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I N T R O D U C T O R Y  R E M A R K S

1.1 Introduction

The sketch given here evolved as a spare time activity from the presentation and discussion of

the paper IBr t n u a u v o n , 1962]. The struggle with the subject concerned the main l ines: not

all mathematical details have been satisfactorily solved and the theory is not complete, hence
the sketchy character of the treatrnent. The incentive to this investigation came from two sides:
a. In setting up a spatial theory of geometric geodesy the need was felt for a connection with

gravimetric {or physical} geodesy that was independent of the classical ellipsoidal approach.
b.  Since the lectures by F.A.VaNING MEINESz in l938and l939, thef ie ldofphysicalgeodesy

has always fascinated me and held my interest. However, as the number of publications on

this field grew, the theoretical structure became less and less clear to me. Spherical and non-

spherical approximations followed each other in arbitrary order, just as the use of Poisson-
and Green integrals. The use of approximate values was somewhat curious, leading, on the
one hand, to a kind of physical interpretation such as the "telluroid", and on the other hand
to a "fundamental equation of geodesy" which sometirnes was a hindrance. Further, the
whole theory seems to be due to an "ill-posed problem", although the application of the col-
location technique removes this difficulty or leaves it aside. And, finally, why is the purpose

of geodesy the determination of a vague concept like the "geoid", and not the determination
of the topographical land and sea surface ofthe earth?

In the course of years I have in developing the present approach becorne more and more con-
vinced that its main l ines have a real significance. Many classical results can be recognized in
the new theory; its basic thought is connected with tl ie model theory on wl.rich I based the
adjustment theory of geometric geodesy. Yet many questions and problems are left open:
newly developed measuring processes have not found their place yet, methods of dynamical
satell i te geodesy have not been sufficiently analysed, the elaboration and interpretation of
the relationships found are sti l l  somewhat problematic. It is hoped that crit icism will provide
a check on the results obtained.

Let the following summary precede the tl 'reory:

The core of the theory is the connection of
o results of geometric networks
r spirit levelling
r gravity {and vertical gravity gradient} observations
to the third integral identity of Green. The way in which this connection is established is deter-

mined by the analysis of measuring processes, leading to a connection via dimensionless com-
pound difference quantities. Linearization of the integral equations necessitates a closer study
of Poisson's integral;it appears that effects ofGauss's integral and Poisson's integral cancel each
other in the l inearized equations. The closed rnodel of approximate values turns out to be of
dominating importance; spherical approximation {Poisson's integral} requires an order of mag-
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This notatit-rn is introduced on the analogy of a derivation by M. S. Moloopt'ts rrr {[Molo-
Dr iNSKr ,  19581 ,  IMo loDENSKr r  e t  a | , 19621 ,  [P rc r  e t  a l , l 973 ,pp .a67 ,a68 l l .

(1 .7 .4) can be reduced in an analogous way as ( 1 .7.1 ):

(1 .7.s)

v,=r-4, [l-,,, \-; h (+)] .+, l-,,V]] ryD,t
or, with (1.5.1), O the surface of a sphere of unit radius:

v,=f ,  {1,  }* , ,  ( v)l! xt,
rii ,

P; outside, on or inside S;4 on S

In this notation, the surface over which one has to integrate appears to cause no difficulties.

But several diff icult ies remain: 
a'\ 

isundefined on the boundary between the earth and the
d t r '

atmosphere, and so it is also undefined on S, although one wishes to measure the second de-
rivates of Z. It is still more essential that in practice measurements are never executed on S it-
self, but at some distance outside S. Here, a comparison can be made with the spatial geometric
networks, by which one determines coordinates of points usually situated at some distance
from the earth, on towers, pillars, etc.*). For cartographic purposes these points are projected
on a reference ellipsoid or on a plane, but this is not essential for spatial geometric geodesy.
Similarly, the "reduction" of observations in gravimetric geodesy does not belong to the es-
sence of t le theory, so that in principle all reductions should be excluded.
The exclusion of reductions is attained by replacing the surface S by the geosurface S*, con-
taining the observation points on, or near and connected with, the earth's surface. S* may
locally coincide with S but it may also deviate from S. S* has to fulf i l  the same requirements as
S; the surface may contain a finite number of singular points and a finite number of edges, which
divide the surface into a finite number of pieces with continuously changing normal direction

[ S r r n N  s p R c  a n d  S u r r H  , 1 9 5 2 ,  c h a p t e r  3 ] .

The equat ions (1.7.a)  and (1.7.5) ,  as wel l  as (1.7.1)  remain
valid if S is replaced by the geosurface S* . Points P7, connected
with the earth are therefore always situated on S*. "P; inside
S*" now assumes a more realistic meanins.

( r . 7  . 6 )

*)  This means that  man-made structurcs are not  considered as belonging to S.  Probably th is is  something s im-
ilar to the influence of the mass of the atmosphere.
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car be considered as a kind of "dynamic height". Then, with (1 .2.3) we have for points on
lln

G

S * :

ll,, w,
# a lo-3.  hence: f iu ln rrsr)( / )  < lo-e

and consequently small with respect * 
+{ 

^ro 
o+{ 

. Then in (2.2.3)one can put:

I l p i L , ( l n r yg l )0 -0  .  ( 2 .3 .4 )

Witlr this result it follows from (2.2.3) and (2.2.4) in connection with (2.3.3) that:

This means that one obtains the simplest type of S-transformations, as studied in [Bnnnoe,
1973 ,sec t i on  11 ] .

Then it also follows from (2.3.3) and (2.3.5) that:

S-transformation I ri =rp =r7 =R

^ w l o )  = A W : ' )  - ^ w [ ' '

A (ln g;)(k) = A (ln s,)( ') - a (ln 96)(/)

a (ln q;)(&) = A (ln q,)( ') - a (ln q*)(r)

A (ln r;)(k) = A (ln ,,)( ') - l ( ln r1)(/)

a lT,irlrtt l  = o (-4t')t" - a (7(r))(/)

t i = t 1 r - 4 - R

(#
( *

(#-,

+)
+)
+)

=A (# +) -a(#
(#
(#

+)
+)

t !ro)

(*

(#
+)
'+)

- A

- A

(2 .3.s)

( r .3 .6)

in accordance with the expansions (3.1 .7).
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These Poisson integrals follow directly from the series expansion for difference quantities (3.1.7),

which in tum follow from (3.1.1), i.e. Newton's gravitation theory.

The approximation of S* by the spherical surface S, with the indetermination of theradiusR

formulated bV (3.1.S), is not directly expressed in (3.2.5). This makes it diff icult to understand

fully the significance of the Bjerhammar sphere, the more so because numerical computations

seem to suggest an optimal value for the radius. See [Knenup,1969) and subsequent con-

nected publications by several authors.

The question arises what is the essential significance of (3.2.5). The Poisson integrals will be

used in section 4 for the derivation of Green integrals,consequently the degree ofapproximation

is the same.lt follows that the relations (3.2.5) may be introduced as differenceequationsinthe

computational model of adjustment theory; their posible dependence on difference equations

obtained from the Green integrals will hrave to be investigated. A handicap is the occurrence of

difference quentit ies A / al anO a { # | ;therefore it is to be expected that the second
\ o o /  \  o o /

relation in (3.2.5) wil l be the most useful one.

As far as I can see, it follows from the derivation that:

(3.2.5)  is  dependent  on (3.1.7)  .  (3.2.6)

3.3 First degree terms

By means of geometric techniques the direction of the Z-axis can be chosen so as to be parallel

to the axis of rotation of the earth to a sufficient degree. We have, however, no similar means to

let the position of the geocentre coincide with the gravity centre of the earth. Here one must

expect a deviation, see figure 3.3-1, with an order of magnitude:

49

(3.2.5 ' )

(3.2.5")

(3.2.5" ' )

F 5 to-'
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A(h , r )S  10 -6  rad  .  ( 3 .4 .1 ' )

to assure that the neglect of | (h,r) A (h,r) | is permissible. Here, too, it is evident, that the

greatest difficulties for the application of this theory are presented by the computation of ap-

proximate values.  In  any case.  the in t luence o l  (ho.ro l  . "  4 ] \ )  una on- '+ can be

neglected. 
\ro8i'ol ro9o

Then one obtains from (3.4.6):

(3.4.7")

with G from (3.1.10) one can write without any practical objection:

a'R2 os2 R /^ ' -,,,\

, r g ,  
=  

G  
' \ r ' + ' t  )

Because Zs; is small compared to Oo, the following derivation can be useful:

a gtl = ̂ + _ li o(rn *o av, rn
r 4 o /  o o  o o  

' ) -  
%  

:  A ( l n Q s )

t o  l V o \  t u  L V o  r o
- - "  A  l .  |  - A ( l n Q o )  h e n c e :
l i  \ O o /  1 1  O o  r ;

,  r / - . t

A  ( 3 - )  ' o  ' '  
o  ( 5 )  = o ' o '  

r o  r i  a v o  
.  ( 3 . 4 . 8 )

\ O o /  r ;  \ O o /  o o  1 1  Q o

For an analogous der ivat ion per ta in ing , "  o(+)  .  reference is  made to (2.6.7) .
\rngo I

(ol" - o$')

(r1', - "u1

.  o  ( ' ' ; )

. z a ( r " ! )

- e  a  ( r "  1 )

+)
; )

-  r : )

r i = r s = R

( *

( *

l9o i
\ %

= A ( H )

=  o  ( ' ^ * )

= z t ( n ! i )

a 2  R 2

foSo

_  u 2 R '
roSo
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If now Ps is chosen on or near the coast of the continent
levell ing|, then:

{and in any case connectible by spirit

.  11 4 h i  lh i
l n r = l n #  l - -

fs  fs  f io \ r i
Atrr .  @.3.1')

^ (**)=o ('" ++")

* ) " " '

If ft does not vary much, the second term in the right hand member of (4.3.1') can perhaps be
considered as non-stochastic, or it can be neglected, so that:

Similar to Po, one can choose one or more pointsPr
that seas or oceans are brideed:

(4 .3 .1" )

on or near continental parts or islands, so

, rk
l n -  = l n

f6

o (t"

7 * - h r
_------;-
l s  -  1 1 6

= a  l l n

(+
T*)

* ) " " '
Atrr (4.3.2')

z)
No* 3 can also be determined {directly or indirectly} by e.g. geometric satellite methods, so

fg

that (4.3.2') could also be used, if necessary, for the determination of a remaining small value
Atrr.

I f  now we star t  f rom observat ions of  AY! ' t )<,LY(") | ,  
g !  

, 'J - ,  and e l iminate the AY( l ) -"  8o ro

term via (4.4.12"), then (4.2.9) gives the contribution to the condition model of an adjustment
orocedure:

(4 .3 .3 )

+ ,2, { (f)" or;", - (*)" o"y,}- * il' '#;',o (*9 ;)do, = s

,;11i " =#,2,+# { (f )' v;@t - (*)'","'lr;'"'

P; in satellite orbit; Po,Pi on S*;ro = ri - R
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This g ives,  wi th (1.5.1) ;

B;
O r -' A o

The discontinuities in the situation i .' 7 vanish because of the coefficients Z; and Ot. If this is
also assumed for Bi, Qq can be replaced by Qr.. With I/o from (4.1.1) we then obtain for (5.2.3):

(s.2.4)

8 l

[., +',0 -,0 { (;) '  * ' *ruo \*l 
i

* * ,o,+e ̂t, r,,Y (+ * *) +

+ e , i  ( ?  , r  *  ; ) ] , ' ,  ( s 2 2 )

ao,
The term with 

* 
vanishes, in view of (5.1.3). Consequently, there are no difficulties when P;

passes on to S*.
Now substract one half t imes (5.1.5) from (5.2.2):

,"=+ II

, 2Bi A;
Q i  - i v i  

2 O j  
v o =

t  r r f -  l + 6 , i  r i= ;  J J  l o ' - - -a u  w '  
L  

_  r ; 1

2Bi _ Ai
+ ^j vo1

Vii

I * lj ,''
(s .2.3)

For points P; and Pi on a spherical surface with centre Py

and with (1.7.1), one obtains the relation of MolooE,r.rsxl
D67b ,  p .  19J ) :

and radius R {4 = ri = R',6i = 0},

{see also [Htvt, (t-SZ)]and [KocH,

dVi Vi 1
a h  +  n  

= G rr V,;n -
sphere 

'4
R2 d0i I P; on sphere

iv,=+ i l?,+ +*to1ea; r !  *

- ' '  lGf - iuot '*uorl i1*'

o , -

(s.2.s)

































LWoi i1l gr.** r

go 
= - 

?=" ^ 
Lh*,**t 

*=, 
-A11s; ' (6'4'3)

Now assume additionally that in the situation (6.4. l) the following holds for use in the coeffi-
cients of difference quantities:
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Ei = go -  g1 = G:  9.8 ms-z

f  
- o.as-rou , '

then (6.4.2) with (6.4.3) and (6.4.4) becomes:

hence: l  
(644)

{ -+ .#  ( t ' " -o i " )  } .  {
= *, il r$;" l, + * *';*o -

Lr i -  N
(3.3.4),(3.a.5): -"-j- (o"1" -^rl '))= 4174ll

Y"!t - (ar, l ' )-rr

, # (ol', - oj',) l

j") l =

dQ; '

{with respect to Pgl

Pe datum point means: 416 and fu:s are taken to be zero.
(6.4.s)

(6.4.5) means in principle, that from levelling and gravity measurements the metric height for P;
follows as the distance ri to the centre of mass of the earth {Pc'}, provided that the small <,-r2-

terms can be computed or neglected. With Po as datum point, this concept of height becomes in
fact r'ilrs, in other words this height concept is nothing but a radial component of lhe X, Y, Z-

system in a spatial S-system. In this view, the introduction of some extra concept of "height"

is nol necessary.

Some examples for illustration:

I. In section 4.3 under item I, mention was made of inexplicable differences between geodetic
and oceanic levelling. In order to find out whether there are sources of systematic errors in geo-
detic levelling, it is investigated in the U.S.A. to what extent V.L.B.I. or other very precise geo-
metric network elements rnay be helpful. (6.4.5) shows that this concerns data for Ar;, which
in combination with AHq and fu; provide condition equations giving the possibility to test for
an alternative hypothesis {connected with the suspected source oferror}.
In this case one must have data on the relative position of Py and P6', because the distances be-
tween points P; are of the order of 1000 km or more. Theoretically, the problem can be clearly
analyzed, but the practical solution will be difficult.






























