970. 



Marsh, J.G. and B . D .  Marsh, Gravity anomalies near the East Pacific Raise, 

with wavelengths shor ter  than 3300 km recovered from GEOS-3/ATS-6 

s a t e  l l i te- to-sate l l i t e  Dopp Zer tracking da t a ,  NASA Technical Memorandum 

79533, 1977. 

Meiss1 , P .  , Least squares adjustment: a modern approach, Technical University 

a t  Graz, Report No. 43, 1982. 

Moritz, H . ,  Schwerevorhersage und Ausgleichungsrechnung, Zei t schr i f t  f i r  

Vermessungswesen, Vol. 90, pp.  181-184, 1965. 

Moritz, H . ,  Advanced l e a s t  squares methods, The Ohio S ta t e  University, Dept. 

of Geodetic Science, Report No. 175, 1972. 

Moritz, H . ,  Advanced Physical Geodesy, Abacus Press, Turnbridge Wells, Kent, 
1980. 

Mu1 l er, P.M. and W .  L .  Sjogren, Mascons: lunar mass concentrations, Science, 

Vol. 161, pp. 680-684, 1968. 

National Academy of Science (USA) , Applications of a dedicated g rav i t a t iona l  

s a t e l l i t e  mission, report of the Workshop on a Dedicated Grav. Sat .  

Mission, Washington D . C . ,  1979. 

Paik, H.J., Superconducting tensor gravity gradiometer for  s a t e l l i t e  geodesy 

and i n t e r t i a l  navigation, Journal of Astronautical Sciences, Vol. 29, 

pp. 1-18, 1981. 

Pisacane, V.L.  and S.M. Yionoulis, Recovery of gravity v k a t i b n s  from 

sa t e l l i t e - to - sa t e l l i t e  tracking, Appl ied Physics Laboratory, Laurel , 
Maryland, Report SDO 5583, 1980. 

Rapp, R . H . ,  Po tent ia l  coefficient and anomaly degree variance r ev i s i t ed ,  The 

Ohio Sta te  University, Dept. of Geodetic Science, Report No. 293, 1979. 

Rapp, R . H . ,  The Ear th ' s  gravity f i e M  t o  degree and order 180 using Seasat 

a l t imeter  data, t e r r e s t r i a l  gravity data, and other  da ta ,  The Ohio 

S ta t e  University, Dept. of Geodetic Science, Report No. 322, 1982(a). 

Rapp, R . H . ,  A global  a t l a s  of s ea  surface heights based on SEASAT a l t imeter  

data,  The Ohio S ta t e  University, Dept. of Geodetic Science, Report No. 

333, 1982(b). 

Reigber, C . ,  Current s t a t u s  of general gravity models, presented a t  the 

XVIII General Assembly of the International Union of Geodesy and Geo- 

physics, Hamburg, 1983. 



Rummel, R . ,  Geoid heights, geoid height differences, and mean gravity anomalies 

from "low-low" sa t e l l i t e - to - sa t e l l i t e  tracking: an e r r o r  ana lys is ,  The Ohio 

Sta te  University, Dept. of Geodetic Science, Report No. 306, 1980. 

Rumme1 , R .  and 0. L. Colombo, Gravity f i e l d  mapping from s a t e l l i t e  gradiometry , 
presented a t  the XVIII General Assembly of the  IUGG, Hamburg, 1983. 

Schwarz , C. , Gravity f i e l d  refinement by sa te l l i te - to-sa te  Zl i te  Dopp l e r  tracking, 

The Ohio S ta t e  University, Dept. of Geodetic Science, Report No. 147, 1970. 

Schwarz, K. P., Least squares coZZocation for  large systems, B01 l e t ino  d i  Geodesia 

e Scienze Affini ,  Vol. 35, pp.  309-324, 1976. 

Schwarz, K . P . ,  On the applicat ion of l e a s t  squares collocation models t o  physi- 

c a l  geodesy, in "Approximation methods in  geodesy", edited by Moritz and 

Sinkel , Herbert Wichmann Verlag, Karlsruhe, 1978. 

SLALOM, Mission/system def in i t ion ,  Final Report, ESA Contract No. 3483/78/F/DK 

(SC), December 1978. 

Spiegel , M .  R . ,  Laplace Transfomns, Schaum Pub1 ishing Company, New York, 1965. 

Spiegel, M . R . ,  Theoretical Mechanics, Schaum's Outline Series  in  Science, 

McGraw-Hi1 l Co., New York, 1967. 

Wagner, C.A.  and O . L .  Colombo, Gravitational spectra from d i r e c t  measurements, 

Journal of Geophysical Research, Vol. 84, pp. 4699-4712, 1979. 

Wagner, C. A. , Gravitat ional  spectra from the tracking of planetary orb i te rs ,  

Journal of Geophysical Research, Vol. 84, pp. 6891-6908, 1979. 

Wagner, C.A.  and C . C .  Goad, E r e c t  determination of gravi ta t ional  harmonics 

from low-low GRAVSAT data ,  presented a t  the Fall Meeting of the American 

Geophysical Union, 1982. 

Wal S h ,  J . L.  , The approximation of harmonic functions by harmonic polynomials 

and by harmonic r a t iona l  functions, Bulletin of the  American Mathematical 

Society, Vol. 35, pp.  499-544, 1929. 

Wolff, M . ,  Direct measurements of the Earth's gravity po ten t i a l  using a 

s a t e l l i t e  p a i r ,  Journal of Geophysical Research, Vol. 14, pp. 5295-5300, 

1969. 



APPENDIX I. 

S o l v i n g  t h e  v a r i a t i o n a l s .  

The v a r i a t i o n a l  equat ions ob ta ined  i n  s e c t i o n  1 were 

T h i s  two equat ions a re  l i n e a r  and t i m e - i n v a r i a n t  (constant  c o e f f i c i e n t s )  

so t h e y  can be so lved by t h e  method o f  t h e  Laplace Transform (LT). 

T h i s  method conve r t s  t h e  problem o f  s o l v i n g  d i f f e r e n t i a l  equat ions i n t o  

t h a t  o f  s o l v i n g  a l g e b r a i c  equat ions,  which i s  u s u a l l y  much eas ie r .  Before  

e x p l a i n i n g  how t h i s  i s  done w i t h  (1.3.8-g), some bas i c  p o i n t s  about t h i s  

method t h a t  a r e  needed here s h a l l  be mentioned. 

The LT o f  a  f u n c t i o n  o f  t ime  f ( t )  d e f i n e d  i n  t h e  i n t e r v a l  0 < t < m i s  

(A I .  1 )  

0 

o r ,  s y m b o l i c a l l y ,  

where S i s  an independent complex v a r i a b l e .  F ( s )  i s  t h e  LT o f  f ( t ) ,  and 

f ( t )  i s  t h e  inverse LT o f  F(s) ;  f ( t )  and F (s )  c o n s t i t u t e  a  transform pair. 
Here i s  a  l i s t  o f  t rans fo rm p a i r s  t h a t  a r e  necessary t o  understand t h e  

main reason ing i n  t h i s  Appendix ( a  and a  a r e  constants) :  
j 

(AI .  2a) 

(A I .  2b) 

(A I .  2c) 

(A I .  2d) 

,fro) (A I .  2e) 



COS w t  
S 1 A7 

s i n  w t  ( A I .  2 f )  

( A 1 . 2 ~ )  

(A I .  2h) 

( A I . 2 i )  

W 

2 .  2 
S +W 

I f  N(s)  and D(s)  a r e  two polynomials i n  S o f  degrees n  and d, r e s p e c t i v e l y ,  

and n  < d, and i f  D(s)  has both  m u l t i p l e  and s imple  r o o t s ,  so i t  can be 

w r i t t e n ,  i n  general ,  as 

1 2 i 2 
D(s)  = a(s-S, ) (S-s2 ) . . . ( S - S  . )  . . . ( S - S  . ) .  . . ( S  +zk) .  . . ( A I  . 3 )  

1 J 

(where t h e  i n t e g e r  ni > 1 i n d i c a t e s  t h e  degree o f  m u l t i p l i c i t y  o f  t h e  i t h  

r o o t ,  w h i l e  S .  s tands f o r  a  s i n g l e  r o o t ,  and zk ( r e a l )  f o r  a  p a i r  o f  complex 
t 1 t con jugate  r o o t s  i z k  and - i z [  ( i  = [-l] ) ) ;  then t h e  r a t i o n a l  f u n c t i o n  

N(s ) /D (s )  can be w r i t t e n  as a  sum o f  p a r t i a l  f r a c t i o n s  as f o l l o w s :  

Aj Ak Ak 
- m .  + 

(A I .  4)  
+ + + ( s - ( - i z i ) )  

where i s  t h e  con jugate  o f  Ak. 
t t Moreover, i n  t h e  case o f  s imple  r o o t s  such as S i z k  and - i z k ,  ( rega rd less  

j ' 
o f  whether they  a r e  con jugate  o f  n o t )  

'(Sj ~ ( i z i )  
A. = 

J & D(s j )  , A k = d , e t c .  D ( l z k )  
(AI .5)  

A f t e r  these p r e l  i m i n a r i e s  one can proceed t o  so l ve  t h e  v a r i a t i o n a l  S. The 

f i r s t  s tep  i s  t o  take  t h e  LTs o f  t h e  r i g h t  and l e f t  hand s ides o f  each 

equa t ion  us ing  t h e  t a b l e  o f  t rans fo rms .g i ven  above. Once t h i s  i s  done, t h e  

r e s u l t  i s  a  p a i r  o f  l i n e a r  a l g e b r a i c  equat ions where t h e  LTs o f  and yk 

a r e  t h e  unknowns. The s t a r t i n g  t i m e  from which t h e  equat ions a r e  i n t e g r a t e d  

i s  to, so i n  o rde r  t o  be a b l e  t o  work i n  t h e  i n t e r v a l  f rom 0  t o  W one must 

make t h e  change i n  v a r i a b l e  



t '  = t-to ( A I  .6)  

T h i s  change i n  v a r i a b l e  does no t  modi fy  t h e  shape o f  t h e  d i f f e r e n t i a l  equat ions.  

C a l l i n g  

Ark(s) = L I D  a  ( t '  ) l  
Pk 

Auk(s)  = L I D  a  ( t '  ) l  , 
Pk U 

t h e  a l g e b r a i c  t ransforms o f  t h e  equat ions,  w i t h  Bk (s )  and Gk(s) as unknowns, 

a re  

s ~ G ~ ( s ) - ~ Y ~ ( ~ ) - ? ~ ( ~ )  = A u k ( ~ ) + 2 n ~ ( s B k ( s ) - B k ( 0 ) )  ( A I  .8) 

where use has been made o f  ( A 1 . 2 ~ - e ) ,  and ~ ~ ( 0 ) .  y k ( 0 ) ,  i k ( 0 ) ,  i k ( 0 )  a r e  t h e  

i n i t i a l  c o n d i t i o n s  f o r  t '  = 0  ( o r  t = t o ) .  

T h e i r  s o l u t i o n  i s  

( A I  .9) 

( s 2 - 3 n i )  ( A ~ ~ ( S ) + S ~ ~ ( O ) + ~ ~ ( O ) - ~ ~ ~ B ~ ( ~ )  ) + 2 n o s ( A r k ( ~ ) + ~ ~ k ( 0 ) + ~ k ( O ) + 2 n o ~ k ( o )  ) 

s2(s2+nE) 
(A I .  10) 

Two cases must be considered: 

( a )  pk i s  a component of the i n i t i a l  s ta te  of the orbi t .  As exp la ined i n  

paragraph 2.4, i n  t h i s  case t h e  f o r c i n g  terms D a  D a  a r e  bo th  i d e n t i -  
Pk r '  Pk U 

c a l l y  0  f o r  a l l  t, so t h e i r  t ransforms Ark(s) , Auk(s) a r e  zero  as w e l l ,  

accord ing t o  t h e  d e f i n i t i o n  ( A I . l ) .  The i n i t i a l  c o n d i t i o n s  ~ ~ ( 0 )  , i k ( 0 ) ,  

y k ( 0 ) ,  i k ( 0 )  a r e  a l l  zero,  except f o r  t h e  one r e l a t e d  t o  t h e  component o f  



t h e  i n i t i a l  s t a t e  pk. C l e a r l y  Bk(s)  and Gk(s) have t h e  form N(s) /D(s)  w i t h  

t h e  degree o f  t h e  denominator h ighe r  than t h a t  o f  t h e  numerator. The r o o t s  

i n  t h e  numerator o f  Bk(s)  are:  sl = 0, s2 = s 3  = i n o ,  where t h e  overbar  

denotes t h e  con jugate  o f  a  complex number. The r o o t s  o f  t h e  denominator o f  

Gk(s) a r e  t h e  same as f o r  Bk(s) ,  except  t h a t  t h e  0  r o o t  sl i s  now a double 

one. Expanding these f u n c t i o n s  i n  p a r t i a l  f r a c t i o n s  accord ing t o  (AI .4) :  
- 

(AI .  12) 

where t h e  B1y B2, Gal, e tc . ,  a re  constants  t h a t  depend on ~ ~ ( 0 ) ~  bk (0 ) ,  

y k ( 0 ) ,  ; k ( ~ )  and to. Taking t h e  i nve rse  LTs o f  b o t h  members w i t h  t h e  h e l p  o f  

(A I .  2a-2d) and (A I .  2h): 

(A I .  13) 

i n o t l  - - i n o t l  
y k ( t l )  = G o l t l  + Gll+ G2e + G2e (A I .  14) 

Making use o f  t h e  b a s i c  r e l a t i o n s h i p s  

i n o t l  
e  = cos n o t 1  + i s i n  n o t 1  

- i n o t l  
e  = cos n o t 1  - i s i n  n o t 1  

(AI .  15) 

(A I .  16) 

a f t e r  some man ipu la t i ons  and a  change i n  v a r i a b l e  f rom t 1  back t o  t = tl+to: 

~ ~ ( t )  = Bok + Blk COS n o t  + s i n  n o t  (A I .  17) 

~ ~ ( t )  = Gok + Glk COS n o t  + s i n  n o t  + G 3 k t  (A I .  18) 

where t h e  new c o e f f i c i e n t s  Bok, e t c .  a r e  f u n c t i o n s  o f  those i n  (AI.13-14). 

Given t h a t  ~ ~ ( t )  and y k ( t )  a r e  b o t h  r e a l  f u n c t i o n s ,  a l l  t h e  c o e f f i c i e n t s  

Bok' Gok' e t c .  must be r e a l  too .  Now, a f t e r  t h e  change i n  v a r i a b l e  f rom 

t1  back t o  t, they  become n o t  o n l y  f u n c t i o n s  o f  t h e  i n i t i a l  c o n d i t i o n s ,  

b u t  o f  t h e  s t a r t i n g  t ime  to as w e l l .  As t h e  f o r c i n g  terms a r e  bo th  0  i n  



t h i s  case, expressions (AI.17-18) g i v e  a l s o  t h e  general  fo rm o f  t h e  homogeneous 

response o f  t h e  system (1.3.8-9). 

( b )  pk i s  a p o t e n t i a l  coef f ic ien t  C&. I n  t h i s  case, as shown i n  paragraph 2.4, 

a l l  t h e  i n i t i a l  c o n d i t i o n s  a r e  zero,  and t h e  f o r c i n g  terms a r e  g i ven  by 

express ions (2.3.43-49). Therefore,  us ing  Bnma(s), Gnma(s) and Arnma(s), 

Au nma ( S )  t o  denote t h e  LTS of  Bnma(t) , ynma ar, DC, au ( f o l l o w i n g  

t h e  n o t a t i o n  o f  paragraph (2 .4) )  : nm 

(AI .  19) 

(AI .  20) 

accord ing t o  (AI.9-10). Changing, f o r  t h e  same reason as before, f rom t t o  

t '  = t-to, expressions (2.3.48-49) become: 

n+3N 
DC" a u ( t ) =  z a s in(w t '  + 9 ) unmj j m jma 

nm j=-(n+3N) 

(AI .  21) 

(AI .  22) 

where 

ujm = j n o  + me' ( A I  .23) 

mjm ' u j m t 0  + ima (AI.  24) 

and mm i s  d e f i n e d  i n  paragraph 2.2, express ion (2.2.50). 

Taking t h e  LTs o f  t h e  f o r c i n g  terms w i t h  t h e - h e l p  o f  (AI .2d)  and (AI .2 f -g) ,  

s i n c e  cos (u  t l + m  ) = cos mjmcos u jmt l - s in  $I s i n  U t '  and jm  jma jma j m 
s i n ( u  t'+@ ) = cos $I s i n  U t l + s i n  4 cos U t ' ,  then  jm jw jm j m jm j m 

n+3N ( S  cos 4 -U s i n  $I ) jm jm 
Arnm(s) = z arnmj jm 

j=-(n+3N) (s2+u2 ) 
j m 

n+JN ( S  s i n  m j m  +wjm COS mjm,) 
Aunm(s) = c 

j=-(n+3N) aunmj (s2+u2 ) 
j m 



Replac ing these l a s t  two expressions i n  (AI.19-20) 

n+3N - 2n0a ( S  s i n  mjma+ ujm COS mjma)1 unmj 
Bnm,(s) = c 2 2  2 2  (AI .  25) 

j = -  (n+3N) S ( S  +no) (s  +U. ) 
Jm 

2 2 
[aunmj(s - h o )  ( S  s i n  mjm,+wjm cos mjm,)+ 

n+3N + 2nosarnmj(s COS m j m o - ~ j m  s i n  @jmo)l 
Gnm,(s)= c 2 2 2  2 2  (A I .  26) 

j=-(n+3N) s ( S  + n o ) ( s  +U. ) 
Jm 

Once more Bnm,(s) and Gnm,(s) a r e  r a t i o s  o f  po lynomia ls  w i t h  t h e  denominators 

of g r e a t e r  degree than  t h e  numerators. I n  t h e  case o f  Bnm,(s) t h e  r o o t s  o f  

D(s)  a r e  

where -(n+3N) 5 j 5 n+3N and m i s  f i x e d .  

The denominator o f  Gk(s) has t h e  same r o o t s ,  except  t h a t  t h e  zero  sl i s  doub le  

i n s t e a d  o f  s imple.  Expanding i n  p a r t i a l  f r a c t i o n s  
- 

n+3 N n - n 
B 1 B2 B, Bjm Bjm 

Bnm,(s) = - + 
S m + F5iJ + j=-yn+3N) + ( A I  .27) 

Go, G 1 1  G2 n+3 N n -n 

Gnma(s) = - + - + G2 Gjm Gjm 
2 S 7-g .l • j=-ynt3N) (S-lwjm) + (stiwj,) (A I .  28) 

S 

where B1, B2, B2 and Go,, G,,, G,, G, r ep resen t  c o n t r i b u t i o n s  f rom a l l  t h e  

terms o f  t h e  summations i n  ( A I  .25-26). 

According t o  (AI .5)  t h e  c o e f f i c i e n t s  o f  t h e  f r a c t i o n s  corresponding t o  t h e  

complex p a i r s  o f  r o o t s  a r e  

-a (COS mjm,+i s i n  +jma)-2noaunmj~jm(c~~ mjma+i s i n  mjma) 
B : ~  = rnmjWjm 2 2 2 (AI .  29) 

2 ~ ~ ~ ( " ~ ~ - " ~  

2 2 2 -2noarnmj~jm(c~s m j m a + i  s i n  mjmo)-aunmj (ujm+3n ))W (COS j m a +  s i n  mj,,,,) 
G ; ~  = 0 Jm 

3 2 2  2wjm(wjm-no)i 

(A I .  30) 
and t h e i r  complex conjugates.  



The i n v e r s e  LT o f  (AI .27-28) i s  

i n 0 t 1  - i n o t l  n+3N i o .  t '  - i w .  t '  
( t ' )  = Bl+B2e +B2e + C e Jm + B . e  J m 'nma j=-(n+3N) '",a J m 

( A I  . 3 l a )  

i n 0 t 1  - i n 0 t 1  n+3N i w .  t '  - i w  
( t ' )  = Golt+Gll+G2e +G2e + C G" e + i . e  nma J m 

jm (A1.31b) 
j=-(n+3N) Jma 

But 

cos $jma + i s i n  $jma = e i'jma 

cos $jma - i s i n  $jma = e -j'jma 

and making use o f  ( A I  .29-30) 
-i 

i n 0 t 1  - i n 0 t t  n+3N i (wjmt'+@jma)+e 
+B2e + C 

e 
Bnma ( t o ) =  B1+ B2e 

j = -  (n+3N) bnmj( 2 
) 

(A I .  32a) 

i n 0 t 1  - i n 0 t 8  

nma ( t '  ) =  Golt'+Gll+G2e +6,e + 

where 

(A I .  32b) 

(AI .  33) 

( A I  .34) 

Moreover 

i (~~,,,t'+$~,,,~) -i (wjnt'+$jma) 
e +e cos(w. tl+mjma) = 

Jm 2 
(AI .  35) 

and 

i (~~,,,t'+$~,,,~) -i (~~,,,t'+$~,,,~) 
e - e s i n ( w  t1+wjma) = 

jm 2 1 
( A I  .36) 



The summations i n  (AI.31-32) a r e  t h e  p a r t i c u l a r  i n t e g r a l  p a r t  o f  t h e  s o l u t i o n .  

Us ing t h e  n o t a t i o n  o f  paragraph (2.4) and (AI.35-36) above: 

(AI .  37) 

% 
n+3N 

ynma(t)  = C gnmj s in (w .  ~ m  (t'+t~)+$,~) (AI. 38) 
j=-(n+3N) 

because = ujmto + am,. Changing back f rom t '  t o  t = t '  + to a f t e r  r e p l a c i n g  jma 
(AI.37-38) i n  (AI.31-32) and o f  severa l  man ipu la t i ons  o f  t h e  homogeneous p a r t :  

= B ~ n m a  + 'inma COS n o t  + s i n  n o t  + 

~ n m a ( ~ )  = G ~ n m a  + Ginma COS n o t  + s i n  n o t  + G3nmat + 

(A I .  39) 

( A I  .40) 

T h i s  i s  t h e  complete s o l u t i o n  o f  t h e  v a r i a t i o n a l s  f o r  pk = The c o e f f i -  

c i e n t s  Bonma, e tc . ,  and Gonma, e t c .  a r e  a1 l r e a l ,  because ~,,,(t) and ynm,(t) 

a r e  b o t h  r e a l .  A l l  these c o e f f i c i e n t s ,  w i t h  t h e  excep t ion  o f  bnmj and gnmj 

(as shown i n  expressions (AI.33-34) a r e  func t i ons  o f  t h e  s t a r t i n g  t ime  to, 

i n  o r d e r  t h a t  t h e  i n i t i a l  c o n d i t i o n s  may be f u l f i l l e d .  T h i s  h i g h l i g h t s  t h e  
% 

independence o f  %nma and y,,, f rom to, which i s  e s s e n t i a l  t o  t h e  adjustment 

o f  t h e  p o t e n t i a l  c o e f f i c i e n t s  i n  t h e  manner discussed i n  s e c t i o n  3. Expres- 

s ions (AI .  17-18), ( A I  .37-38), and ( A I  .39-40) correspond t o  (2.4. l a-h) and 

(2.4.6-11) i n  paragraph (2.4) .  

To v e r i f y  t h e  co r rec tness  o f  (AI.33-34) and ( A I  .37-38) as expressions o f  t h e  

p a r t i c u l a r  i n t e g r a l  terms and t h e i r  c o e f f i c i e n t s ,  t h e  reader  can p u t  these 

terms and t h e i r  d e r i v a t i v e s ,  t oge the r  w i t h  DC, a, and D- au accord ing t o  
nma 

(2.3.48-49) i n  t h e  v a r i a t i o n a l  equat ions and see t h a t  these a r e  a c t u a l l y  

f u l f i l l e d  (though t h e  i n i t i a l  c o n d i t i o n s  a r e  n o t  met; t h a t  i s  t h e  f u n c t i o n  

of  t h e  homogeneous terms) .  



The f o r c i n g  f u n c t i o n s  i n c l u d e  terms o f  f requenc ies  0 and n o  f o r  which t h e  

a n a l y s i s  j u s t  completed breaks down, as t h e  ampl i tudes bnmj and gnmj become 

i n d e f i n i t e .  Th i s  i s  known as resonance and i t  appears, among o t h e r  reasons, 

because t h e  equat ions o f  mot ion f rom which t h e  v a r i a t i o n a l s  have been 

d e r i v e d  correspond t o  a d rag - f ree  s a t e l l i t e  and c o n t a i n  no d i s s i p a t i v e  

terms. Even i n  t h e  presence o f  drag t h e  s o l u t i o n s  can have v e r y  l a r g e  

terms near  o r  a t  t h e  two c r i t i c a l  fequencies.  The f a c t  t h a t  t h e  general  

express ions p r e v i o u s l y  obta ined become i n d e f i n i t e  mere ly  i n d i c a t e s  t h a t  

t h e  terms a t  0 and n o  r e q u i r e  a separate t reatment .  I n  t h e  case o f  a 

p e r f e c t l y  c i r c u l a r  o r b i t ,  paragraph (2.5) shows t h a t  t h e  o n l y  f requenc ies  

present  a r e  o f  t h e  form (n-2p)no + me', w i t h  0 s p s n, so o n l y  even zonaZs 

can produce zero  f requency terms, and o n l y  odd zonaZs can o r i g i n a t e  terms o f  

f requency no. As t h e  o r b i t  i s  n o t  c i r c u l a r ,  even and odd zonal  s w i l  l c o n t r i -  

b u t e  t o  b o t h  f requenc ies .  

_(A)  Zero f requency term: 

Each zonal c o n t r i b u t e s  a constant  f o r c i n g  term arnOocos O t  = arnoo ( t h e r e  i s  no 

a s i n  O t  term, s i n  O t  = 0 f o r  a l l  t ) .  Since a,,,, i s  constant ,  t h e  cho ice unoo 
of to does n o t  a f f e c t  t h e  conc lus ions,  so to = 0 can be adopted f o r  conve- 

nience. Then expressions (AI.19-20) become 

a r n  o o 2  2  B ~ = o ( s )  noo = S ( ~ ) ( S ( S  +no) ) - '=  o o 

and 

G j=o  - 2 n ~ a r n o o  
noo 2 2 2  

3 (S +no) 

( A I  .41) 

( A I  .42) 

where t h e  s u p e r s c r i p t  j = 0 i n d i c a t e s  t h a t  these r e l a t i o n s h i p s  correspond t o  

t h e  zero  f requency p a r t s  o f  Bnoo(s)  and Gnoo(s) on l y .  

Expanding i n  p a r t i a l  f r a c t i o n s  and reason ing as be fo re  l eads  t o  expressions 

o f  t h e  form 

j = o  
o o = A + B cos n o t  ( A I  .43) 

and 

yi:: = C + D t  + E s i n  n o t  (A I .  44) 

I f  to # 0, t can be rep laced w i t h  t - to d i r e c t l y  



(B) Zonal S, frequency no: 

To begin with, the fol lowing additional formulas are necessary: 

sin not - not cos not 
2l 2 2 = ~ {  

(S +no) 2n: 1 
S 

t sin n t 

( s2+ni ) = L{ 2n0 O } 
2 
S 

sin not + not cos not 
= L{ 

( s2+ni 2n o 1 

(AI .45) 

(AI .46) 

(AI .47) 

(AI .48) 

t 

ni I t{Sin}not dt = not{-C0s 'ot} + Isin not} - { y }  (AI .49) 
0 

CO S sin not cos not 

Replacing w with no in (AI.25-26): 
j m 

Bj=i 
arnoo(s cos noto-no sin noto)-2no~unoo (S sin not + no cos n o t o ) 

noo(~) = 
s(s2+n;12 

2 2 
aunoo(~ -3no)(s sin n t +no cos n t )+2n0s arno0(s COS noto-no sin noto) Gj=i o o o o 

no o (S) = 2 2 2 2  
S (S +no) 

(AI .51) 
SO B ~ ~ A ( s )  and G;~:(S) ( j=l  means the effect of the fundamental) are of the form 

Bj=i as2+bs+c - 
(S) = as + + C 

noo S(S 2 +no) 2 2  ( ~ ~ + n ; ) ~  (s2+n;12 s(s'+r~;)~ 

and 

G j = 1 ds3+es2+f s + ~  - ds + + + 9 
(S) = noo s2(s2+n;12 (s2+n;12 s(s2+n;l2 S ~ ( S ~ + ~ ; ) ~  

From the last two expressions, and (AI.45-49) follows that the inverse Laplace 
transforms and rJn:; are functions of t' = t - ro (where T, is the instant 
when the satellite first reaches perigee, i.e. F' = 0) of the general form 



j=1 
'no0 ( t )  = A + B s i n  n o t 1 +  B t ' s i n  n o t 1  ( A I .  52) 

and 

j=1 
Ynoo 

( t )  = F + G t l +  H cos n o t 1 +  It cos n i t '  (A I .  53) 

( f o r  t h e  l a s t  r e s u l t ,  (A I .21)  has been used toge the r  w i t h  (AI .49) t w i c e ) .  

A good re fe rence  f o r  t h e  theo ry  and t h e  use o f  Laplace t ransforms i s  t h e  

book by Spiegel  (1965).  



APPENDIX 11. 

Complementary O r b i t  Theory. 

T h i s  Appendix completes t h e  t reatment  o f  t h e  a n a l y t i c a l ,  f i r s t  o r d e r  p e r t u r -  

b a t i o n  t h e o r y  f o r  n e a r - c i r c u l a r ,  nea r -po la r  o r b i t s  i n t roduced  i n  s e c t i o n s  

1 and 2. The f i r s t  p a r t  o f  t h e  Appendix dea ls  w i t h  p e r t u r b a t i o n s  normal t o  

t h e  p lane o f  t h e  re fe rence  o r b i t ,  and t h e  second p a r t  cons iders  t h e  ex tens ion  

o f  t h e  t h e o r y  t o  i n c l u d e  non-pe r iod i ca l  re fe rence  o r b i t s .  

( I )  P e r t u r b a t i o n s  normal t o  t h e  re fe rence  o r b i t a l  plane. 

The p e r t u r b a t i o n s  pe rpend icu la r  t o  t h e  o r b i t a l  p lane a r e  governed by t h e  

v a r i a t i o n a l  equa t ion  (1.3.7): 

where 

and t h e  parameter pk can be e i t h e r  a  component o f  t h e  i n i t i a l  c o n d i t i o n s  

z ( t O )  o r  i ( t O ) ;  o r  i t  can be a  p o t e n t i a l  c o e f f i c i e n t  E:,,,. I n  t h e  f i r s t  case, 

t h e  f o r c i n g  term i s  zero, and ak, ak desc r ibe  t h e  f r e e  response o f  a  harmo- 

n i c  o s c i l l a t o r  o f  n a t u r a l  f requency no .  I n  t h e  second case, t h e  f o r c i n g  te rm 

can be developed i n  a  F o u r i e r  se r ies ,  as were those o f  t h e  i n -p lane  p e r t u r -  

b a t i o n s  discussed i n  s e c t i o n  2. 

A I I . l  F o u r i e r  d e v e l o ~ m e n t  o f  t h e  f o r c i n a  terms. 

To o b t a i n  t h e  F o u r i e r  r e p r e s e n t a t i o n  o f  DC, aZ as a  f u n c t i o n  o f  t ime, 
nm 

cons ider  f i r s t  t h e  s p h e r i c a l  harmonic expansion o f  t h e  p o t e n t i a l  

V(r,v, i) = C Rnma(r,v,i) 
nma 

where, accord ing t o  (1.2.3-4) 

GM a n -  n m a ( r , , i )  = ) Pnm(sin v)cos(mi-a2) 
2  



Changing f rom s p h e r i c a l  coord inates  t o  o r b i t a l  v a r i a b l e s  (see F ig .  (2.2.1) 

i n  paragraph (2 .2 ) )  

which f o l l o w s  f rom (2.2.3) and t h e  s i m i l a r i t y  between t h i s  and (2.2.8). Here, 

once more, 

Now 

D E " ~  - z nm nma - DzRnma 

and 

dz  = r s i n  F  d i  

D  - D. ii C; = TCiiT z nma 

( n t 2 )  n  
= DiFnmp ( i ) {cOs}(  (n-Pp) FtmLt@a) 

p=O s i n  
(A I I . 1 .3 )  

where r i s  a  f u n c t i o n  o f  F  alone, because t h e  o r b i t  i s  p e r i o d i c a l .  The f o r c i n g  

te rm i s  cont inuous everywhere and, t he re fo re ,  square i n t e g r a b l e  i n  t h e  i n t e r -  

v a l  0  < F  5 2 n . F o r t h i s  reason, i t  can be expanded i n  a  convergent F o u r i e r  

s e r i e s .  T h i s  i s  a l s o  t r u e  o f  D  X i nmp' b u t  t h e  f a c t o r  

i s  s i n g u l a r  a t  F  = kn, where k  = 0, 1, 2, ..., so f n ( F )  has no t r i g o n o m e t r i c  

expansion. The product  o f  f n (F )  and D .I i s  n o t  s i n g u l a r  t he re ,  because 
z nma 

D  X + 0  as F  + k n  i n  such way t h a t  t h e  l i m i t  o f  t h e  product  i s  f i n i t e .  
i nma 



The s i n g u l a r i t i e s  i n f n ( F )  p resen t  a  d i f f i c u l t y  i f  one t r i e s  t o  f o l l o w  an 

approach s i m i l a r  t o  t h a t  o f  paragraph (2.2) .  To overcome it, cons ide r  t h e  

"notch f u n c t i o n "  

N(F )  = f i f  I F - ~ T  l > E ( k  = 0, l, 2, . . . )  
(A I I . 1 .4 )  

0  o the rw ise  

( i t  resembles a  h o r i z o n t a l  b a r  w i t h  v e r t i c a l  s l i t s  o r  notches c u t  across 

a t  r e g u l a r  i n t e r v a l s ) .  The product  

i s  everywhere bounded and square i n t e g r a b l e ,  i f  Lim N(F)fn(F) i s  taken as t h e  
F+kT 

va lue o f  f ; ( k~ ) .  Therefore,  f,', can be expanded i n  F o u r i e r  s e r i e s .  Moreover, 

i t  i s  an even f u n c t i o n  o f  F '  = F-$T, and i t  con ta ins  o n l y  odd f requency 

components because i t  has t h e  p r o p e r t y  o f  hal f -wave ant isymmetry:  

Consequently 

W 

f,',(F1) = x f '  cos qF' 
q(odd) 

'This expansion can be t r u n c a t e d  a t  a  s u f f i c i e n t l y  h i g h  va lue  K o f  q, so 

K 
f,',(F1) = f;(F1) = f '  COS qF' 

q = l  (odd) nq 

(wh ich c l o s e l y  resembles (2.2.16a). I n t roduce  t h e  square i n t e g r a b l e  f u n c t i o n  

n  
DEa a; = f;(F1) z DiFnmp(i){Cos}((n-2p)~'+m~+(n-2p)~ + ba) 

nm p=O s i n  (A I I . 1 .7 )  

which can a l s o  be expanded i n  F o u r i e r  s e r i e s  f o r  any E > 0  and a l l  K. 

From t h e  d e f i n i t i o n  o f  N(F) i t  i s  c l e a r  t h a t  

f o r  J F - ~ T ~  > E, so L im Lim D- a; = DCa aZ f o r  a l l  F  (and a l l  F ' ) .  
€4 K- C; nm 



As bo th  Dta a; and DCa aZ a re  square i n t eg rab le ,  both t h e  Fou r i e r  expansion 
nm nm 

o f  DCa a; and i t s  i n d i v i d u a l  Fou r i e r  coeff ic ients become those o f  DEa aZ nm nm 
i n  t h e  l i m i t .  So, t o  f i n d  t h e  Four ie r  expansion o f  DCa aZ i t  i s  s u f f i c i e n t  

nm 
t o  f i n d  t h a t  o f  DCa a; and then t o  take l i m i t s .  Repeating t h e  reasoning o f  

nm 
paragraph (2.2) t h a t  lead from (2.2.12) and (2.2.16) t o  (2.2.40), s t a r t i n g  

from (AII .1.6) and (AII .1.7) one a r r i v e s  t o  

where t = 0 when f i r s t  F '  = 0. I f  H i s  a  s u f f i c i e n t l y  h igh  p o s i t i v e  in teger ,  

so t he  se r ies  f o r  DCa aZ can be t runcated a t  n+H j u s t  as (2.2.48) was a t  
nm 

n+3N, and i f  aznmj = Lim a;,mj, then 
€4 

n+H 
DCa aZ = c aznmj cos( (jno+me ' )t+$ma) 

nm j = -  (n+H) 
.p - - 

where, f o r  general t ime  and long i tude  o r i g i n s  T, and L,, i s  as def ined 

by (2.3.50). The summation l i m i t ,  and t he re fo re  H, w i l l  depend on t h e  degree 

n and on t he  e c c e n t r i c i t y  o f  t h e  o r b i t ,  i nc reas ing  w i t h  both, j u s t  as i n  t he  

case o f  DCa ar and DCa au. I n  f ac t ,  H.= 3N i s  probably more than enough 
nm nm 

f o r  t h e  app l i ca t i ons  t h a t  are l i k e l y  t o  occur. The values o f  t h e  c o e f f i c i e n t s  

aznmj can be obtained i n  the  same way t h a t  was shown i n  paragraph (2.3) f o r  

t he  arnmj and aunmj o f  t h e  in-plane f o r c i n g  terms. F i r s t ,  DEa aZ can be 
nm 

computed a t  equal t ime  i n t e r v a l s  along t h e  numer ica l ly  in tegra ted  re ference 

o r b i t  w i t h  the  formula 

1 - 1 DCa a,(r,cp,h) = -[D- D V s i n  v-DCa DhV cos cp cos v ]  (A I I . l . lO)  
nm r C:", cp nm 

where v  i s  t h e  angle between the  along-track u n i t  vector  uO'  and t he  l o c a l  
-0 

no r th -po in t ing  u n i t  vector  given by (2.3.6). F i n a l l y ,  the  aznmj can be 

ca lcu la ted  by analyz ing t he  sequence o f  values o f  DCa aZ w i t h  a  Fast 

Four ie r  Transform procedure. nm 



A I I . 2  The a n a l y t i c a l  s o l u t i o n .  

There a r e  two cases: when t h e  parameter t o  be est imated, pk, i s  a  component 

o f  t h e  i n i t i a l  s t a t e ,  and when i t  i s  a  c o e f f i c i e n t  C:, 

( 1 )  pk i s  a component of the i n i t i a l  s ta te .  

Reasoning as i n  paragraph (2.4), and u s i n g  a  s i m i l a r  n o t a t i o n ,  c a l l i n g  

o z ( t O )  = D z ( t O )  ( t ) ,  o t o  D  z ( t ) ,  and t1  = t-to, where to i s  t h e  
i ( t o  

beg inn ing  o f  t h e  o r b i t a l  a r c  i n  quest ion ,  

- 1 ai(to) = n  o s i n  n o t 1  (A11.2.1b) 

Combining t h e  p e r t u r b a t i o n s  caused by A z ( t o )  and h i ( t O )  : 

~ z ( t )  = A Z ( ~ ~ ) C O S  n o t l t ~ i ( t o ) n ~ l  s i n  n o t 1  (AI I .2 .2a)  

b i ( t )  = n i l ( - b z ( t 0 ) s i n  n o t l t ~ i ( t o ) n , '  cos n o t t )  (A I I .2 .2b)  

( 2 )  pk i s  a potential coef f ic ient .  

The p a r t i c u l a r  i n t e g r a l  f o r  a  f o r c i n g  term o f  t h e  form h ( t )  = A  c o s ( w t t 4 )  
'l, 

i s  o = ~ ( n ~ - w ~ ) - ' c o s ( ~ t + ~ ) ,  as i t  can be v e r i f i e d  by r e p l a c i n g  ak w i t h  2, and 

D':m 
a, w i t h  h ( t )  i n  t h e  v a r i a t i o n a l  equat ion.  So, when t h e  f o r c i n g  f u n c t i o n  

i s  t h e  F o u r i e r  s e r i e s  i n  t h e  r i g h t  s i d e  of (AI I .1 .9) ,  t h e  complete s o l u t i o n  

i S 

= Alnm, 'OS nottA,nmo s i n  n o t  t 

ntH 
t * , S  C anmj COS( ( j n0 tme  I ) t+ imo)  (A I I . 2 .3 )  

j= - (n tH)  

where 



According t o  t h i s  r e s u l t ,  resonance occurs when ( jn0+me1) = no,  t h e  n a t u r a l  

f requency o f  t h e  harmonic o s c i l l a t o r .  For  a p l a n e t  l i k e  t h e  Earth,  sp inn ing  

t o o  f a s t  f o r  e '  t o  be zero, and where me' i s  n o t  a mu1 t i p l e  o f  n o  ( a t  l e a s t  

f o r  n and m n o t  l a r g e r  than  Nmax , the  h i g h e s t  degree considered) t h e  o n l y  

p o s s i b i l i t y  i s  when j = +l and m = 0. Therefore ,  resonance i s ,  once more, 

a p u r e l y  zonal  e f f e c t .  Tak ing t h e  Laplace t ransforms o f  bo th  s ides  o f  t h e  

v a r i a t i o n a l  (1.3.7) f o r  a = 0, m = 0 and j = 1, keeping i n  mind t h a t  

always a n o o ( t o )  = ' n o o ( t o )  = 0, 

'-1 
s2~;,,(s) = Lla2nol cos n o i I - n ~ ~ ~ ~ ~ ( s )  (AI I .2 .5)  

j = l  j = 1  j = 1  where Anoo(s )  = L { a  ( t )  I, anoo i s  t h e  component o f  f requency n o  i n  a no o no o 

and t = t-T,, T, be ing t h e  t i m e  o f  t h e  f i r s t  passage through pe r igee  ( F '  = 0 ) .  

S ince  cos n o i I  = s(s2+ni)-1,  i t  f o l l o w s  t h a t  

A j = l  
noo ( S )  = a zno i  S ( S ~ + ~ ; ) - ~  

App ly ing t h e  i n v e r s e  Lap lace t rans fo rm t o  bo th  s ides  

j = l  a z n o i  
a ( t )  = i s i n  n o t  

noo 

T h i s  express ion i s  always ze ro  a t  pe r igee  and apogee, where F '  = n o t  = k ~ ,  

k = 0, 1, 2, .. . , and g r e a t e s t  a t  t h e  nodes, where n o t  = k  IT, k = 1, 3, 5, .. . 
T h i s  produces a s e c u l a r  i nc rease  o f  t h e  d i s tance  o f  t h e  nodes o f  t h e  t r u e  

o r b i t  f r om those o f  t h e  re fe rence  o r b i t ,  and s i n c e  t h e  i n c l i n a t i o n  o f  t h e m a j o r  

a x i s  o f  t h e  mean e l l i p s e  does n o t  change, t h i s  i s  e q u i v a l e n t  t o  a r o t a t i o n  

o f  t h e  o r b i t a l  p lane about t h e  E a r t h ' s  main a x i s  o f  i n e r t i a  (which i n  t h i s  

work i s  regarded as i d e n t i c a l  t o  t h e  sp ins  ax i s ,  and i s  c a l l e d  mere l y  

" t h e  E a r t h ' s  a x i s " ) .  For  a p o l a r  o r b i t ,  i = + g ~ ,  so t h e  D .F ( i )  i n  nmp. 
( A I  I .l .3) become a1 l zero, and so does DC, a,, i t s  F o u r i e r  c o e f f i c i e n t s ,  

nm 
i n c l u d i n g  azno,, and t h e  precess ion r a t e  aznol/2no. Th i s  agrees w i t h  t h e  

absence o f  f o r c e s  exce r ted  by t h e  zona ls  pe rpend icu la r  t o a m e r i d i a n  plane, 

so such a p lane does n o t  precess. A t  any o t h e r  i n c l i n a t i o n ,  t h i s  precess ion 

i s  i n f l u e n c e d  m o s t l y  by  t h e  even zonals,  p a r t i c u l a r l y  i n  n e a r - c i r c u l a r  

o r b i t s .  The reason f o r  t h i s  i s  t h a t  f o r  a c i r c u l a r  o r b i t  F '  = n o t  a t  a l l  

t ime, assuming , = 0 f o r  convenience, R e ~ l a c i n g  F ' ,  t oge the r  w i t h  
0 

f " ( t )  accord ing t o  (AI I .1.6)  i n  (AI I .1 .7)  r e s u l t s  i n  t h e  expression,  



f o r  m = 0 ( a f t e r  t ak i ng  l i m i t s ,  e tc . ) ,  

where j = (n-2p+q), 0 < p < n and q = 1, 3, 5, 7, ... Here even zonals produce 

odd harmonics o f  no, and odd harmonics even ones. The resonant frequency no  

i s  an odd harmonic, so on l y  even zonals can cause resonance, and precession. 

For non-c i rcu la r  o r b i t s  t h i s  i s  no longer  q u i t e  t rue,  bu t  t h e  e f f e c t  o f  t he  

even zonals p reva i l s  as long as t he  o r b i t s  a re  no t  too eccen t r i c .  

(11) Non-periodical  re ference o r b i t .  

I n  t h e  o r b i t a l  theory  developed so f a r ,  a constant assumption has been t h a t  

t h e  re ference o r b i t  i s  c losed and pe r i od i ca l  i n  i t s  own plane. Th is  p roper ty  

i s  essen t ia l  t o  t he  e f f i c i e n t  es t imat ion  o f  t h e  po ten t i a l  c o e f f i c i e n t s ,  as 

explained i n  sec t ion  3, because o f  t he  symmetries t h a t  then appear i n  t he  

fo rmu la t ion  o f  t h e  sate1 l i te-to-sate1 l i t e  t r ack i ng  problem. But a per io -  

d i c a l  o r b i t  was n o t  needed t o  der i ve  t he  va r i a t i ona l s  i n  paragraph (1.3), 

so these can be t h e  bas is  f o r  a theory t h a t  can deal w i t h  more general 

problems, as long as t he  o r b i t s  are nea r - c i r cu l a r  and have h igh i n c l i n a -  

t i ons ,  as both p roper t ies  a re  requi red f o r  the  v a l i d i t y  o f  H i l l ' s  equations. 

A I I .3  Genera l izat ion o f  t he  theory. 

I f  t h e  t r u e  o r b i t  cannot be f i t t e d  by a pe r i od i ca l  re ference o r b i t  c l ose l y  

enough t o  use l i n e a r  per tu rba t ion  theory, a non-periodical  reference must 

be employed. Such a re ference cannot, i n  general, be obtained by numerical 

i n t e g r a t i o n  because t h i s  would have t o  be done over long per iods o f  t ime, 

which creates a number o f  p r a c t i c a l  problems, and a lso  because i t s  shape 

could be too  compl i ca ted  f o r  s a t i s f a c t o r y  mathematical t reatment.  So, 

ins tead o f  an in tegra ted  o r b i t ,  one may use a l i n e  i n  space t h a t  fo l l ows  

t h e  t r u e  o r b i t  c lose enough f o r  long enough, b u t  need n o t  be an o r b i t  

a t  a l l .  A p o s s i b i l i t y  ready a t  hand i s  the  use o f  t h e  secu la r l y  precessing 

Kepler ian e l l i p s e ,  corresponding t o  t he  combined e f f e c t s  o f  t he  cen t r a l  

f o r ce  term and t he  secular  per tu rba t ions  caused by t h e  powerful second 

zonal, t h a t  i s  employed i n  c l ass i ca l  t reatments such as t he  " v a r i a t i o n  o f  

constants" approach. Th is  choice permits a r e l a t i v e l y  s imple mathematical 

development o f  t he  f o r c i n g  terms o f  t he  v a r i a t i o n a l s  a t  t h e  p r i c e  o f  some 

loss  i n  accuracy. The e l l i p s e  i n  quest ion has f i x e d  e c c e n t r i c i t y e  and 



semimajor a x i s  a,  and l i e s  i n  a plane o f  constant  i n c l i n a t i o n  i, precessing 

a t  a constant  r a t e  according t o  expression (1.3.10). The "unperturbed 

p o s i t i o n "  o f  t h e  s a t e l l i t e  along t h i s  " o r b i t "  passes through i t s  per igee 

a t  equal i n t e r v a l s ,  and F '  ( t h e  angle between t h a t  p o s i t i o n  and t h e  semi- 

major a x i s  measured from per igee) ,  o r  " t r u e  anomaly", va r ies  p e r i o d i c a l  l y  

w i t h  a fundamental angular frequency n o  = 271 T,', where t h e  o r b i t a l  pe r iod  

To i s  the  i n t e r v a l  between two consecut ive cross ings o f  the  per igee. The 

major ax is ,  f o r  i t s  p a r t ,  t u rns  s l o w l y  i n  the plane o f  the  e l l i p s e  about 

a focus f i x e d  a t  the  geocenter, so i t s  angular d i s tance  t o  t h e  ascending 

node, o r  argument o f  per igee U, v a r i e s  a t  a steady r a t e  and, above t h e  

" c r i t i c a l  i n c l i n a t i o n " ,  i n  the  same d i r e c t i o n  as t h e  mot ion of t h e  s a t e l l i t e .  

I f  ~w = w - 5,  and L i s  t h e  long i tude  o f  t h e  node, 

F '  = n o t + ( p e r i o d i c  terms) ( A I 1 . 3 . 1 ~ )  

where .co i s  t h e  t ime  when per igee i s  f i r s t  reached, and t h e  constant  angular  

r a t e s  n o  and k a r e  ( a  i s  the  E a r t h ' s  equa to r ia l  rad ius,  n o  i s  u s u a l l y  known 

as M) 

(see, f o r  example, Kaula, expressions (3.74)). Moreover, because o f  t h e  

symmetry o f  t h e  e l l i p s e  about i t s  semimajor ax is ,  and t h e  antisymmetry o f  

t h e  re ference v e l o c i t y  o f  the  sate1 l i t e  respect  t o  t h e  same ax is ,  

and 

N 
F '  = n 0 i  + z f i  s i n  i n  i 

i = l  0 



(where t = t-ro and h,, = a-(nt2) f o r  smal l  e )  which l o o k  t h e  same as 

(2.2.16a) and (2.2.32), w i t h  N be ing i n  t h i s  case a conven ient  upper l i m i t  

f o r  t r u n c a t i o n ,  i n c r e a s i n g  as n and t h e  e c c e n t r i c i t y  do. The precess ing 

e l l i p s e  can be used t o  d e r i v e  H i l l  ' S  v a r i a t i o n a l s  i n  much t h e  same way as 

t h i s  was done i n  s e c t i o n  1, provided, once more, t h a t  t h e  o r b i t  i s  near-  

c i r c u l a r  ( sma l l  e ) and near -po la r  (i c l o s e  t o  +3a). The r o t a t i n g  frame 

(z,r,u) must t u r n  a t  t h e  cons tan t  r a t e  no,  and t h e  F, axes must remain 

i n  t h e  p lane o f  t h e  e l l i p s e ,  so they  precess a long w i t h  it, as before .  

The s o l u t i o n  o f  t h e  v a r i a t i o n a l s  f o r  p e r t u r b a t i o n s  of t h e  i n i t i a l  s t a t e  

a r e  e x a c t l y  as before ,  because H i l l ' s  equat ions do n o t  depend, accord ing 

t o  t h e i r  approximate d e r i v a t i o n ,  on t h e  exact  shape o f  t h e  n e a r - c i r c u l a r  

o r b i t .  To f i n d  t h e  a n a l y t i c a l  s o l u t i o n s  cor responding t o  t h e  p o t e n t i a l  

c o e f f i c i e n t s  c:,, i t  i s  necessary t o  s t a r t  by deve lop ing t h e  f o r c i n g  

terms DC, a,, DC, a,, DC, a, i n  F o u r i e r  s e r i e s .  To show how t h i s  can 
nm nm nm 

be done, cons ide r  DC, a,. Expression (2.2.12), f rom which t h e  co r res -  
nm 

sponding d e r i v a t i o n  f o r  t h e  p e r i o d i c a l  o r b i t  s t a r t e d ,  i s  q u i t e  general  

and can be used here  as w e l l .  I f  U # ?a ( e q u a l i t y  i s  a l lowed o n l y  i n  t h e  

p e r i o d i c a l  case) then AU # 0, and F = F'+A~+L. Replac ing t h i s  i n  (2.2.12), 
2 

DEa a,'. = r - ( n t 2 )  'L ((n-2p) (F '+hut ; ) t m ~ t $ ~ )  
nm P 

i f  a = O  
where $a ={! 2 i f  a= 1' The a c t u a l  va lues  o f  t h e  zrnmp are,  o f  course, 

2 
d i f f e r e n t  because t h e  re fe rence  i s  no l onger  t h e  same, b u t  t h e  form o f  

t h e  express ion remains. Reasoning as i n  paragraph (2.2), f rom (AI I .3 .3)  

and (AI I .3 .5)  f o l l o w s ,  j u s t  as (2.2.27) f rom (2.2.12) and (2.2.16a) 

DEa a,'. = C C 'rnmkp c o s ( k F ' + ( n - 2 p ) ~ ~ + m L t $ ~ ~ )  (AI I .3.6)  
nm k=-(ntN) p=O 

where = 
m a 

a ( 1 - ( l )  --), as before ,  and t h e  sunmation w i t h  respec t  t o  

p has been r e t a i n e d  t o  t a k e  ca re  o f  t h e  e x t r a  te rm i n  t h e  arguments, 

cor responding t o  AU. Changing f rom F ' ,  L, and AU t o  t h e i r  time-dependent 

forrns accord inq t o  ( A I I .  3. l a - c )  , r e p e a t i n g  t h e  s teps l e a d i n g  f rom 

(2.2.27) t o  (2.2.48-50), and c a r r y i n g  o u t  t h e  a d d i t i o n a l  d e r i v a t i o n  f o r  

t h e  o u t - o f  p lane p e r t u r b a t i o n s  a long t h e  l i n e s  o f  paragraph ( A I I . l ) ,  one 

a r r i v e s  a t  



n+K n 
C a 

-"P cos((jnO+(n-2p);+me ')t+@,,) 
j=-(n+K) p=O rnm j p 

(A11.3.7) 

DC, = c aznmjp cos((jno+(n-2p);tme')t+(,?,E) (A11.3.9) 
nm j P 

n+k n  
where K increases w i t h  e and w i t h  n, c c c , and 

j p  j=-(n+k) p=O 

The c o e f f i c i e n t s  arnmjp, a unmjp lnd aalmjp a r e  independent o f  e '  , U and T,, and 

L,, s o  they can be c a l c u l a t e d  as exp la ined i n  paragraph (2.3). Using these 

expansions o f  t h e  f o r c i n g  terms, t h e  corresponding a n a l y t i c a l  s o l u t i o n s  o f  

t h e  v a r i a t i o n a l s  have t h e  same form as b e f o r e  (express ions (2.4.6-9) and 

(AI I .2 .3-4) ) ,  t h e  o n l y  di f ferences be ing  t h e  need f o r  an e x t r a  summation 

w i t h  r e s p e c t  t o  p  i n  each formula,  t h e  replacement o f  t he  f requenc ies  

(jno+me ' ) by ( jno+(n-2p);+me l ) ,  and t h e  e x t r a  phase -sh i f t s  (n-2p)Lr 
0 '  

Because of t h e  new terms (n-2p);, which can be zero,  rega rd less  o f  ;, o n l y  

i f  p = i n ,  even zonals can s t i l l  produce resonant  e f f e c t s  a t  t h e  0  and n o  

angu la r  f requenc ies ,  b u t  n o t  t h e  odd zonals.  For  t h e  near -po lar  o r b i t s  t o  

which t h i s  t heo ry  app l i es ,  however, ; i s  always q u i t e  sma l l ,  so t h e  odd 

zonals can s  ti l l cause s t rong  near-resonances . 

The c o e f f i c i e n t s  arnmjp, aunmjp , aznmjp , when d e r i v e d  i n  t h e  way o u t l i n e d  

here, appear as r e l a t e d  t o  t h e  i n c l i n a t i o n  f u n c t i o n s  F ( i ) ,  t o  i t s  
nmp 

d e r i v a t i v e s ,  and t o  t h e  F o u r i e r  c o e f f i c i e n t s  h  and fi , o f  r-(nt2) and 
n  q  

F' ( t )  , r e s p e c t i v e l y .  Another " l i t e r a l  " f o r m u l a t i o n  cou ld  be obta ined,  

us ing  t h e  c l a s s i c a l  a n a l y t i c a l  p e r t u r b a t i o n s  o f  k e p l e r i a n  elements, i n  

terms o f  i n c l i n a t i o n  f u n c t i o n s ,  e c c e n t r i c i t y  f u n c t i o n s  G (e ) (see Kaula),  
npq 

and t h e i r  d e r i v a t i v e s .  P u t t i n g  those p e r t u r b a t i o n s  toge the r  t o  desc r ibe  

t h e  v a r i a t i o n s  i n  (z ,  r, U )  leads,  even tua l l y ,  t o  t h e  same type(') o f  

 he " c l a s s i c a l "  method i s  based on a  f i r s t  o r d e r  approx imat ion t o  t h e  
n o n l i n e a r  p e r t u r b a t i o n  equat ions o f  Lagrange; t h e  one in t roduced  here  
i s  b u i l t  around H i l l ' s  approx imat ion t o  t h e  Z inea r i zed  equat ions of 
motion. Both a r e  d i f f e r e n t  ways o f  l i n e a r i z i n g  t h e  problem which shou ld  
g i ve ,  w i t h  t h e  same e l l i p t i c a l  p r imary ,  o r  " re fe rence  l i n e " ,  expressions 
o f  t h e  same form f o r  a, B and y, b u t  s l i g h t l y  d i f f e r e n t  numerical  
r e s u l t s  (as l ong  as t h e  e c c e n t r i c i t y  i s  smal l  and t h e  i n c l i n a t i o n  h i g h ) .  



formulas as t h e  present  theory ,  b u t  w i t h  t h e  F o u r i e r  c o e f f i c i e n t s  g i ven  as 

expl ic i t  f u n c t i o n s  o f  t h e  e c c e n t r i c i t y ,  w h i l e  i n  t h e  present  one they  a r e  

no t .  The use o f  any " l i t e r a l "  approach i s  t h a t ,  though n o t  as s u i t a b l e  

f o r  numerical  computations as a  method l i k e  t h e  one proposed i n  paragraph 

( 2 . 3 ) ,  i t  does a l l o w  f u r t h e r  i n s i g h t  i n t o  what happens when t h e  o r b i t  para- 

meters a r e  mod i f i ed .  



APPENDIX 111. 

D e s c r i p t i o n  and l i s t i n g  o f  computer programs. 

T h i s  Appendix e x p l a i n s  and l i s t s  t h e  main programs used f o r  o b t a i n i n g  t h e  

numerical  r e s u l t s  g i v e n  i n  s e c t i o n  4 and i n  appendix I V .  Because o f  l a c k  

o f  t ime, t h e  programs were comnented v e r y  s u s c i n t l y  o r  n o t  a t  a l l ,  so t h e  

f o l l o w i n g  paragraphs, each ded icated t o  an i n d i v i d u a l  program, c o n t a i n  a 

b r i e f  " runn ing  comment" on t h e  f u n c t i o n  o f  t h e  v a r i o u s  segments o f  t h e  code, 

m o s t l y  i n  t h e  a c t u a l  o r d e r  i n  which they  appear i n  t h e  l i s t i n g .  'The l i n e  

numbers r e f e r r e d  t o  a r e  those i n  t h e  column t o  t h e  r i g h t  o f  t h e  FORTRAN 

statements.  The a c t u a l  l i s t i n g  appears a t  t h e  end o f  each paragraph. 

Broadly,  t h e  programs (and assoc ia ted sub rou t i nes )  f a l l  i n  two c lasses:  

those used t o  compute t h e  c losed r e f e r e n c e  o r b i t  by  t h e  method desc r ibed  

i n  paragraph (2.1), and those used t o  f i r s t  s imu la te  and then ana lyze t h e  

l i n e - o f - s i g h t  v e l o c i t y  between two s a t e l l i t e s  and t o  compare t h e  r e s u l t s  

of t h e  numerical  s i m u l a t i o n  ( i n  t h e  form o f  "lumped c o e f f i c i e n t s " )  w i t h  

those o f  t h e  a n a l y t i c a l  t h e o r y  o f  sec t i ons  2 and 3 and appendices I and 11. 

AI11 .l Program f o r  c l o s i n g  t h e  re ference o r b i t .  

T h i s  program implements t h e  procedure descr ibed i n  paragraph (2.1) ,  equa- 

t i o n s  (2.1.8-12). It begins by us ing  t h e  va lues of t h e  f i r s t  9 zonals,  of 

GM, and o f  t h e  mean E a r t h ' s  r a d i u s  "AE" t o  f i n d  t h e  i n i t i a l  c o n d i t i o n s  

( o r  s t a t e )  f o r  a s a t e l l i t e  whose mean h e i g h t  i s  "HS". Th i s  i s  done by  

equat ing t h e  i n i t i a l  ( o s c u l a t i n g )  Kep le r i an  elements t o  t h e  mean elements 

o f  a " f rozen"  o r b i t  us ing  Cook's theo ry  (equat ions (2.1.3-4)) and then  

changing them i n t o  Cartesian,  e q u a t o r i a l  , i n e r t i a l  coord inates ,  r e s u l t i n g  

i n  s imp le r  equat ions o f  mot ion t h a t  a r e  a l s o  e a s i e r  t o  i n t e g r a t e  numeri- 

c a l l y .  The va lues o f  t h e  zona ls  a r e  de f i ned  i n  t h e  DATA statement, l i n e s  

15 and 16 i n  t h e  l i s t i n g .  

The chosen i n t e g r a t i o n  step, i n  seconds, i s  "H", and "EPS", "TELEM", and 

" IN IT "  a r e  v a r i a b l e s  used by t h e  o r b i t  i n t e g r a t i o n  subrout ines and have 

t o  be i n i t i a l i z e d  b e f o r e  these a r e  c a l l e d .  These subrout ines a r e  des- 

c r i b e d  i n  paragraph ( A I I I . 5 ) .  The same a p p l i e s  t o  " I R "  and "DSR2I". 

"NMAX" i s  t h e  h i g h e s t  degree o f  t h e  s p h e r i c a l  harmonic expansion of t h e  

f i e l d  considered, i n  t h i s  case NMAX = 9. "DTOUT" i s  t h e  i n t e r v a l ,  i n  

seconds, between two consecut ive  s t a t e s  o f  t h e  s a t e l l i t e  l i s t e d  i n  t h e  



p r i n t o u t .  "A" i s  the  mean geocen t r i c  d i s tance  o f  t h e  spacecraf t ,  and "DINCL" 

i t s  i n i t i a l  argument o f  per igees i n  degrees, here chosen as 90' t o  meet t h e  

c o n d i t i o n  f o r  a " f rozen"  o r b i t .  Statements 45 through 47 i n i t i a l i z e  c e r t a i n  

ar rays used by t h e  subrout ine "LEGEND", which computes t h e  normal ized 

Legendre polynomials needed t o  c a l c u l a t e  t h e  f o r c e  when i n t e g r a t i n g  t h e  

o r b i t .  Statements 51 t o  68 compute t h e  i n i t i a l  cond i t i ons ,  f i r s t  as Kep- 

l e r i a n  elements (accord ing t o  Cook's theory)  and then conver t  these t o  

Cartesian form. 

The procedure f o r  c l o s i n g  the  o r b i t  i s  i t e r a t i v e ,  but,  because o f  i n s u f f i -  

c i e n t  t ime  t o  develop i t  proper ly ,  t h i s  program can o n l y  c a r r y  o u t  one f u l l  

i t e r a t i o n  every two runs, and, t h e  changes i n  i n i t i a l  cond i t i ons  obtained 

f rom one r u n  must be entered "by hand" i n  t h e  f o l l o w i n g  one, which i s  done 

here i n  statements 70-72. I n  t h e  f i r s t  run, both  70 and 71  a re  "commented" 

(adding a "C" i n  column 1) t o  render them unoperat ive,  w h i l e  "DRO" ( t h e  

c o r r e c t i o n  t o  t h e  r a d i u s )  i s  s e t  t o  0. I n  t h e  n e x t  run, DRO i s  s e t  t o  1 km, 

and t h e  d i f f e r e n c e  ~i~ between t h e  values o f  t h e  r a d i a l  v e l o c i t y  a t  t h e  

p o i n t  where F '  = $n, obta ined f rom each run, i s  used t o  eva luate 
dFn A F ~  AF* 

a & = s = ~  , which then i s  used according t o  (2.1.10b) t o  f i n d  t h e  

" a c t u a l "  c o r r e c t i o n  DYDO t o  the  v e l o c i t y ,  and t h e  corresponding c o r r e c t i o n  

DRO t o  t h e  i n i t i a l  r a d i a l  d i s tance  (equat ion (2.1.10a)). 

The va lue  of t h e  angular f requency no o f  t h e  o r b i t  ( o r  "WO") i s  i n i t i a l l y  

GM s e t  t o  t h e  approximate va lue n o  = , and l a t e r  changed by t h e  program 
0 

t o  an updated va lue corresponding t o  the  est imated h a l f - p e r i o d  o f  t h e  

ac tua l  o r b i t  obta ined i n  l i n e  140. A t  t h e  s t a r t  o f  a new i t e r a t i o n ,  i n  

l i n e s  70 and 71  t h e  values o f  geocen t r i c  d i s tance  and i n i t i a l  v e l o c i t y  

a r e  s e t  equal t o  those obta ined from t h e  previous i t e r a t i o n ,  DRO i s  s e t  

once more t o  0, and t h e  whole pracedure i s  then repeated. Th is  awkward 

method could  be avoided by adding a few a d d i t i o n a l  l i n e s  o f  coding i n  

o rder  t o  "c lose t h e  loop"  and l e t  t h e  whole i t e r a t i v e  procedure repea t  

i t s e l f  automat ica l  l y  u n t i l  i t  meets t h e  convergence c r i t e r i o n .  I would 

have done t h i s  i f  I had had a few e x t r a  weeks t o  p o l i s h  t h e  sof tware 

( w r i t t e n  somewhat i n  haste t o  meet a deadl ine)  b u t  t h i s  was n o t  t h e  case. 



Statements 79 t o  92 i n i t i a l i z e  t h e  o r b i t  computat ion l o o p  t h a t  f o l l o w s ,  

adding t h e  l a t e s t  c o r r e c t i o n s  t o  t h e  i n i t i a l  p o s i t i o n  and v e l o c i t y  and 

e s t i m a t i n g  t h e  o r b i t a l  p e r i o d  "TORB" accord ing t o  t h e  approximate angu lar  

f requency WO. The h a l f  p e r i o d  "TT" and t h e  th ree -quar te r  p e r i o d  "TIT" a r e  

obta ined f rom t h i s ,  and a l s o  t h e  r a d i a l  d i s t a n c e  and v e l o c i t y  a t  t h e  

s t a r t i n g  t i m e  a r e  computed and then p r i n t e d  out ,  t oge the r  w i t h  t h e  Car- 

t e s i a n  i n i t i a l  c o n d i t i o n s .  The main loop, where t h e  o r b i t  i s  c a l c u l a t e d  

and t h e  m idd le  p o i n t  and t h e  f i n a l  p o i n t  est imated, t o  determine t h e  

v a l u e  o f  iT ,~ , /2  and a l s o  t h e  f i n a l  m isc losu re  ( t o  see i f  t h e  procedure 

has converged t o  a  v i r t u a l l y  c losed o r b i t )  s t a r t s  a t  l i n e  93 and runs  

r i g h t  t o  t h e  end, i n  l i n e  180. The i n t e g r a t i o n  over  a  t i m e  increment H 

i s  done by sub rou t i ne  "COWELL". The updated s t a t e  appears i n  a r r a y s  " X "  

and "XP" ( f o r  Car tes ian  components o f  p o s i t i o n  and o f  v e l o c i t y ,  respec- 

t i v e l y )  ; X(1), X(2), X(3) correspond t o  "X" ,  "y", "z", and s i m i l a r l y  f o r  

XP. Rad ia l  d i s t a n c e  and t o t a l  v e l o c i t y  a r e  computed ( l i n e s  86-87) t o  be 

p r i n t e d  out ,  t oge the r  w i t h  t h e  f u l l  s t a t e  and t ime, a t  p o i n t s  a long t h e  

o r b i t  "DTOLIT" seconds a p a r t  (see l i n e s  38-39). S e t t i n g  I N I T  = 1 causes 

t h e  i n t e g r a t o r  t o  s k i p  t h e  s e l f - s t a r t i n g  procedure a f t e r  t h e  o r b i t  compu- 

t a t i o n  has g o t  under way. L i n e s l 0 3 t o  105 t e s t  whether t h e  o r b i t  has 

reached e i t h e r  t h e  c r i t i c a l  neighbourhood o f t h e  m id -po in t ,  o r  i t  i s  g e t t i n g  

c l o s e  t o  t h e  end. The f l a g  "MIAU" i s  s e t  t o  0 a t  t h e  beginning,  so t h e  

procedure concent ra tes  on f i n d i n g  t h e  m id -po in t .  Once t h i s  i s  done, 

MIAU = 1 causes t h e  program t o  search f o r  t h e  end-point ,  and t o  es t ima te  

t h e  m isc losu re  by comparing i t  t o  t h e  s t a r t i n g  p o i n t .  Regardless o f  

whether t h e  search i s  f o r  t h e  mid- o r  f o r  t h e  end-point ,  t h e  method i s  

t h e  same: sense t h e  f i r s t  t i m e  when t h e  s a t e l l i t e  has gone beyond t h e  

p o i n t  i n  quest ion ,  r e v e r s e  i t s  mot ion by changing t h e  s i g n  o f  t h e  i n t e -  

g r a t i o n  step,  and d i v i d e  t h i s  s t e p  by 10; then proceed t o  i n t e g r a t e  i n  

r e v e r s e  u n t i l  t h e  p o i n t  has been j u s t  crossed once more, and repea t  t h e  

procedure go ing  t o  and f r o  w i t h  f i n e r  and f i n e r  sampling i n  t ime, u n t i l  

t h e  es t imated c ross ing  t i m e  changes by l e s s  than  t h e  d e s i r e d  accuracy 

f rom one t u r n  t o  t h e  next .  The a c t u a l  c r i t e r i o n  f o r  dec id ing  on which 

s i d e  o f  t h e  c r i t i c a l  p o i n t  t h e  s a t e l l i t e  happens t o  be, a  geometr ica l  

reason ing t h a t  i s  v a l i d  f o r  h i g h  va lues o f  t h e  i n c l i n a t i o n ,  i s  

exp la ined  i n  t h e  comments o f  l i n e s  115-124. 



The r e s u l t s ,  p r i n t e d  accord ing t o  l i n e s  151-152 and 178-179, c o n s i s t  o f  
llRDOTM1l, o r  FT, I1TM1', o r  t h e  t ime  T,/2 where F '  = 1 "RO", "VO" ,  "RF", "VF" , 

2' 
o r  t h e  i n i t i a l  ( " 0 " )  and f i n a l  ("F")  va lues o f  t h e  geocen t r i c  d i s t a n c e  

and t h e  t o t a l  v e l o c i t y ;  "VZF" i s  ;, which should be 0  f o r  an i d e a l l y  

c losed, symmetr ical  o r b i t .  'Therefore, a  comparison o f  t h e  i n i t i a l  geo- 

c e n t r i c  d is tance,  v e l o c i t y ,  and i: w i t h  t h e i r  f i n a l  va lues measures t h e  

m isc losu re .  "RMX", "RMN", "RAV", "DIFF" a r e  t h e  maximum, minimum and 

average r a d i a l  d i s t a n c e  (ob ta ined  on t h e  f i r s t  h a l f  o f  t h e  o r b i t ,  on t h e  

assumption t h a t  i t  i s  always n e a r l y  symmetr ical  ) ,  and t h e  d i f f e r e n c e  

between t h e  g r e a t e s t  and t h e  s m a l l e s t  he igh t ,  o r  v e r t i c a l  "swing" o f  t h e  

t r a j e c t o r y .  These l a s t  va lues i n d i c a t e  t h e  depar tu re  o f  t h e  o r b i t  f rom 

c i r c u l a r i t y ,  as w e l l  as f rom t h e  des i red  mean he igh t .  The i n t e r m e d i a t e  

va lues o f  TM, t h e  h a l f - p e r i o d ,  and o f  A F ~ ,  needed t o  see how much they  

change w i t h  every  i n t e g r a t i o n  r e v e r s a l ,  a r e  p r i n t e d  accord ing t o  l i n e s  

143-144. I n  t h e  l i s t i n g  g i ven  here, o n l y  two r e v e r s a l s  pe r  c r i t i c a l  

p o i n t  a r e  a l lowed ( l i n e s  160 and 164). A r ray  "R" serves t o  s t o r e  conse- 

c u t i v e  va lues o f  t h e  geocen t r i c  d i s t a n c e  d u r i n g  t h e  f i r s t  h a l f  o f  t h e  

o r b i t ,  t o  o b t a i n  RMX, RMN, e t c .  "CC"  s t o r e s  t h e  g i v e n  va lues o f  t h e  

zonals,  l a t e r  t o  be t r a n s f e r r e d  ( v i a  a  copy t o  a r r a y  "CN" i n  COMMON 

"COEFFS" ) t o  t h e  i n t e g r a t i n g  subrout ines.  Ar rays  "RLEGO", "RLEG1" , "RLNN" 

( l i n e  14)  a r e  r e q u i r e d  by sub rou t i ne  LEGEND ( l i n e s  46-47). Statement 74 

ensures t h a t  t h e  mean va lue  o f  t h e  o r b i t a l  r a d i u s  does n o t  change from 

i t e r a t i o n  t o  i t e r a t i o n .  

The program c a l l s  sub rou t i nes  LEGEND and COWELL (see t h e i r  d e s c r i p t i o n  

i n  paragraph A I I I . 5 ) .  



//GDFGOSCA JOB (3114.81) ,OSCAR,TIk!E= (0 ,lO) 
/*JDBPARU LINES=2,INFORK,Q=F 
// EXEC FTGlCG 
//FDRT.SYSIN DD 3 
C 
C PROGRAM FOR CLOSING OREIT 
C 

IUPLICIT REAL*B (A-H.0-2) 
DIUENSION X (27.9) ,XP (27.9) ,CC (310) 
COUUON/GEOCON/GK . RE 
COUMON/INTEG/H,EPS 
COUUON/IO/IOl,INl ,IK2 ,IN3,INU,IN5,IN6,IN7 
COUUON/COEFFS/ CN (310) ,DSR2I ,IK ,NHAX 
DIHENSION RLEGO (35) ,RLEG1(35) ,RLNN (35) .R (1000) 
DATA CC/l.DO ,O.DO,-~84.166D-6,.958475I2-6, .541539D-6, .0684389@-6, 
1-.151207D-6, ,0933127D-6,.0509491D-6, .027331D-6,3OO*O.DO/ 

C 
C KIU = 1 UHEN CLOSING THE ORBIT (UID-POINT CHECK) ; 
C KIU = 0 WHEN CHECKING CLOSURE (END-POINT CHECK). 
C 

I01 = 6 
NCOUNT = 0 
PI = U .DO*DATAN (1 .DO) 
DO 1 N = 1,310 

1 CN (N) = CC (N) 
H = 12.5DO 
EPS = 1.D-12 
TELEU = O.DO 
INIT = 0 
GU = .39860047D15 
AE = 6378139.DO 
HS = 160016.DO 
T = TELEM 
KlU = 1 
IR = 0 
NUAX = 9 
DSR2I = 1 .DO/DSCR1(2 .DO) 
DTOUT = 1000.DO 
INT = DTOUT/H+l.D-5 
A = AE+HS 
DINCL = 90.DO 
DINC = DINCL*PI/18O.DO 
DC1 = DCOS(D1NC) 
DSI = DSIN(D1NC) 
U = l  
CALL LEGEND (MeDC1 ,DSI,RLF:Gl ,NEAX,IR,RLIN) 
CALL LEGEND(U,O.DO,l.DO,RLEGO,NYAX,IR,RLNN) .. 

L 

C CHOOSE INITIAL CONDITIONS FOR wFROZEN ORBITw. 
C 

U0 = DSQRT (GH/P.**3) 
DK = 3 .DO*DSQRT (S .DO) *UO*Ct: (3)* (AE/A) 332* (1 .DO-5.DO/U.DO*DSI**2) 
DC = O.DO 
DO 5 N = 3.NHAX.2 
NI = ~ 4 1  
DC = DC+CN (NI)* (AE/A) **N* (N-l) /DSQRT (2.DO*N+l.D0) *RLEGO (t!+l) 

t eRLEGl(N41) 
5 CONTINUE 

DC = DC*O.SDO=UO 
E = DC/DK 



RP = A*(l.DO-E) 
X (1.5) = DSQRT (RP+*2- (RPGDSI) *$2) 
X(2.5) = O.DO 
X (3,s) = RPIDSI 
XP(1,S) = O.DO 
XP (2 ,S) = -DSQRT (GM/A= (1 .DO+E)/ (1.DO-E) ) 
XP(3,S) = 0.CO 

C 
C CHOOSE PERTURPATIONS TC IPlITIAL CONDITIONS. 
L 

X (3.5) = 6526U60.3518U60DO 
XP (2.5) = -7812.9679321953DO 
DYDO = -0.015257583UDO 
DRO = DYDO/UO 

C ***$$*$35**$3***$$$$*$3**fC$$**$*$*$$*$*$****$ 

DZ = O.lDO*A 
C 
C ORBIT COMPUTATION 
C 

X (1.5) = X (1 ,S) +DRO*DCI 
X (3,s) = X (3.5) +DKO*DSI 
XP (2,s) = X P  (2.5) +DYDO 
DISCOL = O.DO 
MIAU = 0 
TORB = 2.DO*PI/WO 
R0 = DSGRT(X (1 ,5 )$$2+X(2 ,5 )$ *2+X(3 ,5 )$$2 )  
V0 = DSQRT (XP (1,s) **2+XP (2,s) $$2+XP(3,5)**2) 
T'I = 0.25GTORB 
TIT = 3.DOeTT 
URITE(IO1.11) (X (1.5) ,I=1,3), (XP (1,s) ,1=1,3) ,RO,VO 

11 FORMAT ( / / '  ItJITIAL CONDITIONS @//, (lX,3G20.14)) 
NINT = (TORB+SOC.DO) /H+l.D-5 

1000 DO 100 NI = 1,tIINT 
CALL COUELL (X ,XP ,TELEH,T,NCA ,INIT) 
T N T T  = 1 
i ~ - =  T/H+I.D-S 
R0 = DSQRT (X (1,s) $$2+X (2,s) *$2+X (3 , S )  *$2) 
V = DSQRT(XP(1,5)**2+XP(2,5)**2+XP(3,5)*$2) 
IF (NCOUNT.EQ.0) R (NI) = R0 
IF ((IP/INT) $INT.E$.IP) URITE (101.12) (X (1.5) ,I=1,3) . (XP (1 ,S) 
I ,I=1,3) ,RO,V,T 

12 FORMAT (// (IX ,3C2O.lu) ) 
IF (T.GT.TT.AND.DAES(A) -DABS (X (3,s)) .LT.D) GO TO 20 
CO TO 100 

20 IF (T.LT.TIT.AND.MIAU.EQ.1) GO TO 100 - 
C 
C FIND THE F' = PI AND F *  = 2GPI CROSSINGS. - 

- -  
Cl = -X(1,5) 
C2 = -XP(1,5) 
DETE = ( X ( 2 , 5 ) = X P ( 3 , 5 ) - X ( 3 , 5 ) * X P ( 2 , 5 ) )  
Ptj12 = (CleXP (3.5) -X (3,5)$C2)/DETE 
DISC = (-X (1,s) =PNI2+X (2,s) *Pt;Il) /DSQRT (PN12*$2+PNIlt~2) 

THE MERIDIAN PERPENDICULAR TO THE ORBITAL PLANE 
MUST COtJTAII! THE NORHAL TO THE LATTER. THE 
PROJECTION OF THIS NORKAL ON THE (X,Y) PLANE 
IS THE TRACE OF THAT HERIDIAN ON (X,Y). FOP 
LARGE INCLINATIOKS, THE SINE OF F*-PI IS 



PROPORTIONAL TO THE PRCJECTION OF THE POSITION 
VECTOR OF THE SATELLITE ONTO THE NORMAL TO THE 
TRACE OF THE KERIDIAN ON (X,Y) , ( -PNI2 ,PNI l )  . 
INTERPOLATE RADIAL VELOCITY RDCT, R ,  V . 

RDOT = (X(1,5)*XP(lr5)*X(2,S)~XP(2,5)*X(3,5)sXP(3*5))/RO 
I F  (DISCtDISCOL.LT .O.DO) GO TO 30  
DISCOL = DISC 
RDOL = RDOT 
ROL = R0 
VOL = v 
VZOL = XP(3.5) 
GO TO 1 0 0  

3 0  DTI = H+DISCOL/ (DISCOL-DISC) 
RDOTF = RDOL* (RDOT-RDOL) /H+DTI 
IF(MIAU.EQ.1) CO TO 5 0  
IF(KIn.EQ.0) HIhU = 1 
TH = T-H*DTI 
U0 = PI/TU 
RDOTM = RDOTF 
URITE(I01.222) RDOTM,TH 

222 FORMAT ( / / *  RDOTn,TU =*,2C20.14)  
IF(KIH.EQ.1) GO TO 1 1 0  
CO TO 60  

5 0  RF =ROL* (RO-ROL) /H*DTI 
VF = VOL* (V-VOL)/H+DTI 
VZF = VZOL* (XP (3.5)  -VZOL)/H*DTI 
TF = T-t!*DTI 
URITE ( I 0 1  , 5 1 )  RDOTM,TM,RO,VO,TF,RF,.VF,VZF 

5 1  FORMAT(//* RDOTF! *,G20.14// '  TK,RO,VO,TF,RF,VF,VZF = * / ,  
I (lX.UG20 - 1 4 ) )  

GO TO 1 1 0  
6 0  RDOL = RDOT 

ROL = R 0  
vol. = v 
DISCOL = DISC 

1 0 0  CONTINUE 
l 1 0  I F  (NCOUNT.GT.2) STOP 

H = -H/lO.DO 
INIT = 0 
NCOUNT = NCOUNT*l 
RDOL =RDOT 
ROL = R 0  
VOL = v 
DISCOL = DISC 
IF(NCOUNT.GT.1) GO TO 1 0 0 0  
NK = T/ (H310.DO) * l  .D-5 
R M X  = -1,DO 
R n N  = 1.D40 
DO 1 2 0  N = 1 , N K  
IF (R ( N )  .GT.RY,X) Rnx = R ( N )  
I F  (R (N) .LT.RUN) RHN = R (N) 

1 2 0  R A V  = RAV*R ( N )  
R A V  = R A V / N K  
DIFF = R n X - R U N  
U R I T E ( I O l , l 1 5 )  H~X,R~N,RAV,DIFF 

1 1 5  FORMAT (// '  RF!X,RYN,RAV,DIFF =*/ , lX,4C20.14)  
GO TO 1 0 0 0  

E N D  



A I I I . 2  Program f o r  " c i r c u l a r i z i n g "  t h e  re fe rence  o r b i t .  

T h i s  program takes t h e  i n i t i a l  c o n d i t i o n s  o f  t h e  c losed o r b i t ,  ob ta ined 

w i t h  t h e  r o u t i n e  descr ibed i n  t h e  prev ious paragraph, t o  beg in  a  search 

f o r  another o r b i t  which i s  s t i l l  c losed b u t  somewhat more c i r c u l a r  than 

t h e  i n i t i a l  one, and has a l s o  t h e  p resc r ibed  mean he igh t ,  a  c o n d i t i o n  t h e  

o r i g i n a l  c losed o r b i t  g e n e r a l l y  does n o t  f u l f i l l .  To t h i s  e f f e c t  i t  uses 

t h e  same o r b i t  i n t e g r a t i o n  subrout ines and t h e  same f i e l d  o f  9  zona ls  as 

t h e  prev ious program. The success ive  values o f  t h e  g e o c e n t r i c  d i s t a n c e  

a long t h e  f i r s t  h a l f  o f  t h e  o r b i t ,  computed every  H  seconds, i s  s t o r e d  

i n  t h e  a r r a y  "RS". The c o r r e c t i o n s  t o  t h e  i n i t i a l  s t a t e  ~j', and A r ,  a r e  

c a l l e d  DYDO and DRO, r e s p e c t i v e l y ,  and a r e  computed i n  t h e  r o t a t i n g  frame 

of coo rd ina tes  t h a t  t u r n s  w i t h  t h e  sate1 l i t e ,  i ns tead  of i n  t h e  quas i -  

i n e r t i a l  f rame t o  which equat ions (2.1.11-14) correspond. Th is  i s  done 

t o  s i m p l i f y  t h e  numerical  i n t e g r a t i o n  o f  t h e  o r b i t ,  which i s  c a r r i e d  

o u t  i n  t h e  l o o p  formed by statements 73 t o  83. Here a l s o  t h e  s t a t e  (pos i -  

t i o n  and v e l o c i t y )  i s  p r i n t e d  o u t  every  50 i n t e g r a t i o n  s teps (see s t a t e -  

ments 46-47 and 79-82). The i n i t i a l  c o n d i t i o n s  a r e  p r i n t e d  j u s t  be fo re  

t h e  l o o p  s t a r t s  ( l i n e s  71-72). Statements 84 t o  98 form a  l o o p  where 

(a )  t h e  normal equat ions f o r  t h e  adjustment o f  r,, j ' ,  t o  m in im ize  t h e  

q u a d r a t i c  f u n c t i o n a l  $, which i s  t h e  measure o f  t h e  o v e r a l l  depar tu re  

from c i r c u l a r i t y ,  a r e  formed; (b )  t h e  maximum and t h e  minimum g e o c e n t r i c  

d i s tances  a long t h e  o r b i t  a r e  found. The ad jus tment  proper takes p lace  

i n  statements 99-102. Then t h e  maximum and minimum geocen t r i c  d is tances,  

t h e  c o r r e c t i o n s  t o  t h e  i n i t i a l  r a d i u s  and v e l o c i t y ,  t h e  maximum swing i n  

he ight ,  t h e  h e i g h t  b ias ,  and t h e  rms o f  t h e  depar tu re  f rom c i r c u l a r i t y  

a long t h e  o r b i t  a r e  p r i n t e d  o u t  b e f o r e  going back t o  s t a r t  a  new i t e r a -  

t i o n .  A l t o g e t h e r  t h r e e  i t e r a t i o n s  a r e  a l lowed i n  t h e  program as coded 

(s ta tements  19, 103 and 110). Statements 22-24 i n  t h e  i n i t i a l  segment 

de f i ne  t h e  va lues of D. in, Dr rn and o f  t h e i r  r a t i o ,  which i s  needed 
yo 0 

t o  ensure t h a t  t h e  "c losedness" c o n s t r a i n t  (2.1.12) i s  s a t i s f i e d .  Th i s  

program invokes sub rou t i ne  "COWELL" and i t s  assoc ia tes  t o  perform t h e  

numerical  i n t e g r a t i o n .  

As t h e  "c losedness" c o n s t r a i n t  i s  o n l y  a  l i n e a r  approx imat ion t o  a  non- 

l i n e a r  c o n d i t i o n ,  t h e  r e s u l t i n g  " c i r c u l a r i z e d "  o r b i t  may have a  l a r g e r  



misclosure than the original  one, so the "closing" procedure may have t o  be 

app l ied  once more, the o u t p u t  of this program becoming the i n p u t  t o  the one 
i n  the previous paragraph. 

//GDFGOSCA JOB (3114, @ l )  iOSCAR,TIKE= (0.10) 
/*JDBPARM LINES=2, INFORK,Q=F 
// EXEC FTGlCG 
//FORT.SYSIN DD * 
C 
C PRDGRAK FOR CIRCULARIZING THE REF. ORBIT 
C 

InPLIcIT  REAL:^ (A-H,O-Z) 
DIMENSION X (27.9) ,RS (1000) ,XP (27.9) ,CC(310) 
COMflON/GEOCOK/GM ,AE 
COHMON/INTEG/H,EPS 
COHMON/IO/I01,IG1 .IN2,IN3,IN4 ,It:5,IN6,IN7 
COMflON/COEFFS/ CN (310) ,DSR2I,IR,NHAX 
DATA CC/l.DO ,O.DO,-484.166D-6 ,.950475C-6,.541539D-6, .0684389@- 

t-.151207D-6, -0933127D-6, -0509491D-6, -02733lD-6,300eO .DO/ 
I 0 1  = 6 
DO 1 N = 1,310 

1 CN(N) = CC(N) 
NCOUNT = 0 
DYDO = 0-DO 
D R O  = O.DO 
D Y O R H  = 0.5152D-3/0.1062DO 
D R O R H  = -0.29128D-5 
D K I N  = - D Y O R K / D R O R H  
P I  = O .DO*DATAtI(l .DO) 
Tn = 2638.7404786~0 
U0 = PI/TH 
DK = - D K I N /  (l.DO+UO*DKIN) 
DINCL = 90.DO 
DINC = DINCL*PI/18O,DO 
DC1 = DCOS(D1NC) 
DSI = DSIN(D1NC) 
NT = 2OO.DO 
H = 2.DO*m/NT 
EPS = l.D-12 
NPO = 0 
TELEU = O.DO 
INIT = 0 
GM = .39860047Dl5 
AE = 6378139.D0 
HS = 160016.EO 
T = TELEU 
I R  = 0 
NHAX = 9 
DSR2I = 1 .DO/DSQRT (2.DO) 
DTOUT = H350 
INT = DTOUT / H + 1  .D-5 
X (1.5) = (AE+HS) = D C 1  
X(2.5) = 0-DO 
X(3,5) = (AE+HS)*CSI 
XP (1.5) = 0 .CO 
XP (2.5) = -7805.9927335813DO 
XP(3.5) = O.DO 
X10 = X(1.5) 
X20 = X(2.5) 
X30 = X(3.5) 
XPlO = XP (1 ,5)  
XP20 = XP (2.5) 
XP30 = XP (3,5) 

2000 X10 = X l O + D R O * D C I  



X30 = X30+DRO*DSI 
XP20 = XP20-DYDO-UO=DRO 
X (1.5) = X10 
X(2.5) = X20 
X ( 3 , s )  = X30 
XP (1.5) = XPlO 
XP (2 .5)  = XP20 
XP(3 ,5 )  = XP30 
RAV = AE+HS 
R0 = DSQRT (X (1.5) **2+X ( 2 , s )  **2+X ( 3  ,S)  **2) 
URITE( I01 .40 )  ( X  ( 1 , s )  , I = 1 , 3 ) ,  ( X P ( I . 5 )  , I = 1 , 3 )  

4 0  FORKAT ( / / S  I N I T I A L  CONCITIONS'//, (1X.3 (G20.14.2X) ) )  
D O 1 0 0 0  N I = l , N T  
CALL COUELL (X,X P,TELEE: ,T,tJCA , I N I T )  
I N I T  = 1 
NPO = NPO+l 
R S ( N P ~ )  ~ = DSQRT (X (1,5)**2+X (2.5)  **2+X ( 3 , s )  QQ2) 
TU = T/60.D0 
1 P  = T/H+l .D-5 
I€ ((IP/INT)+INT.EC.IP) YRITE (101.50)  TU, (X (1.5) , 1 = 1 , 3 )  , 

# (XP ( I e 5 )  , 1 = 1 , 3 )  
5 0  FORMAT ( / / / l X  ,G12.5/,3 ( l X , G 2 0 . 1 4 ) )  

1 0 0 0  CONTINUE 
NPO = 0 
T = O  
I N I T  = 0 
SQ = 0 .DO 
R U X  = R0 
RUN = R0 
CDRI = O.DO 
AVDR = O.DO 
DO l 5 0 0  N I  = 1,NT 
CDR1 = (RS ( N I )  -RAV) QDCCS (UO=FiI*H) +CDRl 
AVDR = (RS (NI )  -RAV) +AVDR 
SQ = S Q +  (RS (NI)  -RAV) * c 2  
I F  (RS(N1) .GT.RMX) RUX = RS (VI)  
I F  (RS (NI)  .LT.RHK) RUN = RS ( N I )  

1 5 0 0  CONTINUE 
CC1 = 2.DO/U0+3 .DOeDR 
CC2 = 2.DO/U0+4 .DOeDK 
DYDO = -l.DO/ (KT* (O.SDO*CClG*2+CC2f;Q2)) * (-CCl*CDRl+CC2*AVDR) 
DRO = DKeDYDO 
NCOUNT = NCOUNT+l 
RDIFF = RUX-RUN 
AVRD =AVDR/NT 
RHS = DSQRT(SC/hT) 
WRITE ( 1 0 1 , 1 5 1 0 )  RKX,RHN,DRO ,DYDO, RDIFF,AVRD,RHS 

l 5 1 0  FORMAT(//* RUX,RKN,DRO,DYDO.hLIFP.RVRD,RF!S'/,(1X,4G20.10)) 
I F  (NCOUNT .LT -2)  GO TO 2000  
STOP 
END 

//CO.SYSIN DD * 
// 



A I I I . 3  Program t o  s imu la te  t h e  l i n e  o f  s i g h t  v e l o c i t y  r e s i d u a l s  w i t h  r e s p e c t  

t o  "computed" o r  "nominal"  values.  

Th i s  program computes f i r s t ,  and then s to res  on d i s k  f o r  f u r t h e r  a n a l y s i s  

by t h e  procedure desc r ibed  i n  paragraph A I I I . 4 ,  t h e  d i f f e r e n c e  between " t r u e "  

and "nominal" l i n e  o f  s i g h t  values.  The " t r u e "  va lues correspond t o  two 

sate1 l i t e  o r b i t s  i n t e g r a t e d  n u m e r i c a l l y  f rom i n i t i a l  s t a t e s  t h a t ,  i n  general ,  

do n o t  l i e  e x a c t l y  on t h e  common c losed re fe rence  o r b i t ,  b u t  a r e  each near 

t o  a  " re fe rence"  p o i n t  on it, b o t h  " re ference"  p o i n t s  be ing symmetr ical  w i t h  

r e s p e c t  t o  t h e  pe r igee  (F '  = 0 ) .  The r e l a t i v e  v e l o c i t i e s  a r e  found by d i f -  

f e r e n c i n g  t h e  p r o j e c t i o n s  o f  t h e  v e l o c i t i e s  o f  t h e  two s a t e l l i t e s  a long t h e  

common l i n e - o f - s i g h t  d i r e c t i o n ,  c a l c u l a t i o n  t h a t  i s  c a r r i e d  o u t  by sub- 

r o u t i n e  SIGNAL. The "nominal"  va lues correspond t o  a  p a i r  o f  "nominal"  

o r b i t s  s t a r t i n g  f rom t h e  same i n i t i a l  s t a t e s  as t h e  " t r u e "  ones, p l u s  some 

smal l  p e r t u r b a t i o n s  o r  " i n i t i a l  s t a t e  e s t i m a t i o n  e r r o r s "  chosen t o  make 

t h e  r e l a t i v e  d r i f t  a long - t rack  between " t r u e "  and "nominal" o r b i t s  zero  

(as i t  happens, approx imate ly ,  when r e a l  o r b i t  es t imates  a r e  used t o  c a l -  

c u l a t e  r e s i d u a l s )  . The "nominal"  a long - t rack  v e l o c i t i e s  a r e  computed a l s o  

by sub rou t i ne  SIGNAL. 

The i n t e g r a t i o n  s t e p  i s  H  seconds long, and i s  chosen so t h a t  i t s  r a t i o  t o  

t h e  p e r i o d  o f  t h e  r e f e r e n c e  o r b i t  "TORB" (obta ined as p a r t  o f  t h e  determi -  

n a t i o n  o f  t h i s  o r b i t  by t h e  program o f  paragraph AI11 . l )  i s  a  power o f  2. 

Th i s  cho ice  i s  d i c t a t e d  by t h e  need t o  analyze t h e  r e s i d u a l s  by means o f  

a  F a s t  F o u r i e r  Transform a l g o r i t h m  d u r i n g  t h e  execu t ion  o f  t h e  program o f  

paragraph A I I I . 4 .  The maximum degree i n  t h e  expansion o f  t h e  " t r u e "  f i e l d  

i s  "NMAXIM", w h i l e  t h a t  f o r  t h e  f i e l d  o f  t h e  "nominal"  o r b i t  i s  "NREF". 

As before ,  t h e  f i e l d  f o r  t h e  re fe rence  o r b i t  has a  maximum degree o f  9, 

and a l l  t h r e e  f i e l d s  c o n s i s t  e x c l u s i v e l y  o f  zonals (a l t hough  t h i s  i s  n o t  

a  l i m i t a t i o n  imposed by t h e  p resen t  program, b u t  by t h e  subrout ines t h a t  

compute t h e  g r a v i t a t i o n a l  a c c e l e r a t i o n  d u r i n g  t h e  i n t e g r a t i o n  o f  t h e  

o r b i t s ) .  The d e s i r e d  mean h e i g h t  o f  t h e  s a t e l l i t e s  i s  "HSS", t h e  number 

o f  i n t e g r a t i o n  s teps f o r  t h e  whole o r b i t  i s  "NINT" ( i n  t h e  runs which 

produced t h e  numerical  r e s u l t s  o f  s e c t i o n  4  and appendix IV, NMAXIM = 300 

and NINT = 2048, so "H" was l e s s  than 3  seconds). "DZCE" i s  a  common s h i f t  

i n  t h e  i n i t i a l  s t a t e  o f  t h e  s a t e l l i t e s ,  p a r a l l e l  t o  t h e  z o r  X, a x i s ,  f rom 

t h e i r  p o s i t i o n  on t h e  re fe rence  o r b i t .  "DX11" and "DX12" rep resen t  d i s -  



placements i n  t h e  X ( o r  ac ross - t rack )  d i r e c t i o n  f o r  each s a t e l l i t e  indepen- 

d e n t l y  ( a  "1" a t  t h e  end o f  a  v a r i a b l e ' s  name u s u a l l y  i n d i c a t e  t h e  l e a d i n g  

s a t e l l i t e ,  and a  "2" t h e  t r a i l i n g  one). The r e f e r e n c e  o r b i t  i s  supposed t o  

be a  polar one. "DR1" and "DR2" des ignate  d i f f e r e n c e s  i n  p o s i t i o n  i n  t h e  

r a d i a l  d i r e c t i o n  between t h e  " t r u e "  and t h e  "nominal"  o r b i t s  a t  t h e i r  

s t a r t i n g  p o i n t s .  "SEP" i s  t h e  approximate i n i t i a l  d i s t a n c e  between t h e  

s a t e l l i t e s ,  i n  meters.  "b!0" i s  t h e  mean angu lar  v e l o c i t y  no (2a/orb i  t 

p e r i o d )  o f  t h e  r e f e r e n c e  o r b i t .  The two " re fe rence"  s a t e l l i t e s  pass t h e  

same p o i n t  on t h i s  o r b i t  TSEP seconds apar t ,  which i s  t h e  t i m e  u n i f o r m l y  

r o t a t i n g  s a t e l l i t e  w i t h  angu la r  v e l o c i t y  WO would t a k e  t o  desc r ibe  an a r c  

o f  c i r c l e  o f  l e n g t h  "SEP". I n i t i a l i z a t i o n  ends a t  l i n e  51, where subrou- 

t i n e  PCOEFF i s  c a l l e d  t o  compute t h e  values o f  t h e  zonal c o e f f i c i e n t s  up 

t o  degree "NMAXIM" ( t h a t  o f  t h e  " t r u e "  f i e l d ) .  The f i r s t  9  zona ls  a r e  l e f t  

i d e n t i c a l  t o  those f o r  t h e  re fe rence  o r b i t ;  t h e  zonals o f  t h e  "nominal"  

f i e l d  a r e  i d e n t i c a l  t o  t h e  corresponding ones i n  t h e  t r u e  f i e l d  (no "com- 

m i s s i o n  e r r o r s " ) .  "DlIP1" and "DUP2" a r e  changes i n  a long - t rack  v e l o c i t y  

t h a t  cancel  t h e  d r i f t  due t o  t h e  displacements "DR1" and "DR2), and a r e  

g i v e n  i n  t h e  u n i f o r m l y  r o t a t i n g  system o f  coo rd ina tes  assoc ia ted  w i t h  each 

s a t e l l i t e .  They a r e  t rans fo rmed- to  i n e r t i a l  a long - t rack  v e l o c i t i e s  f i r s t  

( "DUPlI"  and DUP21M) and then, i n  combinat ion w i t h  DR1 and DR2, t o  Carte-  

s ian,  i n e r t i a l  coord inates  ( l i n e s  62-73). The parameter "DTOUT" i n  l i n e  

49 has been chosen t o  be a  number much l a r g e r  than t h e  d u r a t i o n  o f  one 

r e v o l u t i o n  i n  seconds, t o  e l i m i n a t e  t h e  p r i n t i n g  o f  o r b i t  p o s i t i o n s  and 

v e l o c i t i e s  by t h e  i n t e g r a t i n g  subrout ines,  except  f o r  t h e  i n i t i a l  and 

f i n a l  c o n d i t i o n s .  

L ines  74 t o  83 ar range t h e  l i s t i n g  o f  t h e  main parameters t h a t  characte-  

r i z e  t h e  r u n  (maximum degree o f  " t r u e "  and "nominal" f i e l d s ,  number o f  

i n t e g r a t i o n  steps,  mean separa t i on  between sate1 l i tes, p e r t u r b a t i o n s  i n  

i n i t i a l  c o n d i t i o n s ,  e t c .  ) . The re fe rence  o r b i t  i s  i n i t i a l  i z e d  accord ing 

t o  t h e  s t a r t i n g  va lues obta ined w i t h  t h e  program o f  paragraph A I I I . 1 ,  

and then i t  i s  i n t e g r a t e d  by c a l l i n g  sub rou t i ne  ORBIT which, i n  t u r n ,  

invokes a  whole package o f  sub rou t i nes  descr ibed i n  paragraph A I I I . 5 .  

The X, y, z  coord inates  o f  t h e  o r b i t  a r e  s to red  i n  a r rays  " X l " ,  " Y " ,  "Z", 

( t h e  o r b i t  be ing p o l a r  and i n  a  zonal f i e l d ,  " Z l "  con ta ins  o n l y  zeroes, 

and i s  used o n l y  because ORBIT r e q u i r e s  i t ) .  Then ( l i n e  92) t h e  i n t e g r a -  



t i o n  s tep -s i ze  i s  changed tempora r i l y  t o  one quar te r  o f  "TSEP", and i n  two 

steps from t h e  per igee  a  p o i n t  on the  re fe rence  o r b i t  i s  found corresponding 

t o  a  t ime  TSEP/2. I t s  symmetrical i s  obtained i n  l i n e s  107-108, a f t e r  having 

s h i f t e d  t h e  z  coord ina te  by an amount DZCE ( l i n e  101). The nominal o r b i t s  

o f  bo th  s a t e l l i t e s  a r e  computed from these i n i t i a l  s t a t e s  ( l i n e s  105 and 

108) by ORBIT and i t s  assoc ia ted subrout ines. The nominal l i n e - o f - s i g h t  

r e l a t i v e  v e l o c i t y  i s  then computed by SIGNAL, which takes t h e  v e l o c i t i e s  

and p o s i t i o n s  o f  both  s a t e l l i t e s  a long t h e  o r b i t  ( s to red  by ORBIT i n  

a r rays  X I ,  X2, Y 1 ,  Y2, Z1, 22, XD1 XD2, YD1, YD2, ZD1 and ZD2) and puts  

the  r e s u l t  i n  a r r a y  "SST" ( a t  r e g u l a r  i n t e r v a l s ;  "H" has been re tu rned  t o  

i t s  o r i g i n a l  va lue of TORB/NINT i n  l i n e  97). I n  l i n e  109 t h e  maximum degree 

i n  t h e  f i e l d  i s  made equal t o  NMAXIM, i n  p repara t ion  f o r  the  computation o f  

t h e  " t r u e "  o r b i t s .  

I n  l i n e  112 "DTOUT" i s  changed t o  500, thus a l l o w i n g  t h e  i n t e g r a t i n g  sub- 

r o u t i n e s  t o  p r i n t  o u t  t h e  values o f  t h e  " t r u e "  o r b i t  s t a t e s  every as 

many seconds, t o  g i v e  a  general  idea o f  the  shape o f  each " t r u e "  o r b i t .  

Next, t h e  i n i t i a l  cond i t i ons  a r e  changed f rom "nominal" t o  " t r u e "  i n  

accordance w i t h  t h e  s p e c i f i e d  " o r b i t  es t ima t ion  e r ro rs " ,  and the  " t r u e "  

o r b i t s  a r e  in teg ra ted  w i t h  ORBIT ( l i n e s  112 t o  125). I n  l i n e  126 SIGNAL 

i s  c a l l e d  once more, t o  o b t a i n  the  values o f  the  " t r u e "  l i n e - o f - s i g h t  

v e l o c i t y ,  and subs t rac t  them from t h e  "nominal " ones, the  d i f f e r e n c e s  

o r  " r e s i d u a l s "  being re tu rned  i n  "SST". From l i n e  127 t o  146 the  Carte- 

s i a n  components o f  the  g r a v i t a t i o n a l  acce le ra t ion  along t h e  re fe rence  

o r b i t  a r e  computed by subrout ine SECON; these components (FY and FZ, 

the  o t h e r  one i s  always zero i n  a  zonal f i e l d )  a r e  used then t o  o b t a i n  

t h e  a long- t rack and r a d i a l  acce le ra t ions  AU and AR, and t h e i r  sum AT, 

which w i l l  be needed l a t e r  t o  o b t a i n  the  a n a l y t i c a l  lumped c o e f f i c i e n t s  

o f  t h e  l i n e - o f - s i g h t  r e l a t i v e  v e l o c i t y  according t o  t h e  theory  o f  sec- 

t i o n s  1, 2  and 3. Before computing t h e  acce lerat ions,  t h e  c o e f f i c i e n t s  

common t o  the  "nominal" and t h e  " t r u e "  f i e l d s  a re  s e t  t o  zero, as the  

lumped c o e f f i c i e n t s  a r e  supposed t o  correspond t o  t h e i r  d i f f e r e n c e s  

(see paragraph 4.2) and they a r e  a l l  equal up t o  degree NREF. F i n a l l y ,  

a l l  t h e  i n f o r m a t i o n  created by the  program t h a t  w i l l  be needed f o r  the 

subsequent comparison between t r u e  and t h e o r e t i c a l  lumped c o e f f i c i e n t s  

i s  s tored on d i s k  i n  u n i t  10 ( l i n e s  147-150). 



Subrout ine PCOEFF. 

Th is  subrout ine creates normalized and dimensionless zonal p o t e n t i a l  c o e f f i -  

c i e n t s  so t h a t  t h e  power spectrum o f  the  corresponding f i e l d  agrees w i t h  

t h a t  def ined by expression (4.1.1) i n  paragraph (4.1).  To prevent  the  f o r -  

mat ion o f  a  tremendous sp ike  on t h e  n o r t h  pole,  t h e  s igns o f  t h e  zonal 

c o e f f i c i e n t s  a r e  made t o  a l t e r n a t e ,  two consecut ive zonals having the  same 

s i g n  and t h e  two t h a t  f o l l o w  t h e  opposi te.  Th is  r e s u l t s  i n  a  much more 

un i fo rm appearence o f  t h e  " g r a v i t y  d is turbance"  AR along t h e  o r b i t  than 

i t  i s  t h e  case when a l l  s igns a re  t h e  same. Zonals w i t h  100 < n  5 218 a r e  

s e t  t o  0, and those f o r  n  = 299 and n = 230, t o  10 -~ .  

Subrout ine SIGNAL. 

Th is  subrout ine inpu ts  t h e  coordinates and v e l o c i t i e s  o f  bo th  s a t e l l i t e s  

i n  Cartesian coordinates, s to red  i n  a r rays  " X l " ,  " Y l " ,  etc. ,  and t h e  number 

o f  p o i n t s  computed along the  o r b i t ,  "NINT". The ou tpu t  i s  the  succession o f  

values o f  t h e  r e l a t i v e  l i n e - o f - s i g h t  v e l o c i t y ,  a t  t h e  t imes when t h e  o r b i t  

p o i n t s  were computed, so they a re  a l s o  "NINT" i n  number. They a r e  re tu rned  

t o  t h e  c a l l i n g  program i n  a r r a y  "SST". 

Wi th in  t h e  main l o o p  (DO 100 ..."), a vec to r  "E" a l i gned  w i t h  t h e  l i n e - o f -  

s igh t ,  and i t s  modulus "EMI" a re  computed. Then, the  v e l o c i t y  vectors  a r e  

p ro jec ted  on t h a t  l i n e ,  the  d i f f e r e n c e  "S" o f  t h e i r  p r o j e c t i o n s  i s  found, 

and t h e  corresponding component o f  "SST" i s  subst racted from it. As t h e  

i n i t i a l  values o f  a l l  components o f  "SST" a re  0, a  f i r s t  c a l l  i n  t h e  main 

program r e s u l t s  i n  t h e  r e l a t i v e  "nominal" v e l o c i t y ,  w h i l e  t h e  second c a l l ,  

whose i n p u t  a r e  t h e  p o s i t i o n s  and v e l o c i t i e s  o f  t h e  " t r u e "  o r b i t s ,  y i e l d s  

t h e  residual  re1  a t i v e  l i n e - o f - s i g h t  v e l o c i t i e s  t h a t  c o n s t i t u t e  t h e  simu- 

l a t e d  s igna l  produced and s to red  on d i s k  by t h e  c a l l i n g  main program. 



//GDFGOSCA JOB (311U,81) ,OSCAR,TIHE= (0,20) ,REGION=8OOK 
/*JOBPARM LINES=2,INFORH,C=F, 
// EXEC FORTXCG,PAEH.FORT='OPT=2,* 

C 
C PROGRkH THAT SIHULATES THE LINE OF SIGHT VELOCITY 
C RESIDUALS UITH RESPECT TC A FIELD OF DEGREE 'NREF". 
C THE 'TRUE' FIELD HAS DEGREE 'NKAXIMn.RESULTS ARE 
C SAVED ON DISK IN UhIT 10 . 
C 

IHPLICIT REAL*B (A-H.0-2) 
DIHENSION X1 (2060) ,SST (2060) ,AT (2060) , 

I Yl(2060) ,21 (2060) ,XD1 (2060) ,YDI (2060) ,ZD1(2060) , X2 (2060) , 
I Y2 (2060) ,22 (2060) ,XD2 (2060) ,YD2 (2060) ,ZD2 (2060) ,CC (310) 
I ,XOS (3) ,XDOS (3) ,2 (2C6O) ,Y (206C) ,X (3.9) ,XP(3,9h,PFtS (3.9) 
COHMON/GEOCON/GF!,AE S 

COMMON/INTEG/H,EPS 
COHHON/P3URCO/FFER (3.9) ,JJ,KPC, IFCO,ITERA,ITX,IJA ' 
CO~HON/IO/IO1,IN1,IN2,IN3,IK4,ItJ5,IN6,It~7 
COHHON/COEFFS/ CN (310) ,DSR2I ,IR,NYAX,TELFH.DTOUT 
DATA CC/1~DO,O~DO,-U8U~166D-GI~~58U75C-6,.5U1539D-6,.O6~U389~-6, 

1 -.151207D-6, .0933127D-6,.0509491D-6, -027331D-6,300*0 .DO/ 
I01 = 6 
PI = 4 .DO*DATAN (1 .DO) 
DO 1 N = 1.31C 

1 CN (N) = CC(N) 
X30 = 6526UU7.5757058DO 
XP20 = -7812.9831@97787CO 
GM = ,39860047D15 
AE = 6378139.D0 c ****** w3???+********a*"****** *..**..************~ --.-...-- *** ??-?-????-..???-..?c..-???-?..----v---v- 
NMAXIM = 60 
NREF = 30 
TELEH = O.DO 
TORB = 5263.3690681276CO 
HSS = 160016.DO 
NINT = 256 
IECON = 1 
ARCL = TORE 
DZCE = O.DO 
DX11 = O.DO 
DX12 = 0-DO 
DR1 = O.DO 
DR2 = O.DO 
SEP = 300000.DO 

C ?3+$+99$3$3$9*=$$(($$$$Zi$$$+3$$$$=$$$3*$$$$+$$$3$* 

NKAX = 9 
IECO = 0 
DTOUT = 10000.DO 
NREFP = NREF+l 
CALL PCOEFF 
WO = 2.DO*PI/TOKB 
NINTP = NINT+l 
TSEP = SEP/ (UO* (AE+HS) ) 
INTS2P = 3 
ARCLL = TSEP/2.DO 
PS12 = WO*ARCLL 
CPSI2 = DCOS (PSI2) 
SPSI2 = DSIN (PSI2) 
AQ2 = 2.DOGAL 

0000C010 
000C0020 
00000030 
000000U0 
00000050 
00000060 
00000070 
00000080 
00000090 
00000100 
00000110 
00000120 
00000130 
000001U0 
00000150 
00000160 
00000170 
00000180 
00000190 
00006200 
00000210 
0000F220 
00000230 
000002u0 
00000250 
00000260 
00000270 
00000280 
00000290 
00000300 
00000310 
OOOC0320 
00000330 
000003UO 
00000350 
00000360 
00000370 
OOOC03eO 00000390 

00000400 
00000410 
ooooou 20 
00000430 
000004u0 
000004 50 
OOOOOU60 
OOOOOU76 
OOOOOU80 
00000u90 
00000500 
00000510 
00000520 
000C0530 
000005UO 
00000550 
00000560 
00000570 
00000580 
00000590 
OOOOOtOO 



CPSI22 = 2.DO~CPSIz 
DUPl = 2.DO*UO*DRl 
DUP2 = 2.DO=UO*DR2 
DUPlI = DUPI-UOeDR1 
DUP2I = DUP2-UOeDR2 
DX21 =-DRleSPSI2 
DXP21 = DUPlI*CPSIZ 
DX22 = DR2*SPSI2 
DXP22 = DUP2I*CPSI2 
DX31 = DRlWPSI2 
DXP31 = DUPlIeSFSI2 
DX32 = DR2*CPSI2 
DXP32 =-DUP2IeSPSI2 
URITE (101.3) NHA?IH,NREF,HSS,TORB,SEP ,NINT,DZCE,DXll ,DXl2,DRl, 

1DUPl.DR2.DUP2 
3 FORf4AT(*l~,~MAXIHUU DEGREE IN ZOt!AL FIELD = ',I5; UAX. DEG8 
1,'. IN REFERENCE FIELD = ',IS,' SATELLITE HEIGHT = ',G14.8/, 
1' ORBITAL PERIOD = ',G20.10,' MEAN SEPARATION = *,GlU.8, 
1 * NO. INTEGR. STEPS =',lb. 
1/* INITIAL COtlDITION ERRORS : DZCE = *,C14.8,* DXll = *,G12.6, 
1' DX12 = *,Gl2.6,' DRI = *,G12.6,* DUPl = ',G12.6/' DR2 = ' 
1.G12.6,' DUP2 = *,G12.6/8 UNITS ARE * 
4,*UETERS , SECOIJDS ANI! HCTERS PER SECOND.'/) 
DO 15 I = 1,NINTP 

l5 SST(1) = O.DO 
XOS(1) = O.DO 
XOS(2) = O.DO 
XOS(3) = X30 
XDOS (1) = O.D0 
XDOS(2) = XP20 
XDOS (3) = 0.00 
H = TORB/NINT 
CALL ORBIT(XOS,XDOS,Xl,Y,Z,XD1,YD1,ZD1,ARCL) 
H = TSEP/U.DO 
CALL ORBIT (XOS,XDOS,Xl,Yl,Zl ,XDl,YDl, 2D1,ARCLL) 
NUAX = NREF 
IECO = IECON 
H = TORB/NINT 
XOS(1) = X1 (IKTSZP) 
XOS (2) = Y1 (INTS2F) 
XOS (3) = Z1 (INTS2F) +DZCE 
XDOS (l) =XD1 (INTSZP) 
XDOS (2) = YD1 (INTS2P) 
XDOS (3) = ZD1 (INTSPP) 
CALL ORBIT(XOS,XDOS,Xl,Y1,Z1,XD1,YC102D1,ARCL) 
XOS(2) = -XOS(2) 
XDOS (3) = -XDOS (3) 
CALL ORBIT(XOS,XDOS,X2,Y2,Z2,XD2,YD2.ZD2.ARCL) 
CALL SIGNAL (X1,Y1,21,XDIrYDl,ZD1,X2,Y2.Z2,XD2,YD2,2D2,NIt!TP.SST) 

18 NHAX = NMAXIH 
DTOUT = 500.DO 
XOS (1) = XOS (l) +DX11 
XOS (2) = -XOS (2) +DX21 
XOS(3) = X05 (3) +DX31 
XDOS (l) = XDOS (1) +DXP11 
XDOS (2) = XDGS (2) *DXP2l 
XDOS (3) = -XDOS (3) *DXP31 
CALL 3RBIT(XOS,XDOS,Xl,Y1.Z1,XD1,YD102Dl,ARCL) 
XOS(1) = XOS (l) +DX12-DXl1 
XOS (2) = -XOS (2) +CX22+DX21 



XOS (3) = XOS (3) *DX32-DX31 
XDOS (1)  = XDOS (1)  *DXP12-DXP11 
XDOS (2)  = XDOS (2)  *DXP22-DXP21 
XDOS (3)  = -XDOS (3) *DXP32+DXP31 
CALL ORBIT(XOS,XDOS,X2,Y2,Z2,XD2,YD2,2D2.ARCL) 
CALL SIGNAL (X1,Y1,Z1,XD1,YD1,ZD1,X2,Y2,Z2,XD2,YD2,ZD2,NI~!TP,SST)  
NUAXP9 = NUAX*8 
DO 1 0 0  N = 1,NREFP 

l 0 0  CN(N) = O.DO 
IECO = 0 
T = O.DO 
DO 1 2 0  I = 1,NINT 
JJ = 5 
X (2.5) = Y ( I )  
X(3.5) = Z ( 1 )  
X(1.5) = O.DO 
CALL SECON (X ,XP,T,DELS) 
FY = DELS (2.5) 
E 2  = DELS (3.5) 
ZN = DCOS (U09T) 
YN =-DSIN (UOeT) 
AR = FY=YN*FZeZN 
AU = FY*ZN-FZeYK 
AT(1 )  = AR*AU 
T = T*H 

1 2 0  CONTINUE 
I U  = l 0  

STOP 
END 
SUBROUTINE PCOEFF 

C 
C T H I S  SUBROUTINE GENERATES NORI'ALIZED ZONAL POTENTIAL C0FFICIEP:TS 
C EACH EQUAL TO THE SCUARE ROOT OF THE CORRESPONDING DEGREE 
C VARIANCE. THE SIGN CF THE F I R S T  PAIR  (J10,  J l l )  I S  NEGATIVF, 
C THAT OF THE FOLLOUINC PAIR I S  POSITIVE, AND SO ON. 
C 

I M P L I C I T  REAL*8 (A-H.0-Z) 
COHHON/COEFFS/ CN (310)  ,DS,IR,KF!,T, DT 
COHHON/I3/ 101, I O S  (7) 
COUUON/CEOCON/ CH ,A 
GU = .398bOO47Dl5 
B = 1.DO 
C = 2.DO 
A 1  = 3.405DO 
A2 = 140.03DO 
S 1  = .998006DO 
S2 = .914232DO 
HU = 1 
ACH = Ae*U/GHee2el.D-10 
P S 1  = S1*=(9*2)  
PS2 = S23=(9*2 )  
DO 1 0  N I  = 11,310 
P S 1  = P S l * S l  
PS2 = PS23S2 
N = N I - l  
CN (NI)  = ( A C W  (N-2.DO))e ( ( A l e P S l ) /  (N*E) (A2ePS2) 

4 / ((N-2.DO)e (Ei*C))) 



a (NI) = DSQRT (CN (NI) 
IF ( ~ i . G T . 1 0 1 )  CN(N1) = O-DO 
IF ((N1/2)  92.EQ.Nl) Mu -W 

1 0  CN (Nl)  = klkl*CN (NI )  
CN (300)  1.D-5 
CN (301)  1.D-5 
RETURN 
END 

SUBROUTINE SIGNhL(Xl,Y1,21,XDl,YDl.ZDl,X2.Y2.22,XD2.YD2. 
8 2D2.NINTP.SST) 

I H I S  SUE?ROUTINE COMPUTES THE RESIDUAL LINE-OF-SIGHT 
RELATIVE VELOCITY BETULN TUC SATELLITES (-1- RND "2"). 

DO 1 0 0  N I  = l. NIATP 
E ( l )  = X 1  (NI)  -X2 (KI) 
E t 2 1  = Y1 (NI )  -Y2 (NI) 
E (3 )  = 2 1  (NI )  -22 (NI) 
EH = DSQRT (E (1) *02*E ( 2 )  **2*E(3) 9 0 2 )  
EKI = l.DO/EH 
DO 1 I = 1 . 3  

1 E ( I )  = E ( I ) + E U I  
S * (XDl (NI )  -XD2 ( N I ) )  W ( 1 )  (YD1 (NI)  -YE2 ( N I ) )  =E (2)  

# (2D1 (NI)  -2D2 ( N I ) )  *E ( 3 )  
SST(N1) = S-SST (NI)  

. 00  CONTINUE 
RETURN 
END 



A I I I . 4  Program f o r  computing t h e  "lumped c o e f f i c i e n t s "  o f  t h e  s i g n a l ,  bo th  

accord ing t o  t h e  theo ry  and t o  t h e  F o u r i e r  a n a l y s i s  o f  s imula ted data,  and 

f o r  comparing them t o  t e s t  t h e  accuracy o f  t h e  mathemat ical  model. 

To e x p l a i n  t h i s  program i t  i s  necessary t o  a m p l i f y  f i r s t  t h e  f o r m u l a t i o n  o f  

t h e  "lumped c o e f f i c i e n t s "  o f  t h e  s i g n a l  g i ven  i n  paragraph (4.2) .  To o b t a i n  

these c o e f f i c i e n t s  accord ing t o  t h e  a n a l y t i c a l  p e r t u r b a t i o n  theo ry  o f  sec- 

t i o n  2 and t o  t h e  s i g n a l  equat ion o f  s e c t i o n  3, one needs f i r s t  t o  know t h e  

F o u r i e r  c o e f f i c i e n t s  o f  t h e  f o r c i n g  terms o f  t he  v a r i a t i o n a l  equat ions,  

DC, a, and DC, a,, i n  a d d i t i o n  t o  t h e  . d i f f e r e n c e s  .. between t h e  " t r u e "  
nm . . nm 

p o t e n t i a l  c o e f f i c i e n t s  and those used t o  compute t h e  "nominal"  o r b i t s .  

Assuming t h a t  a l l  "nominal"  c o e f f i c i e n t s  a r e  c o r r e c t ,  then A C R  = 0 f o r  

n  2 Nref, where Nref i s  t h e  h i g h e s t  degree i n  t h e  "nominal"  f i e l d .  The per-  

t u r b a t i o n ~  i n  t h e  r a d i a l  and a long - t rack  a c c e l e r a t i o n s  caused by  a l l  t h e  

o f  t h e  same o r d e r  m  shou ld  be, accord ing t o  (2.2.45-46) i f  to = 0, 

and, s i m i l a r l y ,  

6 a u m ( t ) =  E e P a a  nm unmj sin((jno+met)tt~,) (A I I I . 4 .2 )  
j a n  

C a l l  i n g  

then, f o r  m  = 0 ( t h e  theo ry  i s  t e s t e d  w i t h  t h i s  program f o r  zona ls  o n l y )  

Nmax+3N 
6 A o ( t )  = E A . cos jn,t t A s i n  j n o t  

r J U j 
(A I I I . 4 .4 )  

j =o  

where 

(A. I I I . 4 . 5 a )  

(A . I I I . 4 .5b )  



As exp la ined i n  s e c t i o n  3, t h e  r e s i d u a l  s igna l  6s c o n s i s t s  ( i n  theory )  o f  

a  p e r i o d i c a l  p a r t  and a  non-per iod ica l  p a r t .  The f i r s t ,  accord ing t o  

expression (3.4.10) i s  

N  Nmax 1 max n+3N 
6 5 =  c c c c AC;, snmj ~ i n ( ( j n ~ + m e ' ) t + ~ ~ , )  

m=o a=O n=m j=(n+3N) 
(A I I I . 4 .6 )  

where 

2. [ s i n  noc  bnmj cos U C-cos n0c  gnmj s i n  wmjcl 1 mj m j 

b  s i n  U b  I +bl I w m ( j - l )  nm(j-1) m ( j - l ) - w m ( j + l )  nm( j+ l )  

10  otherwise.  

(umj = jno+mel). 

So t h e  c o n t r i b u t i o n  of a l l  AE& of t h e  same o rde r  m t o  6s i s  

where Sjm, t h e  "Zwrrped coef f ic ient " ,  i s  

Nmax 
5 = c  
jm n=m 'nrn 'nmj 

For t h e  zonals (m = 0, a  = 0), t a k i n g  as t i m e - o r i g i n  t h e  moment when t h e  mid- 

p o i n t  between t h e  two s a t e l l i t e s  i s  a t  the "per igee"  ( i . e . ,  F 1  = O), t h e  

expression f o r  t h e  "lumped c o e f f i c i e n t "  becomes (as A C : ~  = 0  f o r  n  5 Nref) 

Nmax+3N 
j = - 0 

I A C  no (snoj+s 
n o ( - j )  1 (~111.4.10) j0 n=N +l 

r ef 

w h i l e  t h e  p e r i o d i c a l  p a r t  o f  t h e  s i g n a l  takes the  form 

Nmax+3N 
= I COS j n O t  

j 0 
(AI I I .4 .11)  

j = o  



The a p e r i o d i c  p a r t  i s  due t o  s e c u l a r  and very  l ong  p e r i o d  e f f e c t s  on t h e  

shape o f  t h e  o r b i t ,  mos t l y  caused by t h e  zonals.  It has t h e  form 

a k ( t )  = A t  s i n  n o t + B t  cos n o t .  Over one pepiod o f  t h e  re fe rence  o r b i t  

( i .e. ,  i n  t h e  i n t e r v a l  0  j t 5 T ) t h i s  s i g n a l ,  being cont inuous and 

bound, can be represented by a  F o u r i e r  s e r i e s  as f o l l o w s :  

where h, and h, depend on A, B  and To. So, f o r  0  5 t 5 To, t h e  t o t a l  r e s i -  

dual  s i g n a l  f o r  m  = 0  shou ld  s a t i s f y  t h e  r e l a t i o n s h i p  ( n e g l e c t i n g  terms i n  
L 

6s above j = Nmax+3N, as t h e  spectrum decays q u i c k l y ) :  

Nmax+3N 
j 1 = c h c ( r ) ~ ~ ~  n o t  + ( S .  +hs (T ) )s in  j n o t  

j =o  J -1 j -1 
(A111.4.13) 

Nmax+3N 
6 s o ( t )  = c pjo cos j n o t  + q  s i n  j n o t  

j 0 
(A111.4.14) 

j=o  

where p  and q  a r e  t h e  F o u r i e r  c o e f f i c i e n t s  o f  t h e  s i g n a l  over  one revo-  
j o  j o  

l u t i o n .  Consequently, t h e  "lumped c o e f f i c i e n t s "  corresponding t o  t h e  f r e -  

quency j n o  a r e  

w h i l e  

(because o f  t h e  cho ice  o f  t i m e - o r i g i n ,  t h e  zonal  p e r t u r b a t i o n  i n  t h e  s i g n a l  

i s  an odd f u n c t i o n  o f  t, so p  = 0  un less  t h e r e  i s  a  p e r t u r b a t i o n  i n  t h e  
j o  

i n i t i a l  s t a t e  as w e l l ) .  

A l so  accord ing t o  t h e  a n a l y t i c a l  t heo ry  developed i n  t h i s  work, t h e  "lumped 

c o e f f i c i e n t s "  f o r  t h e  ins tantaneous r e s i d u a l  v e l o c i t y  must be, f o r  m  = 0, 



= s i n  noc B cos j noc  - cos noc G s i n  j n o c  t 
j o j 0 

where 

According t o  t he  d e f i n i t i o n  o f  bnmj and gnmj (expressions (2.4.8-9) )', 

where the  A and A are as i n  (AII I .4.5a-b).  
r j U j 

I n  order  t o  t e s t  t he  agreement between theory and s imulat ion,  one needs t o  

know 6A(t) ,  t he  sum o f  sar( t )  and 6au(t) ,  a t  r egu la r  i n t e r v a l s  along the  

re ference o r b i t ,  do a numerical Four ie r  ana lys is  o f  these values t o  ge t  t he  

Ar j  and Auj, and then ob ta in  w i t h  these t he  B and Gjq, according t o  
j 0 

(AIII.4.18a-b), t o  ca lcu la te ,  f i n a l l y ,  t he  lumped c o e f f i c i e n t s  S using 
j 0 



expression (AI 11.4.16). Once the theoretical values of the "lumped coeffi- 
cients" are known, and the residual relative line-of-sight velocity, 6so(t), 
computed at regular intervals over one period To, has been analyzed to get 
the total "true" Fourier coefficients of the signal, pjo and qjo (expression 
(AIII.4.14)), one should be able to determine the constants h, and h, 
corresponding to the non-periodical part (assuming the theory i S correct) 
by solving for these constants as unknowns in equations (AIII.4.15a-b). 

Because of possible numerical errors acting as "noise" in the computed 

results, it is best to calculate h, and h, a few times, for different 
values of j, and then to average the results. Once h, and h, are known, 
one can use them to "correct" the Fourier coefficients of the simulated 
signal so as to obtain the "lumped coefficients" S of the periodical part: 

j 0 

according to expressions (AIII.4.15). Because of their origin, these values 
of the "lumped coefficients" may be called "empirical", while those obtained 
from expression (AIII.4.16) as explained before, would be "theoretical". The 

differences between them would be due to: (a) errors in the simulation of 
the data (mostly caused by the numerical integrator) and in the subsequent 
Fourier analysis of the "sampled" signal; (b) errors in the theory. Assuming 
that the sampling interval, which is also the integration step for the 
"true" and "nominal" orbits, is small enough to neglect aliasing in the 
Fourier analysis, and that the integrator is well-chosen, then the differ- 

ences between empirical and theoretical "lumped coefficients" must be due, 
mostly, to errors in the theory. As explained in section 4, the short- 
comings of the numerical integrator (due mainly to the number of signi- 
ficant figures that the computer can handle) were circumvented mostly by 
choosing the values of the PC:, large enough so that their effect will 
overcome, at most frequencies, the "numerical noise". In addition, it was 
obvious that the "sine" part of the empirical coefficients, the pjo, 
contained a small constant term unexplained by the theory, but most likely 
due to the way in which the first point of the orbit is calculated, which 
is different from that for all the others. This may result in a "spike" at 
the origin of the data stream, which would have a small, constant effect 
across the spectrum. This effect was estimated from the value of p at a 

j o 
frequency too high for the signal to have a significant component there, 



and was subs t rac ted  f rom a l l  pjo, p rev ious  t o  any use o f  these numbers, t o  

g e t  " co r rec ted "  e m p i r i c a l  c o e f f i c i e n t s .  It was a g a i n s t  these t h a t  t h e  theo- 

r e t i c a l  c o e f f i c i e n t s  were tes ted .  

Note: I n  t h e  development o f  t h e  theory ,  t h e  mean va lue  s i n  qlO, was rep laced  

by  s i n  noc as an approx imat ion (express ion (3.4.5a)) ,  b u t  t h i s  s u b s t i t u t i o n  

had no m a t e r i a l  e f f e c t  on t h e  a c t u a l  d e r i v a t i o n  t h a t  f o l l o w e d  ( o t h e r  than 

t o  make t h e  r e s u l t i n g  equat ions " l o o k "  s imp le r ) ,  so t h e  more accu ra te  va lue  

s i n  ql0 (ob ta ined  f rom a separate a n a l y s i s  o f  t h e  re fe rence  o r b i t )  has been 

used here, by  way o f  t h e  v a r i a b l e  "AQ" i n i t i a l i z e d  i n  l i n e  53. 

I n  t h i s  program, t h e  r e s u l t s  o f  t h e  s i m u l a t i o n  c a r r i e d  o u t  us ing  t h e  r o u t i n e  

descr ibed i n  paragraph A I I I . 3 ,  i n c l u d i n g  t h e  parameters o f  t h e  problem 

(sa te1  l i t e  separat ion ,  i n t e g r a t i o n  step,  e t c . ) ,  a r e  read  f rom d i s k  ( l i n e  39) 

and some o f  them a r e  p r i n t e d - o u t  t o  g i v e  a  d e s c r i p t i o n  o f  t h e  case be ing 

s t u d i e d  ( l  i nes  42-51). Other parameters d e f i n i n g  t h e  g r a v i t a t i o n  f i e l d ,  etc., 

a r e  i n i t i a l i z e d  i n  l i n e s  25-38. The s imula ted r e l a t i v e  l i n e - o f - s i g h t  r e s i -  

dua ls  a r e  placed i n  a r r a y  "SST", and t h e  va lues o f  s A ( t )  = s a r ( t )  t a a u ( t )  

a long t h e  re fe rence  o r b i t ,  i n  a r r a y  "AT". They a r e  analyzed by means o f  

t h e  F a s t  F o u r i e r  Transform method i n  sub rou t i ne  "FOURIE" ( l i n e s  69 and 75) 

t o  produce t h e  " e m p i r i c a l "  c o e f f i c i e n t s  pjo, qjo and Arj, Auj which a re  

s t o r e d  i n  a r r a y s  "PC", "PS", and "ARJ", "AUJ", r e s p e c t i v e l y .  A  smal l  con- 

s t a n t  b i a s  i s  e l i m i n a t e d  f rom t h e  pjo, f o r  reasons g i ven  e a r l i e r  i n  t h i s  

paragraph, i n  l i n e s  70-72. A l l  nc i0  w i t h  n  Nref (he re  c a l l e d  "NREF") a r e  

s e t  t o  0  ( l i n e s  73-74). The in te rmed ia te  va lues B and G (express ions 
j 0 j 0 

A I I I . 4 .18 )  a r e  found and s t o r e d  i n  a r r a y s  "BJ" and "GJ" ( l i n e s  76-84), up 

t o  a  f requency somewhat h ighe r  than Nmaxno. The " t h e o r e t i c a l "  va lues o f  

t h e  " s i n e "  c o e f f i c i e n t s  a r e  determined next ,  accord ing t o  equa t ion  (A I I I . 4 .16 )  

and s to red  i n  a r r a y  "SSTF" ( t h e  "cos ine"  c o e f f i c i e n t s  a r e  a l l  t h e o r e t i c a l l y  

0 ) .  L ines  96-98 r e f e r  t o  t h e  p r i n t i n g  o f  t h e  heading f o r  t h e  r e s u l t s  t o  be 

l i s t e d  a f te rwards .  These a r e  t h e  "s imula ted"  c o e f f i c i e n t s  pjo, qjo, t h e  

" e m p i r i c a l "  lumped c o e f f i c i e n t s  ( o b t a i n  by c o r r e c t i n g  t h e  pjo, qjo so as t o  

e l i m i n a t e  t h e  e f f e c t  o f  t h e  a p e r i o d i c  p a r t ,  and, thus,  c a l l e d  here  

" c o r r e c t e d " ) ,  t h e  " t h e o r e t i c a l "  c o e f f i c i e n t s  i n  "SSTF" ( " s i n e " - t y p e  on ly ,  

under t h e  heading " a n a l y t i c a l " ) ,  and t h e  percentage e r r o r  ( "emp i f r i ca l " -  

" a n a l y t i c a l  " ) / " e m p i r i c a l "  X 100. The constants  hc and hs ( w i t h  a  change i n  

s i g n )  needed t o  o b t a i n  t h e  non -pe r iod i ca l  p a r t  and s u b s t r a c t  i t  f rom t h e  

Pjo,  q j o  a r e  found i n  l i n e s  99-114. The convers ion o f  t h e  pjo, qjo i n  t o  



" e m p i r i c a l  l umped-coe f f i c i en ts "  takes p l a c e  between l i n e s  115 and 129. The 

percentage " e r r o r "  i s  c a l c u l a t e d  i n  l i n e  130, and t h e  r e s u l t s  f o r  t h e  

f requency i n  ques t i on  (jn,; no here  i s  "WO") a r e  p r i n t e d  o u t  accord ing t o  

l i n e s  131-132. Frequencies below 4n0 a r e  t r e a t e d  d i f f e r e n t l y  f rom t h e  r e s t ,  

because t h e y  a r e  f u l l y  absorbed i n  an adjustment l i k e  t h e  one descr ibed i n  

s e c t i o n  3 by  t h e  "a rc  parameters", so t h e  accuracy o f  t h e  theo ry  r e g a r d i n g  

these p a r t i c u l a r  f requenc ies  i s  i r r e l e v a n t .  As exp la ined  i n  s e c t i o n  4, 

paragraph (4.2), t h i s  accuracy i s  worse than f o r  t h e  r e s t ,  because o f  t h e  

e f f e c t  o f  t h e  "once-per - revo lu t ion"  component t h a t  i s  v e r y  l a r g e  and 

"spreads" over  i t s  neighbours a f t e r  be ing modulated by t h e  s l i g h t  changes 

i n  geometry a long  t h e  re fe rence  o r b i t .  Fo r  t h i s  reason, t h e  r e s u l t s  up t o  

t h r e e  c y c l e s  pe r  r e v o l u t i o n  a r e  p r i n t e d  separa te l y ,  a f t e r  a l l  t h e  o t h e r s  

( l i n e s  143-159). F i r s t ,  t h e  " e m p i r i c a l "  c o e f f i c i e n t s  up t o  j = 2 a r e  

given, and f o r  j = 3, a l s o  t h e  " a n a l y t i c a l "  one ( l i n e s  151-159). From 

l i n e  160 t o  t h e  end, t h e  rms v a l u e  o f  t h e  t o t a l  ( i . e .  "uncor rec ted"  f o r  

non -pe r iod i ca l  terms), p a r t  o f  t h e  s i g n a l ,  t oge the r  w i t h  t h e  rms o f  t h e  

p e r i o d i c a l  ( o r  " co r rec ted " )  p a r t  and t h e  corresponding value, accord ing 

t o  t h e  t h e o r y  ( o r  " a n a l y t i c a l " )  a r e  l i s t e d ,  as w e l l  as t h e  percentage 

e r r o r .  These va lues correspond t o  t h e  added power o f  a l l  t h e  f requency 

components w i t h i n  bands o f  f i v e  c y c l e s  pe r  r e v o l u t i o n ,  thus produc ing a 

s h o r t  l i s t i n g  summarizing a whole run,  l i k e  those shown i n  paragraph (4.4) .  

Subrou t i ne  FOURIE. 

T h i s  sub rou t i ne  c a l l s  t h e  F a s t  F o u r i e r  sub rou t i ne  "FFTSC" f rom t h e  IMSL 

l i b r a r y ,  which f i n d s  t h e  F o u r i e r  c o e f f i c i e n t s  o f  t h e  t ime-se r ies  s t o r e d  

i n  "P" and r e t u r n s  them i n  a r r a y s  "PS" ( f o r  "s ineM-type)  and "PC" ( f o r  

"cos ineu- type) ,  mu1 t i p l i e d  by ( 1  + 6 .  ) / 2  X Number o f  samples. "FOURIE" 
J 0 

c o r r e c t s  t h i s  f a c t o r ,  and r e t u r n s  t h e  c o e f f i c i e n t s  t o  t h e  c a l l i n g  program. 

"IWK", "WK", and "CWK" a r e  work ing a r r a y s  r e q u i r e d  by "FFTSC" (see IMSL 

Handbook). 



//GDFGOSCA JOB (3114 ,  @ l )  ,OSCAR,TIYE= (0.08)  ,REGION=700K 
/*JOBPARM LINES=2,INFOR~.Q=F,COPIES=5,FORMS=6L20 
// EXEC FORTXCG.PAR6 .FORT=vOPT=2v 
//FORT.SYSIN DD * 
C 
C PROGRAM TO CORPUTE THE FOURIER COEFFICIENTS OF THE 
C SIMULATED LINE OF SIGHT VELOCITY AND TO COMPARE THFR 
C TO VALUES CALCULATED USING THE ANALYTICAL 
C EXPRESIONS FOR THE PERTUREATIONS A N D  THE FIRST ORDFR 
C MODEL FOR THE RESIDUALS. 
C 
C f f3 *9 * *39*30* *013* t *$ *=O*QOS=3* *S*O*OO**9* t * *$1*$  

C 
C PROGRRHHER : OSCAR L. COLOMBO, T.H. DELFT. SEP. 1 9 8 3 .  
r - 
C *$*G **3=**e* =*********=**3***3***3****f *****I**$** 

IMPLICIT REALW (A-H.0-Z) 
COMPLEX CUK 
DIMENSION PC (1030)  ,PS (1030) . I U K  (11)  , U K  (1) ,CUK (2060)  , 

I SST(2060)  ,SSTF (2060) ,SNC(311) ,CNC ( 3 1 0 ) .  
I G J  (310) ,BJ  (310)  , A U J  (1030) , A R J  (1030)  ,AT (2060) 
I ,CC(310) .PSC (1030)  ,PCC(1030) ,PCU (1030)  

COMMON /GEOCON/GM, AE 
COKMON/COEFFS/ CN (310)  ,DSR2I, I R  ,NMAX ,TELEI! ,DTOUT 
DATA CC/l.DO .O.DO.  -484.166D-6..9584750-6. .5415391)-6. .0684389t'-6. 

l - . 1 5 1 2 0 7 ~ - 6 ,  i 0 9 3 3 1 2 7 ~ - 6 , . 0 5 0 9 1 1 9 1 ~ - 6 ,  .027:31~-6,30030 .DO/ 00000260  
I01 = 6 00000270  
P I  = 4 .DO*DATAN ( l  .DO) 00000280  
DO l N = 1 , 3 1 0  00000290  

l CN (N) = CC (N) 00000300  
X30 = 6526447.5757058DO 00000310 
XP2O = -7812 -98 31897787DO 00000320  
GK = -39860047D15 00000330  
AE = 6378139.DO 00000340  
AQ = -2294022357D-1  00000350  
BQ =-.1538200005D-2 00000360  
CQ = -641643392D-3 00000370  
I U  = l 0  00000380  
READ (IU) NHAXIK.NMAXP9 ,NItJT,DZCE,DXll ,DX12,DRl,DUPl ,DR2 ,DUP2 ,UO,SEP0000039G 

I ,SST,AT 00000400  
I ,HSS,NREF,TORB 00000410  

URITE(101.3) NHAXIM,NREF,HSS,TORE,SEP,NINT ,DZCE.DXll ,DX12 ,DRl,DUPlOOOOO42O 
I ,DR2,DUP2 00000430  

3 FORMAT(~l~,~MAXIMUM DEGREE I N  ZONAL FIELD = M A X .  DEGv 00000440  
I , ' .  I N  REFERENCE FIELD = ' , I 5 , '  SATELLITE HEIGHT = ' ,G14.8/, 000004  50 
I '  ORBITAL PERIOD = *,G2O.lO,'  HERB SEPARATION = ' ,G14.8, 00000460  
1 '  NO- OF IHTEGR. INTERVALS = ' , I 9 ,  00000470  
I / '  INITIAL CCNDITICN ERRORS : DZCE = *,G14.8,9 DXl l  = ' ,G12.6, 00000480  
l '  DX12 = 9 ,G12 .6 ,9  DR1 = ' ,C12.6.' DUPl = ' ,G12.6,/ '  DR2 = ', 00000490  
iG12.6,'DUP2 = ' ,G12.6/ '  UNITS ARE ' 00000500  
l ,'METERS , SECONDS AND HETERS PER SECCND.'/) 00000510  

I F  (SEP .EQ.300000.DO) GO TO 1234  00000520  
A Q  = .76973374944391!2-2 00000530  
BQ =-.15389199119431D-2 00000540  
CQ = .642153955D-3 00000550  

1 2 3 4  N M A X  = NMAXIM 00000560  
NREFP = NREFi1 00000570  
NINTP = NINT*l 00000580  
TSEP = SEP/ (UO* (AE*HS) ) 00000590  
INTS2P = 3 00000600 



ARCLL = TSEP/2.DO 00000610 
CPSI2 = DCOS (WO*ARCLL) 00000620 
AQ2 = 2.DOeAQ 00000630 
CPSI22 = 2.DOXPSI2 00000640 
D O 4  N = 1 , 3 1 0  00000650 

4 SSTF (N) = O.DO 00000660 
SNC(311) = 0 .DO 00000670 
SNC(1) = O.DO 00000680 
CALL FOURIE (SST,NINT ,PS,PC,IUK,UK,CUK) 00000690 
PCORR = PC(NUAX*50) 00000700 
DO 90 J1 = 3.NUAXP9 00000710 

90 PC (Jl) = PC (Jl) -PCORR 00000720 
DO 100 N = 1,NREFP 00000730 

l00 CN (N) = O.DO 00000740 
CALL FOURIE(AT,NINT,AUJ,ARJ,IWK,UK,CWK) 00000750 
DO 150 J1 = 3.NHAXP9 00000760 
J = J1-1 00000770 
D1 = (JIUO) **3-J*WO**3 00000780 
D11 = DI*J*UO 00000790 
BJ (Jl) =- (J*UC*ARJ (Jl) *2 .DO*WO*AUJ (Jl) ) /D1 00000800 
GJ (J) =-(2.DO*J+WOI*2*ARJ(Jl) * (  (J*UO) **2*3.DO$UOss2) SAUJ (Jl) ) /D11 00000810 
BJ (Jl) =-BJ (Jl) *W OeJ 00000820 
GJ(J) = CJ(J)*UOSJ 00000830 

150 CONTINUE 00000840 
DO 155 N = l.NHAXP9 00000850 
N1 = N*l 00000860 
SNC (NI) = DSIN (NIUOSARCLL) 00000870 

155 CNC(N) = DCOS (tSUO*APCLL) 00000880 
DO 200 J = 2,Nt!AXP9 00000890 
J1 = J*l 00000900 
SSTF (J) = CPSI22eGJ (J) *SNC(Jl) 00000910 
CKK = BQ* (RJ (Jl-1) *SNC (JI-1) -DJ (JI*l) oSNC (J1*1)) 00000920 
SSTF (J) = SSTF (J) *CKK +AQ2*CNC (J) *BJ (Jl) 00000930 

200 CONTINUE 00000940 
WRITE (101,205) 00000950 

205 FORHAT(//,' CYCLES PER REV.*,5X,*SIUULATEDD,27X,'C0RRECTFD*,2OX 00000960 
8 ,'ANALYTICALa,5X, 'X (SIN) ERRORm/.22X,' (COWSIN) ',27X.' (COS/SIN) ' ,00000970 
822X. (SIN) ' / / )  00000980 
HC = 0 .DO 00000990 
HS = 0 .DO 00001000 
K1 = 0 00001010 
K2 = 0 OOOOl020 
NO = 26 00001030 

. - 

IF(I.LT.~) K2 = K2*1 
DF = (1*%2-1 .DO) /I 
HS = HS* (SSTF (I) -PS(I*l) ) cDF 

C IF (I.LT.9) HC = HC-PC (I*I)*DF*T 
206 CONTINUE 

HS = HS/Kl 
HC = HC/K2 
PC (3) = PC (3) +HC/3.DO 
PC (4) = PC (4) +HC/8 .DO 
PS (3) = PS (3) +HS*2.D0/3.DO 
PS (4) = PS (4) *HS33.DO/8.DO 
PCC (3) = PC (3) 
PCC (4) = PC (4) 
PSC(3) = PS (3) 



PSC (4) = PS (4) 00001210 
NHAXIU = NUAXIH-4 OOOOl220 
HAXX = (NHAXI4/10) *10*14 00001230 
DO 220 J1 = 5,NUAXPY 00001240 
J = J1-l 00001250 
DJK = l.DO/ (J*$2-1.DO) 00001260 
IF (Jl.LT.5) GO TO 111 00001270 
PCC (Jl) = PC (Jl) *HC$DJK 00001280 
PSC(J1) = FS (Jl) +HS$DJK*J 00001290 

111 PERRJ = (PSC (Jl) -SSTF (J) )/PSC (Jl) $100 .DO 00001300 
URITE(I01,210) J.FC(J1) ,PS (Jl) ,PCC (Jl) ,PSC (Jl) ,SSTF(J) ,PERRJ 00001310 

210 FORUAT(3X,I6,3X,6(Gl2.6,6X)) 00001320 
IF((J/50)$50.NE.J) GO TO 220 00001330 
URITE (101.2 2 2) 00001 340 

222 FORMAT ('1 ') 00001350 
URITE(I01.205) 00001360 

220 CONTINUE 00001 370 
TRHS = O.DO 00001380 
TERMS = 0.00 00001390 
TPOUER = O.DO 00001400 
URITE (101.3) NHAXIR,NREF.HSS,TORL!, SEP,NINT,DZCE,DXll ,DXl2,DRl ,DUP100001410 
I.DR2.DUF2 00001420 
URITE(I01.230) 000014 30 

230 FORHAT ( *  FROM 0 CY/RFV. TO 3 CY/RFV : CY/REV CORRECTED 00001440 
I ' (COS' 00001450 
, S )  ANALYTICAL. @ l / )  00001460 
IY = 0 00001470 
IYY = 1 00001480 
URITE(I01.232) IY,FC(l).IYY,PS(2),PC(2) 00001490 

232 FORHAT (3OX,I6,2X,G12.6/,3OX,I6,2X,2(G12.6,2X)) OOOOlSOO 
DO 240 I1 = 3.4 00001510 
I = 11-1 00001520 
IF (I.LT.4) GO TO 231 00001530 
TPOUER = TPOh'ER* (PC(I1) $$2* PS (11) $*2) 00001540 
TRMS = TRNS (PCC (Il) *+2 *PSC (11) +*2) 00001550 
TERMS = TERMS+ (PCC (11) **2* (PSC (11) -SSTF (I) ) 3 2 )  00001560 

231 URITE (101.235) 1,PCC (11) ,PSC (11) ,SSTF (I) 00001570 
235 FORUAT(30X,I6,2X,3(G12.6,2X)) 00001580 
240 CONTINUE 00001590 

URITE(I01.245) KAXX 00001600 
245 FORMAT ( / / @  S1Gt;AL STRENGTH OVEE BANDS 10 CYCLES/SEC. UTDF, FROM', 00001610 

1' 4 TO @.I4,' CY/REV. ' , / /SX. 'BAND*.SX. 'RHS UNCORRECTED',3X,@RHS CC000C1620 
#RRECTEDD.5X, 'RKS AKALYTICALe, 000016 30 
#4X , * X  (SIN*COS) ERRORe/) 00001640 
DO 300 J1 = 6,WAXIH.lO 00001650 
J1P9 = J1*9 00001660 
UNRMS = O.DO 00001670 
CRKS = 0-DO 00001680 
A R M  = O.DO 00001690 
ERRHS = O.DO 00001700 
JK = J1 00001710 
IF(Jl.EQ.6) JK = 5 00001720 
J = JK -l 00001730 
DO 250 I1 = JK.JlP9 00001740 
I = 11-1 00001750 
UNRMS = UNRKS* (FC (Tl) *32*PS (11) 332) 00001760 
CRMS = CRMS+ (PCC (11) +*2*PSC (11) -2) 00001770 
ARMS = ARMS*SSTF (1)**2 00001780 

250 ERRHS = ERRMS* (PCC (11) **2+ (PSC (11) -SSTF (I) ) 3 2 )  00001790 
TRMS = TRHS*CRKS 00001800 



TERMS = TERMS+ERRHS 
TPOYER = TPOUER+UNRHS 
UNRHS = DSCRT (UNRUS) 
CRKS = DSQRT(CRMS) 
ARKS = DSQRT (ARKS) 
PERRC = DSQRT (ERRHS) /CRMS*lOO.DO 
URITE (101 .260)  J,I,UNRflS,CRMS,ARflS,PERRC 

2 6 0  FORMAT (2X.13,' - ' , I 3 ,2X,4  (G12.6.6X)) 
3 0 0  CONTINUE 

TRMS = DSGRT(TRMS) 
TERMS = DSQRT (TERMS) 
TPOYER = DSQRT (TPOUFR) 
PEREUN = TtRMS/TPOUER*lOO.DO 
PERECO = TERMS/TRMSQlOO.DO 
URITE (101 .310)  UAXX, PEREUN, PERECO 

3 1 0  FORMAT ( / / '  TOTAL PERCENTAGE ERROR RESPECT TO: (R) TOTAL' 
I ,' UNCORRECTED SIGNAL; (E)  TOTAL CCRRECTED SIGNAL .' , 
4 '  (BAND FROM 4 CY/REV TO ' , I 4 , *  CY/REV) '/,' (A) * ,G20.10,10X,* (P )  
I ' ,G20 -10 )  

STOP 
END 
SUBROUTINE POURIE (P,NINT ,PS ,PC, IUK , U K  ,CUK) 

C 
C THIS  SUBROUTINE CARRIES OUT THE FOURIER ANALYSIS 
C OF THE REAL VECTOR "P". NINT I S  A POSITIVE, EVEN 
C INTEGER. PS  CONTAINS THE COSINE COEFFIClENTS, RND 
C PS THE SINE ONES. 
C 

IMPLICIT REAL% (R-H.0-2) 
COMPLEX CUK 
DIMENSION P ( l )  ,PS ( l )  ,PC ( l )  , I Y K  ( l )  ,CUK (1)  ,YK (1 )  
COHHON/CDEFFS/ CN (310)  ,DX,IR,NMAX 
NINT2 = NINT/2 
NMAXP9 = NMAX+9 
I 0 1  = 6 
CALL FFTSC ( P  ,NINT,PS,PC,IUK ,UK,CUK) 
DINT = l.DO/NINT 
DO 1 0  I = 1.NINT2 
PC(1)  = PC(I )*DINT 

l 0  P S ( 1 )  = PS( I )*DINT 
PC(1)  = PC(l)*O.5DO 

C URITE (101 .20 )  
2 0  FORHRT(//' FOURIER COMP. NO., COS COEFF. SINE COEFF.'//) 

DO 3 0  I = l .S INT2  
I n  = 1-1 

C I F  (IM.LE.NHAXP9.OR. (IV,/lO)*lO.EQ.IF!) U n I T  ( 1 0 1 2 5  I M  ,PC ( I )  ,PS ( I )  
2 5  FORMAT ( l X . I 5 , 2 ( 2 X  ,G2Oo14) )  
3 0  CONTINUE 

RETURN 
END 

//GO.SYSLIB DD 
// DD 
// DD DSN=5YS2.IMSLLIBD,DISP=SHR 
// DD DSN-SYS2.IHSLLIBS ,DlSP=SHR 
//GD.FTlOFOOl DD USIT=DISh.DISP= (SHR) ,VOL=SER=TSVOLS, 
// DSN-GDFGCOL.RUN5 
//GO.SYSIN DD 3 
/ / 



A I I I . 5  Numerical o r b i t  i n t e g r a t o r  and associated subrout ines. 

Subrout ine ORBIT i s  c a l l e d  by t h e  program where an o r b i t  i n t e g r a t i o n  i s  

requ i red.  The arguments, t h a t  a r e  def ined i n  t h a t  program, are:  t h e  

i n i t i a l  cond i t i ons  ( i n  ar rays "XOS" and "XDOS" f o r  X and io, respec- 
-0 

t i v e l y ) ,  and t h e  leng th  o f  t h e  i n t e g r a t i o n  i n t e r v a l  "ARCL". The coord i -  

nates o f  the  s a t e l l i t e  along t h e  o r b i t  and t h e i r  d e r i v a t i v e s  a r e  re turned 

i n  a r rays  "XX" ,  " Y " ,  "Z" ,  "XD", "YD", "ZD". A1 though t h e  o r b i t s  a r e  

e s s e n t i a l l y  po lar ,  the  ex is tence o f  across- t rack per tu rba t ions  i n  the  

i n i t i a l  s t a t e  i n  some cases makes i t  necessary t o  have an a r r a y  t o  s t o r e  

the  " X "  component and i t s  d e r i v a t i v e .  The i n t e g r a t i o n  step "H" and the  

i n t e g r a t i o n  accuracy "EPS" ( i n  s i g n i f i c a n t  places) a r e  brought i n  through 

the  COMMON "INTEG", t h e  remaining parameters t h a t  c o n t r o l  the  i n t e g r a t o r  

a r e  de f ined  through t h e  o the r  comnon statements, and passed on t o  the 

subrout ine.  The va r ious  arguments and parameters a r e  explained i n  t h e  

comments a t  the beginning o f  the  l i s t i n g .  A f t e r  i n i t i a l i z i n g  t h e  proce- 

dure, the  o r b i t  i s  computed over a  t o t a l  o f  "NINT" steps i n  the  "DO loop"  

a t  t h e  end o f  the  program. ORBIT p r i n t s  o u t  headings, t h e  i n i t i a l  condi-  

t i o n s ,  and values o f  the  coordinates and v e l o c i t i e s  a t  regu la r  i n t e r v a l s  

of "DTOUT" seconds (COMMON "COEFFS") . This  subrout ine c a l  l s  the  numeri - 
c a l  i n t e g r a t o r  subrout ine COWELL. 

Subrout ine COWELL implements t h e  numerical i n t e g r a t o r  a lgor i thm,  which 

i s  a  v a r i a n t  o f  the Cowel l p r e d i c t o r - c o r r e c t o r  developed by Kul i kov  (see 

references i n  paragraph (4.1)) .  The order  of t h i s  p a r t i c u l a r  i n t e g r a t o r  

i s  8, and i t  i s  s e l f - s t a r t i n g .  The s t a r t e r ,  which ob ta ins  the  f i r s t  p o i n t  

a f t e r  the  i n i t i a l  cond i t i ons  and opens the  way t o  t h e  o rd ina ry  p r e d i c t o r -  

c o r r e c t o r  c a l c u l a t i o n  o f  a l l  those t h a t  f o l l o w  it, works i n  t h e  usual 

"boots t rap"  fash ion,  and i s  w r i t t e n  i n  t h e  segment o f  code t i t l e d  

"INITIALISATION". The f o l l o w i n g  po in ts  a r e  computed by repeated use o f  

the  l a s t  segment, c a l  l e d  "ROUTINE". I f  t h e  s t a r t i n g  procedure requ i res  

more than 50 "boots t rapping"  i t e r a t i o n s  t o  s a t i s f y  the accuracy c r i  t e -  

r i o n ,  t h e  assumption i s  t h a t  i t  i s  unable t o  converge, and t h e  o r b i t  i s  

n o t  i n teg ra ted .  Instead, a  warning message i s  p r i n t e d  and t h e  subrout ine 

reaches a  "STOP" statement, so the  whole r u n  ends. Th is  subrout ine c a l l s  

SECON. 



Subrout ine SECON i n p u t s  t h e  p o s i t i o n  and v e l o c i t y  v e c t o r  a t  a  g i ven  t i m e  

"S", and r e t u r n s  t h e  g r a v i t a t i o n a l  acce l  e r a t i o n s  i n  c a r t e s i a n  coo rd ina tes  

i n  "DELS". T h i s  a r r a y  con ta ins  t h e  a c c e l e r a t i o n s  a t  n i n e  p o i n t s  a long t h e  

o r b i t .  The p a r t i c u l a r  s e t  computed i s  determined by the  parameter "JJ" i n  

COMMON "POURCO". The purpose o f  t h i s  sub rou t i ne  i s  t o  organize t h e  way i n  

which t h e  s z b r o u t i n e  FORCES, which a c t u a l l y  c a l c u l a t e s  t h e  acce le ra t i ons ,  

does work. I f  t h e  "economizing" f e a t u r e  i s  "on" (IECO = l ) ,  t h e  acce le ra -  

t i o n s  a r e  computed w i t h  a  v e r y  low degree f i e l d  a t  t h e  " c o r r e c t o r "  stage, 

as most o f  t h e  change i n  t h e i r  va lues f o r  smal l  c o r r e c t i o n s  t o  t h e  coor -  

d i n a t e s  i s  dominated by t h e  f i r s t  few zonals.  The o p e r a t i o n  i s  a l s o  

d i f f e r e n t  i n  t h e  s t a r t - u p ,  and when t h e  p r e d i c t o r - c o r r e c t o r  i s  i t e r a t e d  

(ITERA = 1 )  a t  every  p o i n t  t o  improve accuracy ( a  f e a t u r e  t h a t  t u rned  o u t  

t o  be o f  l i t t l e  he1 p  and was n o t  used, because i t  doubled t h e  computer 

t ime  needed). As a1 ready mentioned, t h i s  sub rou t i ne  c a l l s  FORCES. 

Subrout ine FORCES c a l c u l a t e s  t h e  g r a v i t a t i o n a l  a c c e l e r a t i o n s  i n  a  l o c a l  

g e o c e n t r i c  frame. As a l l  t h e  f i e l d s  considered i n  t h i s  s tudy were zona l ,  

o n l y  t h e  r a d i a l  and North-South components a r e  found ("FR" and "FLAT", 

r e s p e c t i v e l y )  and, converted t o  q u a s i - i n e r t i a l  e q u a t o r i a l  Car tes ian coor -  

d ina tes ,  t hey  a r e  s t o r e d  i n  a r r a y  "DELS" and r e t u r n e d  t o  SECON and COWELL 

Th is  sub rou t i ne  uses t h e  Legendre f u n c t i o n s  obta ined through c a l l s  t o  

LEGEND, implement ing equat ions r e l a t e d  t o  (2.3.4-8) t o  f i n d  t h e  

a c c e l e r a t i o n s .  Because o f  t h e  zonal f i e l d ,  e a r t h  r o t a t i o n  was ignored;  

drag and r a d i a t i o n  pressure  a r e  n o t  considered, as t h e  s a t e l l i t e s  a r e  

"d rag - f ree " .  

Subrout ine LEGEND computes a1 l t h e  f u l  l y  normal i z e d  Legendre f u n c t i o n s  o f  

a  g i v e n  o rde r  "M" u s i n g  t h e  r e c u r s i v e  formulas  (1.2.6-8). I n p u t  arguments 

and re tu rned  va lues a r e  descr ibed i n  t h e  comnents f o l l o w i n g  t h e  "SUBROU- 

TINE" statement.  



SUBROUTINE ORBIT(XOS,XDOS,XX,Y,Z,XD,YD,ZD,ARCL) 00001090 
OOOC1900 

THIS SUBROUTINE CCKPUTES A N  ORPIT STARTING 00001910 
FROK THE INITIAL CONDITIOKS 'XOS, XDOSm(BOTH 00001920 
VECTORS OF DIFENSION 3 ) ,  UHERE XOS(1) = X O ,  00001930 
XOS (2)  = Y O ,  XOS (3) = 20, XDOS(1) = X (DOT)O, 000019u0 
XDOS (2) = Y (DOT) 0. A N D  XDOS (3) = 2 (DOT) 0. 00001950 

00001960 
=ARCLm I S  THE ARC LENGTH I N  SECONDS; 00001970 
= H m  I S  THE INTEGRATlOE; STEP; 00001900 
'XX,Y,Z,XD,YD,ZDm ARE ALL VECTCRS OF DIUENSION 00001990 

NINTP' UHERE NINTP = ARCL/H+l . THESE VECTORS 00002000 
CONTAIN T H ~  COORDINATES AND VELOCITY COHPONENTS 00002010 
('D' FOR 'COT') OF THE SLICCESSIVE OEYIT POINT S 00002020 

I N  A N  INEhTIAL, EQURTCRIAL. RIGHT-HANDED SYSTEF. 00002030 
X X  (1) ,Y (1)  ,Z(1) , I D  (1) , Y D  (1) , A K D '  2D (1) ARE SET 00002040 
EQUAL TO THE INITIAL COHCITIOHS BY THIS SURROUTINE.  00002050 

00002060 
A R R A Y  .CNm AND VARIAELES 'TELEU' A N D  'DTOUT' I N  00002070 
COUUON /COFFFS/ ARE: (A) A N  ARRAY OF ZONAL NORMP.LYZED 000020eO 
COEFFICIENTS, UHEPC Ct: ( l )  CCRRESFCNDS TO THE =PO 00002090 
HARKONIC; (B) THE STARTIEG TIME (USUALLY ZERO SECCKDS ; 00002100 
(C) THE lNTCRVAL AT UHICV ORBIT CCORDINATES ARE PPINTED 00002110 
OUT. I F  DTCUT I S  LARGER THAN ARCL, ONLY INITIAL AND FINAL00002120 
STATES ARE PRINTED. 00002130 

00002140 
I F  IECO = 1 THE ACCELERATIONS ARE UPDATED D U R I N G  THE 000021 50 
'CORRECTOR' PHAZE (IE; 'COUELL') UITH A SURLL DEGREE FIELD, 00002160 
TO ECONOMIZE COKPUTING. IECO nUS1 BE DEFINED I N  M A I N  PPOG. 00002170 

00002180 
THIS SUBROUTINE CALLS SUBROUTINES '*COWELL', 'SECON', 00002190 
'FORCES', AND 'LEGENE". 00002200 

00002210 
IMPLICIT REALo8 (A-H.0-Z) 00002220 
COMUON/INTEG/ H ,EPS 00002230 
COMUON/IO/ 101 ,IOS (7) 000022UO 
COMH3N/COEFFS/ CN (310) ,DSR2I,IR,NUAX,TELEW,DTOUT 00002250 
COtWON/POURCO/ FPER (3.9) ,JX,KPX ,1ECO,ITEFiA,ITX,111 00002260 
DIKENSION XOS (1) ,XDOS (1) , X X  (1) , Y  ( l )  , Z  ( l )  , X D  (1) ,YD (1) ,ZD (1) , 00002270 

8 X (3.9) eXP(3.9) 00002280 
T = TELEU 00002290 
I R  = 0 00002300 
EPS 1.0-16 00002310 
INIT = 0 00002320 
DSR21 = l.DO/DSGRT (2.DO) 00002330 
NINT = ARCL/H+l.D-5 000023UO 
X X  (1) = X05 (1) 00002350 
Y (1) = XOS(2) 00002360 
Z(1) = XOS (3)  00002370 
XD (1) = XDOS ( l )  00002380 
I D  (1) = XDOS (2) 00002390 
2D(1) = XDOS (3) 00002UOO 



X (1.5) = XX (1) 
X(2.5) = Y (1 )  
X (3.5) = Z ( 1 )  
XP (1.5) = XD(1) 
XP (2.5) = YD(1) 
XP (3 .S) = ZD (1) 
I N T  = DTDUT /He1  .D-5 
URITE(101.11)  (X (1.5) ,1=1,3), (XF( I .5)  ,I=l,3! 

11 FORRAT(//* 8+* ORFIT : X, Y, 2, XD, YD. ZD, . 
1 * R, V, T = *.//* I t l I T l A L  CONDITIONS : */ /3  (2X,G20.14) ) 

I F  (IECO.EQ.l) U F l T E  (TO1.666) 
6 6 6  FORMAT (/' 1 111 ECONOKIZING I S  ON 1111 */) 

D0  1 0 0  N I  = 1,NINT 
N I P  = N I * l  
CALL COUELL (X,XP,TELEF!,T .NCA,lNIT) 
I N I T  = 1 
XX (NIP)  = X (1.5) 
Y (NIP) = X ( 2  ,S) 
Z (NTP) = X (3,s) 
XD (NIP)  = XP (1.5) 
YD(N1P) = XP (2.5) 

V = DSQRT(XP (1.5) **2*XP (2,s) *F2*XP (3,5) 
URITE (101,12) (X (I ,S) ,1=1,3) , (XP ( I  ,S) , I= l ,3)  .R,V,T 

1 2  FORMAT (//3(2X,G20.1U)) 
1 0 0  CONTINUE 

RETURN 
END 

SUBROUTINE SECON (X,XP,S,DELS) 
C 
C T H I S  SURROUTItJE CALLS SUB. "FORCES' WITH A FULL 
C OR A PARTIAL FIELD,  AS AN OPTION TO SAVE COUPUTING. 
C 

I M P L I C I T  REAL+B (A-H.0-2) 



DIMENSION X ( 3 . 9 )  , X P ( 3 , 9 )  ,DELS ( 3 , 9 )  ,XOLC (3 .9)  ,XPOLD(3 , g )  , 
bDELSN(3.9)  , D E L S O ( 3 , 9 )  

COMMON/POUHCO/ FPER(3,9),JJ,KrC,IECO,ITERA,ITX,TJA 
I F ( I E r O . E Q . 1 )  GO TC 5 
I J A  = 1 
CALL FORCES (X,XP,S,DELS) 
RETURN 

5 CONTINUE 
IF(KPC.NE.10) GO TO 2 0  
I J A  = 1 
CALL FORCES (X,XP,S,DELS) 
I J A  = 0 
CALL FORCES (X,XP,S,DELSO) 
I F ( J J . N E . O )  GO TO 15 
DO 1 0  N = 1 . 3  - - -  - m ~  

DO 1 0  I = 1 . 8  
XOLD(N.1) = X(N.1)  

l 0  XPOLD(N.1) = XP(N.1) 
l 5  I F ( J J . N E . 9 )  RETURN 

1 8  CONTINUE 
RETURN 

2 0  I J A  = 0 
CALL FORCES (X,XP,S,DELSN) 
DO 3 0  I = 1 . 3  

3 0  D E L S ( 1 , J J )  = DELS(I,JJ)+(DELSN(I,JJ)-DELSO(1,J.l)) 
I F  (JJ.NE.9) GO TO 5 0  
I F  (ITERA.EQ.l.At!D .ITX.LT.l) GD TO 6 0  
DO 4 0  N = 1,) 
DO 4 0  I = 1 . 8  
DELSO(N.1) = DELSN (N.111) 
XOLD(N.1) = X ( N , I + l )  

4 0  XPOLD(N.1) = X P ( N , T + l )  
5 0  RETURN 
6 0  DO 5 5  N = 1 . 3  

DO 5 5  I = 1 . 8  
DELSO (N.1) = DELSN (N.1) 
XOLD(N.1) = X(N.1) 

5 5  XPOLD(t4.1) = XP (N.1) 
RETURN 
END 
SUBROUTINE FCRCES (X,XP,T,DELS) 

C 
C COMPUTES ACCELERATIONS I N  INERTIAL SPACE 
C FOR A ZONAL F I E L D .  
C 

I K P L I C I T  REALe8 (A-H.0-2) 
DIMENSION X ( 3 . 9 )  , X P ( 3 . 9 )  ,DEL5 ( 3 . 9 )  
COMMON/POUF!CO/ FPER ( 3 . 9 )  , J J , K T C , I E C O ,  I T E R A , I T X , I J A  
COMMON /GEOCON/ GN ,AE 
COMHON/COEFFS/ Ch' ( 3 1 0 )  , D S R 2 I  ,IR,t!HIX 
COMMON/LEG/ DKTS ( 7 0 0 1  
DIMENSION RN (310) ' ,~t4i* ( 3 1 0 )  .RLIJN ( 3 1 0 )  ,PNI.'P ( 3 1 0 )  
NMAX = NMIX 
NMEX = l 0  

C "*""*""""""**""**$*$"* *""**"" ^*""***"*"** ..,,,,v..-.--, --v - v *..t,,,..,,,$,,-,,,.------f*E$ 

I F  (NMAX.GT.NMEX .AND.I JA.EQ.0) NYAX = NFEX 
H = DSQHT (X ( l , J J ) * * 2 + X  ( 2 , J J )  * * 2 + X ( 3 , J J )  ^=2) 



R I  = l.DO/R 
PRO = DSQRT (X (1,JJ)++2*X (2, JJ) W )  
CPH = PRO=RI 
SPH = X(3 ,JJ ) *K I  
I F  (DABS (PRO) eLT.1 .C-6) GO TO 5 
PRO1 = l.DO/PRO 
CL = X (1,JJ) +PP01 
SL = X (2, J J )  +PRO1 
GO TO 7 

5 CL = O.DO 
SL = 1.DO 

7 NMAXP = NHAX* l  
NUAXPP = NUAX*2 
AOR = AE=RI 
GMA2 = GU/AE++2 
RN (1) = AOR=*2 
RN (2) = AOR=*3 
CTH = SPH 
STH = PPH - - . . - - . . 
DO 1 0  N 1  = 3,KMAXP 

l 0  RN(N1) = AOR+RN(Nl-1) 
CALL LEGEND (O,CTH,STH,PNk!P,NMAXPF, IR,RLNN) 
DO 1 5  N 1  = 1,NKAXP 
PNRP (N I )  = PNHP (141) *RN (N I )  

1 5  PNU ( N I )  = PNkP(N1) 
CALL LEGEND(l,CTH,STH,PNYP,Nb!AXPP,IR,RLNN) 
FR = O.DO 
FLAT = O.DO 
DO 30 N 1  = 1,NMAXP 
N = N I - l  
PNUP (N I )  = PNUP (N l ) *RN (N I )  
PNN = PNU ( H I )  = N I  
IF(Nl.EQ.1) GO TO 35 
FLAT1  = PNMP (N I )  +DRTS (N I )  +DRTS (b!) *DSRZI 
CO TO 36 - -  - .. 

3 5  F L A T l  = 0-DO - . - -. . - - - . - - 

3 6  FLA = FLAT1  
FLAT = FLAT*FLA*CI! (N I )  
PR = FR*PNN+CN(Nl) 

3 0  CONTINUE 
FR = -GUA2+FR 
FLAT = GUA2eFLAT 
FH = FRqCPH-FLRT+SPH 
DELS ( 1  ,JJ) = FH+CL 
DELS (2,JJ) = FH+SL 
DELS (3, J J )  = FR+SPH*FLAT*CPH 

C f 9 = = = * ~ ~ = = $ * * $ * + $ 9 9 * + * 1 * ~ * * * * * ~ 1 * c 1 * * $ 3 * ~ $ ~ = * ~ ~ ~ * c $ + + $ * * * ~ * + ~ ~ $  
RETURN 
END 
SUBROUTINE COUELL (X,XF ,TELEU ,T, NCA , I N I T )  

C 
C ADAUS-COUELL PliEDICTOR/CORRECTCR ALGORITHM 
C 
C UUCGIN/COUELL C .RIZOS' VERSION OF FEB. 8 2  
C MODIFIED BY O.L.COLOkB0 ON SEF. @ 3  TO INCLUDE THE OPTION 
C OF ITERATING THE PREDICTOR-COHF,ECTOI? (.RCUTINEn) STEP 
C B Y S E T T I N G  
C ITERA = 1 
C 
C 



I M P L I C I T  REALW (A-H.0-2) 
DIMENSION X ( 3 . 9 )  , X P ( 3 , 9 )  ,DEL ( 3 . 9 )  , D E L P ( 3 , 9 )  ,DCLS ( 3 . 9 )  
DIMENSION XPP ( 2 7 )  ,XPKAX ( 2 7 )  
COMMOl4/INTEG/H, EPS 
DIMENSION IALPHA (8.7) , IEETA ( 8  , 7 )  
COMMON/IO/IO1,IN1 , IN2, IN3, Ib!4  , I N S , I N 6 , 1 N 7  
COM!4ON/P3UHCO/FPEE ( 3 , 9 ) ,  J J , K P C , I E C O ,  I T E R A , I T X , I J A  
DATA D/3628800.DO/,DP/1209600DO/, 

aIALPHA/237671 , -9829 ,1571 , -289 , -289 ,1573  , - 9 8 2 9 , 2 3 1 6 7 1 ,  
1 2 4 4 6 1 4 , 3 0 6 4 7 4  , - 20826 ,3594 ,1734 , -31286 ,70374 , -1673526 ,  
1 -401475 .38205 ,339465 , -26895 , -2475 ,34725 , -217695 ,5061465 ,  
1378740.-57460.-16780,349580 , - l 6 7 8 0  ,-57460,3787U0,-8536180, 
1-217695,34725,-2475.-26895,339465,38205,-401475,8697225,  
1 7 0 3 7 4 , - 1 1 2 8 6 , 1 7 3 4 , 3 5 9 4 , - 2 0 0 2 6 , 3 0 6 4 7 4 . 2 4 4 ~ 1 4 , - 5 3 9 2 5 6 6 ,  
1-9829,1571.-289,-289,1571,-9829,237671,1908311/ ,  
F1BETA/81161 .1375 , -351 ,191 , -191 ,351 , -1375 ,36799 ,  
#-55688,74536,3832,-1688,1528,-2648,9976,-258968, 
166109.-26813,67165,7843.-5699,8899 , - 3 1 5 2 3 , 7 8 2 7 5 5 ,  
1 - 5 7 0 2 4 . 1 7 9 8 4  , - 1 4 5 2 8 , 6 0 4 8 0 , 1 4 5 2 8  , - 1 7 9 8 4 . 5 1 0 2 4 , - 1 3 1 9 4 8 8 ,  
131523,-8899,5699,-7843,53795,26813,-66109,1344989,  
1 -9976 ,26U8 , -1528 ,16@8. -3832 ,4642U,55688 , -838R08 ,  
11375,-351,191,-191.351,-1375,36799,313261/  

C 
I F  ( I N I T )  1 0 0 1 , 1 0 0 1 , 1 0 0 3  

1 0 0 1  CONTINUE 
I P R I N T  = 0 
HH = H / 8 6 4 0 0  
NPR = U 
NCA = 3 
JMAX = S*NPR 
ITERA = 0 
TCOU =TELEK*T/86400.0  
I N I T = l  
IBOUCL =O 
IND=O 

C 
C ---- I N I l ' I A L I S P ~ T I O N  ---- F I R S T  RUE I N  EACH ITERATION... 

L 

C ACCELER AT O R E I T  T I E  'TCOU' C PARTIAL VARIATIONS 
CALL SECON (X ,XP ,TCO!J,DELS) 
DO 4  N=l,NCA 
DO 5  I=1,8 

5  DELS (N , I )  =DELS (N. 5) 
XP (N.8) -0 .DO 

4  XPMAX (N) =DABS (XP (N.5) ) 
1 0 0 2  DO 11 N = l  ,NCP. 

ZP=O.DO 
Z =O.DO - ..-. 

DO 1 2  I = 1 , 7  
ZP=ZP* IBETA ( 4 ,  I )  *EELS ( N , I * l )  

1 2  Z =Z *IALPHA ( 4 . 1 )  *DEL5 (t.:.I*l) 
DELP (N ,S) =XP (N. 5 )  / H -ZP/DP 
DEL (N.5) =X (Ir.5) / (H*H)-2 /D 



DEL (N,IM) =DEL (N , lM+l )  -DELP (N , IM+l )  
DELP (N , IP )  =DELP ( t4 , IP-1)  +DELS (N. IP-1)  
DEL (N , IP )  =DEL (N , I P - 1 )  +DELP (t4,IP) 

1 3  CONTINUE 
C 

XPP(N) =XP (N.8) 
DO 1 4  J = 2 , 8  
I F  (J-5) 9 , 1 4 , 9  

9 ZP=O.DO 
2 =O.DO 
DO 1 5  I = 1 , 7  
ZP=ZP+ IBETA ( J - l ,  I)*DELS ( N , I + l )  

1 5  2 = 2  +IALPHA(J-l,I)*DELS(N,I+l) 
XP ( N , J ) =  H* (DELP (N , J )  +ZP/DP) 

X (N. J )  =H*H* (DEL (H. J )  + 2  /D ) ~. ~ 

14 CONTINUE 
11 CONTINUE 

C 
DO 1 6  J = 2 , 8  
S-TCOY +HH* ( J - 5 )  
I F ( J - 5 )  1 7 . 1 6 . 1 7  

1 7  CONTINUE 
JJ=J 

c 
C ACCELERS RT OTHER TIKES FOR STARTUP ( 3  BEFORE, 3 AFTER) 

CALL SECON (X,XP,S,DELS) 
1 6  CONTINUE 

C 
DO 1 8  N=l,NCA 
XPMAX (U) =DHAX1 (XPMAX (PI )  ,DABS (XP (N.6)) ) 
I F  (DABS (XP(N.6) -XPP(N))  .CT.XPHAX (N)*EPS) GO TO 1 9  

1 0  CONTINUE 
I F  (IPRINT.GE.3) WRITE ( 1 0 1 , 2 0 0 0 )  IPOUCL 

2000  FORMAT (/,' NO. OF ITERATIOSS FOP START UP ' , I 3 , / )  
GO TO 1 0 0 3  

1 9  IDOUCL=IBOUCL*l 
I F  (IBOUCL-50) 1 0 0 2 , 1 0 0 2 , 1 0 0 0  

l 0 0 0  YRITE( I01 .3663)  
3 6 6 3  FORKAT(//' + + +  S T C F l l  MORE Tt:AU :G ITERATIONS FOR STARTUP*) 

STOP 
C 
C ---- ROUTINE ---- 
C 

1 0 0 3  ITX = 0 
1 0 0 4  IND=l  

DO 6 1  N=l,NCA 
ZP=O.DO 
2 =0.DO 
DO 6 2  I = 1 , 7  
ZP=ZP+ IBETA (4 ,  I )  *DELS ( N , I + l )  

6 2  2 = 2  +IALPHA ( U , I ) * D E L S ( N , I + l )  
DELP (N ,5) =XP (N.5) / H -ZF/DP 
DEL (N,5)=X (S.S) / (H*H)-Z / D  
DO 6 3  I = 1 , 4  
I P = 5 + I  
DELP (N , IP )  =DELF ( l i , I P - l )  *EELS ( t ; , IP - l )  

6 3  DEL (N,IP)=DEL ( N , I P - l ) + D E L P ( h , I P )  
ZP=O.DO 
2 =O.DO 
DO 5 5  111 .7  



ZP=ZP+ IBETA (8.1) *DELS ( N , I + l )  
5 5  Z =Z +IALPHA (8.1) *DELS ( N , I + l )  

XP (N.9) = H= (DELP (N.9) +ZP/DP) 
X (N,9)=H=H* (DEL (N.9) + Z  /D ) 

6 1  CONTINUE 
C 

S=TCOU+HH*4 .DO 
KPC=lO 
J J = 9  

C 
C ACCELER ONE PT. BEYOND RANGE ( 7  PTS, 3 BEFORE, 3 AFTER C ORBIT) 

CALL SECON (X,XP,S,DELS) 
DO 5 4  N=l,NCA 
DO 6 4  JZ6,JUAX 
ZP=O.DO 
Z =O.DO 
DO 6 5  I = 1 , 7  
ZP-ZP+ IBETA ( J - 2 ,  I )  =DEL5 (N, 1 + 2 )  

6 5  Z =Z +IhLPHA (J-2 , I )*DELS (N ,1+2)  
XP (N,J)  = H= (DELP (N. J )  +ZP/DP) 

6 4  X (N,J)=HQH= (DEL ( N , J ) + Z  /D ) 
5 4  CONTINUE 

C 
DO 5 1  J=C,JMAX 
S=TCOU *HH= ( J - 5 )  
KPC=J 
JJ=J 

C 
C EVALUATION (PARTIAL AS AN OPTION) OF ACCELS. AT UPDATED 
C 4 'FORYARD' ELEUEKTS. 

CALL SECON (X ,XP,S,DELS) 
5 1  CONTINUE 

ITX = I T X + l  
I F  (ITERA.EQ.1.AND.ITX .LT.2) GO TO 1 0 0 4  

C 
C SHUFFLE ALL ELEMENTS TO NEXT TIME PT. 

T=T+H 
DO 200  N=l,NCA 
DO 2 0 1  I = 1 , 8  
XP ( N , I ) = X P ( N , I + l )  
X (N,I)=X ( N , I + l )  
FPER (N , I )  =€PER (N. I + l )  

2 0 1  DELS(N,I) = D E L S ( N , I + l )  
2 0 0  CONTINUE 

RETURN 
END -. .- 
SUBROUTINE LEGEtjD (P:,COTHET, SITHET,RLEG.NHX.IR,RLNN) 

C ~ ~ .. 

THIS SUBROUTINE CCEPUTES ALL NORMALIZED LEGENDRE F U N C T I O ~ ~ 5 0 0 0 0 5 8 9 0  
IN  'RLEG' . ORDER I S  ALUAYS 0 0 0 0 5 9 0 0  
M . AND COLATITUDE I S  ALUAYS THETA (RADIANS). MAXIHUK DEGR00005910 
I S  NUX . 0 0 0 0 5 9 2 0  
IR MUST BE SET TO ZERO BEFORE THE FIRST CALL TO THIS SUB. 0 0 0 0 5 9 3 0  
THE DIKENSIONS OF ARRAYS RLEG, AND RLNN MUST BE OOOC5940 
AT LEAST EQUAL TO NUX+l . 0 0 0 0 5 9 5 0  

0 0 0 0 5 9 6 0  
0 0 0 0 5 9 7 0  

PROCRAUUER : CSCAR L. COLOUBO, DEPT. OF GEODETIC SCIENCE, 0 0 0 0 5 9 8 0  
THE OHIO STATE UNIVERSITY, AUGUST 1 9 8 0  . *33=$==+Q*$=*S=*~~+$1~* fOOOO5990  

0 0 0 0 6 0 0 0  



IMPLICIT REAL'% (A-H.0-Z) 
DIMENSION RLEG(1) .RLNN ( l )  

2 ,  DIRT ( 7 0 0 )  
COHHON/LEG/DRTS (700)  
N M X l  = NUX+1 
NMX2P = 2*NMX*1 
DO 1 2 3  N = 1 . 3 5  
RLEG(N) = 0-DO 

1 2 3  RLNN(N) = O.DO 
U1 = U + l  
U2 = u + 2  
M3 = U*3 
I F  (IR.EC.1) GO TO 1 0  
IR = 1 
DO 5 N = l.NHX2P 
DRTS (N) = DSQRT (tJ"1.DO) 

5 DIRT(N) = l.DO/DRTS(N) 
1 0  CONTINUE 

C 
C COMPUTE THE LEGENCRE FUIJCTIONS . 
C 

RLNN ( 1 )  = 1 .CO 
RLNN (2 )  = SITHETZDRTS ( 3 )  
DO 1 5  N 1  = 3 , H l  
N = N I - l  
N2 = N+N 

1 5  RLNN (NI)  = DRTS (N2+1)  *DIRT (NZ)=SITHETIRLNN ( N I - l )  
I F  (H.GT.1) GO TO 2 0  
I F  (M.EQ.0) GO TO 1 6  
RLEG 12)  = RLNN12) 

16 RLEG(I) = 1 . ~ 0  
RLEG ( 2 )  = COTHETaDRTS (3 )  

2 0  CONTINUE 
RLEG(K1) = RLNN (HI)  
RLEG (H2) = DRTS (Ml*Z*l)*COTHET*RLEG (HI )  
DO 3 0  N 1  = U3,NHXl 
N = N I - 1  
I F  (U .EQ.0.AND.N.LT.2.0RRP.E~.1.RND.N.Lf.3) GO TO 3 0  
N2 = N+N 
RLEG (NI)  = DRTS (NZ+l)*DIRT ( N W )  $DIRT (C-K) * (DRTS (N2-l)=COTHET* 

2 RLEG (NI-1)  -DfiTS (h+H-1) *DRTS (N-M-1) *DIRT (NZ-3) SRLEC (NI-2) ) 
GO TO 3 0  

3 0  CONTINUE 
RETURN 

END 
//CO.FTlOPOOl DD UNIT=DISK ,DISP=(NEh',CATLG) ,VOL=SER=DISKlO, 
// DCB=(RUCFU=VBS,LRECL=1650O,BLK~IZE=16504), 
// SPACE= (TRK, ( 1 . 1 ) )  ,DSN=GDFGCOL.SSTRYS 
//GO.SYSIN DD 0 
// 



APPENDIX I V .  

D e t a i l e d  l i s t i n g s .  

I n  t h i s  Appendix, Tab le  AIV-1 con ta ins  t h e  d e t a i l e d  l i s t i n g  o f  t h e  percentage 

e r r o r s  o f  t h e  lumped c o e f f i c i e n t s  o f  t h e  model, compared t o  those obta ined 

by s i m u l a t i o n  and c o r r e c t i o n  f o r  nonper iod i c  e f f e c t s ,  f o r  t h e  case where t h e  

separa t i on  between s a t e l l i t e s  i s  100 km w i t h  no e r r o r s  i n  t h e  i n i t i a l  s t a t e s  

o f  t h e  nominal o r b i t s .  Table AIV-2 s h o w s s i m i l a r r e s u l t s  f o r  300 km separa- 

t i o n ,  a l s o  w i t h o u t  i n i t i a l  s t a t e  e r r o r s .  The abso rb t i on  bands, where i n t e -  

g r a t o r  e r r o r s  and n o n l i n e a r  e f f e c t s  dominate t h e  ve ry  smal l  f i r s t  o rde r  

pe r tu rba t i ons ,  can be seen q u i t e  c l e a r l y .  
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